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PREFACE 


This text presents the mathematics required for the intelligent pur¬ 
suit of elementary engineering courses and serves as a preparation for 
a course in the calculus. It contains those topics from algebra, trigo¬ 
nometry, and analytic geometry which are needed to meet this dual 
objective. 

The book is intended to .be used with students who have had at 
least two years of high school mathematics. However, it is completely 
self-contained except that it relies upon the usual simple facts from 
arithmetic and geometry. Since the necessary facts from geometry are 
collected in the Appendix, it is possible to use the book successfully with 
intelligent students who have had very little mathematical training 
beyond ordinary arithmetit, or who have largely forgotten their high 
school mathematics. An attempt has been made to make the explana¬ 
tions and discussions clear and complete so that the book can also be 
used for home study, or in courses where greater reliance than usual is 
placed upon the student^s reading. Many illustrative examples are 
worked out in full so that the student can see in operation the principles 
discussed in the text and has a clear procedure after which to pattern 
his own work. 

Since the purpose of the book has been to relate mathematics as far 
as possible to its engineering applications, use has been made of engi¬ 
neering symbols and terminology, and numerous illustrations, graphs, 
examples, and exercises from engineering. Thus without sacrificing any 
of the mathematical rigor expected of a textbook at this level, we have 
attempted to utilize the practical sophistication of the modem student. 

Certain special features of the book are designed to make it especially 
adapted to engineering curricula: 

1. Principles of accuracy in numerical computations are discussed in 
the first chapter, and the student is reminded of them throughout the 
text. 

2. The slide rule is discussed in the first chapter, and the student can 
use it to solve problems throughout the text. 

3. Graiihical methods are stressed. 

4. Since the trigonometric functions are needed early in most physics 
and engineering courses, they are introduced early in the book. 
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6. A chapter on vector algebra is placed early in the text. 

6. The graphs of the trigonometric functions are discussed fully. 

7. The Doolittle method of solving simultaneous linear equations is 
treated. 

8. Two introductory chapters on differential and integral calculus 
are supplied for use in courses where the fundamental ideas of the cal¬ 
culus are needed. 

9. In order to motivate the student’s work as much as po.'ssible, each 
chapter has a brief introduction which places the material of that 
chapter in its mathematical and engineering setting. Kach chapter 
concludes with a Progress Report which summarizes the material 
treated in the chapter. 

10. There is a great abundance of exercises for the student, many 
from engineering and the physical sciences. 

Much of the material contained in this book was developed and used 
by the authors in the mathematics sections of the training courses in 
communication engineering offered to members of the Signal Corps 
Reserve by the Illinois Institute of Technology. 

The authors owe a particular debt of gratitude to Dr. Jesse E. Hobson, 
Director of the Department of Electrical Engineering and Director of 
the Signal Corps Training Courses, without whose encouragement and 
assistance this book could not have been written. The authors also 
acknowledge their debt to the late Dr. Edward Helly. In addition to 
contributing some of the material for a number of the chapters, he 
improved the book in many places by his suggestions and criticisms. 
By his untimely death the authors lost a fine friend and an inspiring 
collaborator. Many members of the mathematics department of the 
Signal Corps training staff helped in the production of the manuscript. 
Their assistance, particularly that of Mr. Philip L. Browne, is gratefully 
acknowledged. 

The Authobs 


Illinois Institute of Technology 
February, 1944 
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CHAPTER 1 


NUMERICAL COMPUTATIONS 

Scientists and engineers must have the ability to compute easily, 
quickly, and accurately. All modem technological developments which 
depend upon the theories devised by these men would have been im¬ 
possible without great care and skill in computation. 

The ability to compute depends upon a knowledge of the fundamental 
properties of numbers. In order to compute rapidly, one must have had 
much practice and should be able to use any devices to speed and sim¬ 
plify computation that may be available to him. Further, especially if 
the numbers with which he is concerned were obtained experimentaQy, 
he should be able to estimate the accuracy of his result. 

In this chapter we shall study the fundamental properties of numbers 
and the operations with them; we shall learn to use the slide rule, a 
device for simplifying and speeding computations; and finally we shall 
give certain mles which can be used to determine the accmacy of our 
results. 

1-1. The Integers. The number system is the result of long develop¬ 
ment. The necessity of counting objects forced man to create the sim¬ 
plest numbers, called the integers or natural numbers, which we denote 
by the symbols 1, 2, 3, 4, etc. Problems of everyday life suggested 
certain operations with these numbers, and finally the four operations of 
addition, subtraction, multiplication, and division were developed. 

Various properties of these numbers and of the operations with them 
were discovered quite intuitively and were used almost instinctively. 
As a basis for more complicated problems and methods which ate to be 
studied in this book, a knowledge of the following laws and properties is 
essential. 

1. The process of coutUing starts with the integer one and can be carried 
on indefinitdy. 

2. Of two given integers, one occurs earlier than the other in counting. 
This fact is expressed as follows. The integer encountered first is 
smaller than the second, or the second integer is greater than the first. 
For brevity, we use the sign < for smaller than and the sign > for 
greater titan. For example, 3 < 5 and 5 > 3. Note that the narrowing 
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end of the symbol is always nearer the smaller integer, and the widening 
end is always nearer the larger integer. 

S, If a given integer is greater than a second integer, and the second 
greater than a third, then the first integer is greater than the third. For 
example, if 7 > 4 and 4 > 2, then 7 > 2. 

4. The result of an addition or a multiplication does not depend on the 
arrangement of the integers. This is called the commutative law. 


Example 1, 
Example 2, 


3 + 6 + 7 = 7 + 5+ 3 = 6 + 7-f3 = 15. 
3X7 = 7X3-21. 


5. In the addition or multiplication of more than two integers, the result 
is the same no matter how the integers are grouped and the computation 
performed. This is called the associative law or the law of grouping. 

Example 3, 

17 + 13 -f 26 + 14 = 70; 

17 4- 13 = 30, 26 + 14 = 40; 

30 -f 40 = 70. 

Example 4* 

3X7X2X5 - 210; 

3 X 7 = 21, 2 X 5 = 10; 

21 X 10 = 210. 


6. If the sum of two or more integers is to he multiplied by an integer, 
the result can he found hy multiplying each of the first two or more integers 
hy the latter and adding the products. This Ls called the distributive law. 

Example 5, The sum of 13 and 18 is to be multiplied by 7. 

(а) Add: 13 + 18 = 31. 

Multiply: 31 X 7 = 217. 

(б) Multiply each: 13 X 7 = 91, 18 X 7 = 126. 

Add: 91 + 126 = 217. 


1-2. Negative Numbers. Addition and multiplication of two integers 
are always possible, and the result is again an integer. But subtrac¬ 
tion and division cannot always be carried out with only positive 
integers. Thus, there is no number representing the difference 3 — 5. 
Yet there are many occasions in life that require “taking more away 
than you have.” 

Assume, for example, that a car starts at a point A on an east and 
west highway and goes 160 miles east to a point B and returns 100 miles 
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to C. Knowing the distance CB to be 100 miles, we can find the dis¬ 
tance from C to A by the subtraction 

150 - 100 - 50. 

Now assume that the car makes a return trip of 200 miles, starting at B. 
The final position D is obviously 50 miles west of A. But the subtraction 
150 — 200 is not possible with the positive integers. 



_ I50mt-- 

^— jvji'ii —Pi 

1 .■■■.■■■■-.< 


0 A C B 

[«-200mi —-J 

Fig. 1-1. 

This example suggests a method of distinguishing the distances east 
of A from those west of A . One of these directions is usually considered 
positive, the other negative, and we say: 

Point B indicates a positive distance of 150 miles from A, ' 

Point C indicates a positive distance of 50 miles. 

Point D indicates a negative distance of 50 miles. 

We can express these statements in a siftipler way by saying: 

The distance AB is +150 miles. 

The distance AC is +50 miles. 

The distance AD is —50 miles. 

So, instead of being satisfied with the statement that the subtraction 
150 — 200 is impossible, we define new numbers which we call negative 
numbers (denoted by a minus sign) and which make possible such oper¬ 
ations. Thus for each positive integer there is a corresponding negative 
integer. We have then —1, —2, —3, —4, etc. Finally, to provide a 
result for the difference of equal integers, the number zero (denoted by 0) 
is introduced. With the positive and negative integers and zero the 
process of subtraction is always possible. The result of the subtraction 
above is then 

150 - 200 = -60. 

The signs + and — are thus used with a double meaning. First, the 
processes of addition and subtraction are indicated by these signs; and 
second, the signs are used to distinguish the positive and negative in¬ 
tegers. In the first case they are regarded as signs of operation^ and in 
the second case as signs of quality. When used as signs of operation they 
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are always expressed, but + is usually omitted as a sign of quality. We 
shall regard the terms integer and number as meaning a quantity together 
with its sign of quality. Thus the signs in 20 — 5 + 7 are signs of oper¬ 
ation; but the signs of +6 and —8 are signs of quality. Here 6 is usu¬ 
ally written instead of -1-6. 

The use of positive and negative signs also indicates direction in many 
engineering problems. If a spring is fastened to a rigid support at one 
end, and the other is acted upon by several forces, some pushing and some 
pulling, we may designate those forces which tend to compress the spring 
as positive and those which tend to elongate the spring as negative. 
Similarly, the ammeter on the dashboard of an automobile has positive 
numbers to indicate that the battery is being charged, whereas negative 
numbers show discharge. In this case, the sign of the number indicates 
the direction of flow of electric current. 

_5 _4 -3 -2 -1 0 1 2 3 4 5 
X—I—I—I—I—I—I—I—I—I—I—I—I—► X 

Fia. 1-2. 


A very convenient representation of the integers is suggested by the 
car problem above. Draw a straight line and mark an arbitrary point 
0 on it. After choosing a suitable unit, plot the positive integeis as 
distances to the right, the negative integers as distances to the left. In 
this way a point of the line corresponds to each integer. We note that 
if one positive integer is greater than a second, the first lies to the right 
of the second on the line. This remark can be used to extend the ideas 
of greater than and less than to the negative integers and zero, as follows. 

1. If one integer lies to the right of a second integer on the line, the first 
is greater than "the second. Thus, 6>3, 2>0, 5>—3, —5> —7, and 
0 > - 6 . 

2. If one integer lies to the left of a second integer on the line, the first is 
less than the second. Thus 3 < 6, 0 < 3, —2 < 1, —3 < 0, and —5 
< -3. 

EXERCISES 

Place the proper sign, < or >, between the integers of the following pains. 

1.6,3. 2.6,8. 3. -1,0. 4. -3,6. 

6 . -6, -8. 6 . -2, -1. 7. 6, -6. 8 . 3, -2. 

9. 6, -3. 10. -1-6, -8. 11. 1, -3. 12. 4,2. 

18. -8, -10. 14. 3, -3. 16. -3,4. 16. 2, -5. 

1-3. Rational and Irrational Numbers: The System of Real Numbers. 
The product of any two positive integers is a positive integer. However, 
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the quotient of any two positive integers is not necessarily an integer. 
To provide a result for division of positive integers by positive integers, 
positive fractions must be introduced. By introducing also the corre¬ 
sponding negative fractions, we can provide a result for the quotient of 
any two integers, as we shall see in Sec. 1-6. 

The integers and fractions form the rational numbers. Hence, a 
rational number is one which can he represented as the quotient of two 
integers. 

There are, however, numbers which cannot be expressed as the quo¬ 
tient of two integers; these are called irrational. For instance, it is not 
possible to find a rational number which when multiplied by itself gives 
2. In other words, the square root of 2 is not rational. 

Rational and irrational numbers form the system of real numbers. In 
Chapter 12, the operation of taking square roots will lead to the introduc¬ 
tion of other new elements, the imaginary numbers. 

To summarize: 


Positive integers 


Subtraction leads to negative numbers. 
Division leads to rational fractions. 

Extraction of roots leads to irrational numbers. 


The point on the number line of Fig. 1-2 corresponding to any number 
can now be located as follows. Measure from 0 a distance equal to the 
given number times the unit of measurement^ measuring to the right if the 
given number is positive, to the left if it is negative. In this way there is a 
point on the line corresponding to every number. 

Using this representation, we can now extend very simply the ideas of 
greater than and less than to all real numbers by restating the definitions 
given at the end of the preceding section, substituting number for 
integer. 

1. If one number lies to the right of a second number on the line, the first 
is greater than the second. 

2. If one number lies to the left of a second number on the line, the first is 
less than the second. 

By these definitions, every positive number is greater than 0 and 
every negative number is less than 0. 

The absolute value of a positive number is the number itself; the absolute 
value of a negative number is the positive number obtained by changing its 
sign of quality from — to +. 

The absolute value is denoted by parallel vertical bars on either side of 
the number; the absolute values of +5 and —5 are denoted by | + 6 | 
and 1 —6 [ respectively. By the definition, | + 6 | == j —6 ] = 5. 
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1-4. The Basic Generalization of Algebra. In arithmetic, operations 
are performed with specific numbers. However, when it is desired to 
make general arguments about numbers, letters are used, such as 
a, 6, C, D, Xj y, z. These letters, in any particular application, represent 
numbers and may be replaced by numbers at the will of the reader. Thus 
by using letters we may designate, in effect, an entire group of numbers 
at once, rather than b(3ing limited to one at a time. This generalization 
of the idea of the number, in addition to furnishing an extremely eco¬ 
nomical means of expressing ideas about physical quantities, makes 
possible the achievement of many general results which apply to all or 
large groups of numbers. It is the basic characteristic of algebra and 
furnishes the mathematician and the engineer with a practical tool of 
great power. Many uses of this tool in practical applications will be seen 
in this book. 

1-5. The Signs of Arithmetic and Algebra. 


Concept 

Sign 

Example 

Addition 


+ 

5 -f 2 

Subtraction 

- 

3-2 

Multiplication 

• or X 

3 • 4 or 3 X 4 

Division 



6 ^ 2 or f 

Signs 

[ Parentheses 

( ) 

(2+3) 

of 

1 Brackets 

[ 1 

[2 - (3 - 6)] 

Grouping 

' Braces 

{ 1 

{1 -[3+ (3-2 

Equality 


= 

3 = 3 

Not equal 



7 pi 5 

Less than 


< 

2 < 5 

Greater than 

> 

2 > -3 

Equal to or less than 


a ^ b 

Equal to or greater than 


c'^d 

Plus or minus 


a? = ±2 


1-6. The Laws of Signs. The following rules govern the operations 
of addition, subtraction, multiplication, and division in the system of 
real numbers: 

1. Addition and subtraction, 

(a) To add two numbers with like signs of quality, add their absolute 
values and attach their common sign of quality to the result 

Example 1, 

+6 + (+4) = I +6 I + 1 +4 1 = + I 6 + 4 I = +9 “ 9. 

Example 

(-6) + (-4) = - ( I -5 1 + I -4 1 ) = -(6 + 4) - -9. 
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(6) To add two numbers with unlike signs of qualityy subtract the smaller 
absolute value from the larger and attach to the result the sign of quality of 
the number with the larger absolute value. 

Example 3. 

6 +(-2) = +|6-2| = +4 = 4. 

Example 4, 

7 +(-9) = |9_7| = -2. 

(c) To subtract one number from anothery change the sign of quality of 
the number to be subtracted {the subtrahend) and proceed as in addition. 
By this rule addition and subtraction may be regarded as essentially the 
same process. 

Example 6. 

12 - (+20) = - I 20 - 12 I = -8. 


2. Multiplication and division. 

(a) The product of two numbers of like signs of quality is the product 
of their absolute values; the product of two numbers of unlike signs of qual¬ 
ity is the negative of the product of their absolute values. 

Example 6. 

12 X 4 = I 12 I X I 4 I = 48. 

Example 7. 

(12) X (-4) = -d 12 I X I - 4 |)= ~(12 X 4) = -48. 


(6) The quotient of two numbers of like signs of quality is the quotient 
of their absolute values; the quotient of two numbers of unlike signs of qual¬ 
ity is the negative of the quotient of their absolute values. 


Example 8. 


Example 9. 


_ I 

-2 “ 1 -2 1 ■ 2 


10 I 10 I 10 

-5 ~ I -5 r 


The reciprocal of a number is defined as one divided by the number. 
The reciprocal of 6 is the reciprocal of —2 is — We will see in Sec. 
1-10 that division by a given number is the same as multiplication by the 
reciprocal of that numbery so that multiplication and division may he 
regarded as essentially the same process. 
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1-7. Operations with Zero. Where a is any number, the operations 
with zero are defined as follows. 


a ± 0 = a. 
a • 0 = 0. 

- = 0, if 0 9^0. 


Note that division by zero is not included. To see why this is so we need 

only examine the definition of the quotient qofa and 6, g == f if a = 6 • g. 

0 


Let a = 6 and 6 = 0. Then the quotient - should yield the number q 

such that 5 = 0 • g. But there is no number q such that 0*^ = 5, since 
by definition 0 times any number is zero. Hence, neither 5 nor any 
other number can be divided by zero without contradiction. By the 

definition, the quotient ^ must be a number q such that 0 = ^*0. Now 


any value of q satisfies this relation, and hence no unique value of g is 
determined. We therefore assign no particular value toSince it is 


desirable that the number system be free of contradiction and that the 
process of division lead to a definite result, we exclude the process of 
division by zero from arithmetic. 

1-8, Fundamental Laws of Algebra. It is important to note that the 
general properties of positive integers and of the operations with thenty as 
described in Sec. 1-1, hold for all real numbersy with the exception of 
Statement 1, which obviously applies only to positive integers. 

For completeness, we shall restate these properties here more briefly 
with letters. That the first statement below is equivalent to Statements 
1 and 2 of Sec. 1-3 may be easily verified. 


1. a>6ifa—6>0, 

— 6 < 0 . 

2. If a > b and b > c, then a> c. 

3. Commutative law; 

a + 6 = 6 + cXb=bxa. 

4. Associative law: 

(a + b) + c = a + (b + c), (a X b) X c = a X (b X c). 
6. Distributive law: 

(a + b) X c = a X c + b X c. 
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EXERCISES 


1. Add: 

(а) 2 and —11, 

(б) -7 and -12, 

(c) 8 and 1, 

(d) — 1 and 86, 

(e) 26 and —8. 

3. Add: 

(а) 27, —20, and 7, 

(б) 11, —2, and 99, 

(c) 16, 27, and -20, 

(d) 11, 22, and 0, 

(e) 6, -12, -5, and -14. 

6. Subtract: 

(a) 2 from —11, 

(b) —11 from 2, 

(c) —7 from —12, 

(d) 7 from —12, 

(e) 12 from —7. 

7. Subtract: 

(a) —4 from —3, 

(h) 16 from —19, 

(c) 19 from —16, 

(d) 20 from 0, 

(c) 21 from —21. 

9. Multiply: 

(а) 2 by -11, 
ib) -7 by 12, 

(c) 8 by -12, 

(d) -Iby -12, 

(e) 26 by -3. 

11. Multiply: 

(o) 2 by 11 by -6, 

(б) -11 by 2 by 6, 

(c) -11 by 3 by 0, 
id) 5 by -12 by -5, 

(e) -llby-7by-3. 

13. Divide: 

(a) Oby -12, 

(b) 12 by -2, 

(c) -8 by -8, 
id) 86 by -43, 

(e) -26 by 13. 


2. Add: 

(a) 11 and —42, 

(b) 7 and -12, 

(c) —3 and 86, 

(d) —20 and —8, 

(e) 4 and —3. 

4. Add: 

(a) 14, -18, 42, and -85, 
{h) -83, 56, -14, and-28, 

(c) -72, 43, 19, and-108, 

(d) 15, -18, 0, and -47, 

(e) 18, 16, -43, and -56. 

6. Subtract: 

(a) 8 from 1, 

(h) —8 from 1, 

(c) 20 from —8, 

(d) —20 from —8, 

(e) 4 from —3. 

8. Subtract: 

(a) -18 from 86, 

(b) —22 from —76, 

(c) -37 from 26, 

(d) 42 from 0, 

(e) —85 from 106. 

10. Multiply: 

(a) -8 by 8, 

(h) -4by0, 

(c) 5 by -22, 

(d) -9 by 7, 

(e) -5 by -22. 

12. Mtdtiply: 

(a) 3 by —8 by 4, 

(b) 4 by 6 by -10, 

(c) -8 by -6 by 37, 

(d) -3 by -6by0, 

(e) -4 by —8 by —2. 

14. Divide: 

(a) ~7by -7, 

(b) -21 by -3, 

(c) -36 by 8, 

(d) 105 by -21, 

(e) —45 by -9. 
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16. Divide: 

(a) —8 by —16, 

(b) -7by0, 

(c) 81 by -18, 

id) 108 by -12, 

ie) 12 by -108. 

17. Multiply: 

id) 2 by the sum of 3 and 4, 

(6) —3 by the sum of 5 and —2, 
(r) —5 by the sum of 3 and — 1, 

id) 3 by the sum of — 5 and 3, 

ie) —5 by the sum of —6 and 4. 


16. Divide: 

(a) 87 by 0, 
ih) -144 by-16, 
ir) -72 by 24, 

id) -42 by 84, 

ie) 36 by -12. 

18. Multiply: 

(o) 3 by the sum of 5 and —8, 

(?>) 2 by the sum of 15 and —10, 
(r) —5 by the sum of —8 and —2 
id) —6 by the sum of —3 and 5, 
(e) —7 by the sum of —8 and 3. 


1-9. Signs of Grouping. A tabic of the signs of grouping was given 
in Sec. 1-5. Wlien a given number multiplies the quantity within signs 
of grouping, by the distributive law each number forming the sum or 
difference in the signs of grouping is to bo multiplied by the given num¬ 
ber. In such cases, the sign of multiplication appearing in front of the 
bracket is often omitted. Otlier properties of operations with signs of 
grouping will be evident from the following illustrative examples. 

Example 1. S X (5 - 6) = 8(5 - 6) = 40 - 48 = -8. Also 8 • (5 - 6) = 
8(-l) - -8. 

Example 2. (-8) X (-5) • (+6) = -8(-5)(+6) - -(-40)(6) - -(-240) 

= 240. 

Example 3. -1(8 - 6 + 4) - -8 -f 6 - 4 = -2 - 4 = -6, or -1(8 -6+4) 

= -1(6) 

Example 4- +[8 + (-6)] == +8 + (-6) - 8- 6 = 2, or + [8-6] = 8- 6 

= 2 . 

Example 5. -(8 - 6) = -8 - (-6) = -8 + 6 = -2. 

Example 6. 5 - 3 + 6 = 5 + (-3 + 6), or 5 - 3 + 6 = 5 - (+3 - 6). 

As already indicated in the preceding examples, we can state the fol¬ 
lowing rules concerning the removal and insertion of signs of gi’ouping 
preceded by a +• or — sign. A term is a number of an expression which 
is set off from the other numbers by + or — signs. 

Rule L Signs of grouping preceded by a plus sign may be removed or in¬ 
serted by rewriting each enclosed term or group of terms with its original 
sign. 

Rule 2. Signs of grouping preceded by a minus sign may be removed or 
inserted if the sign of each of the enclosed terms or groups of terms is changed. 

Example 7. 8 - (16 + [(4 - 3) + 5] - 2) = 8 - (16 + [4 - 3 + 5] - 2] 
«8 - 116 + 4- 3 + 5-2} = 8- 16-4 + 3- 5+ 2 = 13-25= -12. 
Al8o8- 116 +[(4-3)+5]-2} = 8 - 116 + [1 + 5] - 2} = 8 - 116 + 6 - 2} 
= 8-122-2} =8-120} = 8 - 20 = -12. 
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EXERCISES 


Remove the signs of grouping and find the values of the following expressions; 


1 . 2 + (3 - 9). 

3 . 2 - (3 - 9). 

6 . (2 - 3) + 9. 

7. 3 + [4 - 2(6 - 3)]. 

9 . 3 - [4 - 2(5 - 3)]. 

11. (7 - 6) + 3 - (6 - 7) + 10. 


2. (2 + 3) - 9. 

4 . 2 - (3 + 9). 

6. 3 -7 (4 + 2(5 - 3)]. 

8. 3 + [4 - 2(6 + 3)]. 

10. 3 - 2[5 - 3(3 - 5)]. 

12. -[7 - 6(3 - 6) - 7(10)]. 


13 . -3[(4 + 3)2 - (6 + 7) + 2). 

14 . 6 - 31[7 - 2(11 - 13) + 7(3 + 2)] + 17). 

16 . 6 + 317 - [2(11 - 13) - 7(3 - 2) + 17]j. 

16 . |18 + [69 - 42 + (67 - 14)] +311-6. 

17 . 152 - [18 - (14 - 8 + 7)1 + 16). 

18 . 126 + [14 - 8(2 + 3)11 - 116 + 8(6 + 4)). 

19 . 146 - [18 + 3(4 - 8)1) + 318 - 6|4 + (8 - 6)]). 

20. 113 - 2[8(3 - 2) - 711 - 37(18 - 16). 


1-10. Fractions. The term fraction was used in Sec. 1-3 to refer to 
rational numbers which were not integers. More generally the term 
refers to the quotient of any two numbers. The dividend, or number 
to be divided, is the numerator; the divisor, or the number by which 
the numerator is divided, is the denominator. 

1. The sum of two fractions with a common denominator is the sum of 
their numerators divided by their common denominator. Symbolically: 

a b a + b 

“ + ~ =-• 

c c c 


2. The ^product of two fractions is the product of their numerators divided 
by the product of their denominators. Symbolically: 

a c a - c 
b’d^ b~d 


A negative number may be regarded as the product of — 1 times the 
absolute value of the number. For example, —6 = ( —!)• |6|,—3 = 
(—1) • 13 1, —a = (—1) • I a I, if a > 0. Using this fact, 

—a a a 

and 

a b ^ a — b 

c c c 

The last formula gives the rule for subtraction of fractions. 
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Since ~ = 1, we have: 
c 


a _ a * c 
h b • c 


Hence, the numerator and denominator of a fraction can each be multiplied 

{or divided) by the same number without changing the value of the fraction, 

A fraction is said to be inverted by the interchange of its numerator and 

, , . . 3 5 a b 

denominator. For example, inverting - we get mverting 7 we get 

5 3 ha 


Since 


we have 


a 

b 

c 

d 


a 

b 


b -d 




a 

b _ a d 
c b c 
d 


Or, the quotient of two fractions is equal to (he fraction of die dividend mul¬ 
tiplied by the inverted fraction of the divisor. Note in the above example 

that 7 is the dividend and 7 the divisor. 
b d 

Since the reciprocal of a number is one divided by that number, it fol¬ 
lows that the reciprocal of a fraction is equal to that fraction inverted. 

An integer is said to be a multiple of a second integer if the quotient 
of the first by the second is an integer. In this case the second integer 
is said to divide evenly into the first integer. 

A prime integer is one which can be divided evenly only by itself, its 
negative, 1, and —I. Thus 3, 5, —11 are primes, whereas —4, 0, 12 
are not. Every integer can be resolved into a product of positive prime 
integers greater than one (called factors) with the sign of the integer 
itself prefixed. 

If we resolve the numerator and denominator of a fraction each into 
the products of their prime factors greater than one, it is possible to 
eliminate factors common to numerator and denominator by dividing 
both by these factors. When all such common factors have been elimi¬ 
nated from numerator and denominator, the fraction is in its lowest 
terms. 
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Example 1» 
Example 2, 

Example 3. 

Example 4. 

Example 5. 


m ^ g » 2 • 3 - 13 ^ ^ IS 

72 3-3*2.3-3‘“2*3‘‘6’ 

~96 ^ _ 3 > 3 • 2 » 2 • 2 ♦ 3 _ _ 2-2.2 
108 ” 3-2-3-3*3 3-3 


A J? 5 • 6 _ 3 • 3 • 3 ^ 1 

18 ‘ 10 ” 18 • 10 “ 2.3 • 3 • 3 • 3 6* 

1^3 6 ^ 3-33 ^ ^ 

|"‘8‘5‘“3-2-2-5''20’ 

5 6 _ 3 _ 5 -f 6 - 3 _ 8 

8“^8 8” 8 “8'”‘ 


8 

9 ' 


The least common multiple {designated as L.C.M.) of a group of integers 
is the smallest positive integer which is a multiple of each of the given 
integers. Thus the least common multiple is the smallest positive in¬ 
teger into which each of the given integers will divide evenly. 

The greatest common factor {designated as G.C.F.) of a group of integers 
is the largest positive integer which divides evenly into each integer of the set. 

We observe that, if the quotient of two integers is an integer, every 
positive prime factor of the denominator greater than 1 occurs at least as 
many times as a prime factor of the numerator. Using this observation, 
we arrive at a simple method for finding the least common multiple 
and the greatest common divisor of a set of integers. 

1. Factor each integer of the set into the product of positive primes greater 
than 1. 

2. To find the least common multiple, select each prime factor the greatest 
number of times it occurs in any one number of the set. The product of 
these factors is the least common multiple. 

3. To find the greatest common factor^ select each prime factor the greatest 
number of times it occurs as a factor of every number of the set. The product 
of these numbers is the greatest common factor. 

Example 6. Find the greatest common factor, and least common multiple of 
56, —32, and 96. 

Factoring each expression we obtain 

66 - 2.2.2 • 7, 

-32 = -2 • 2 • 2 • 2 • 2, 

96 = 2- 2*2.2-2-3. 

By the rule above, the G.C.F. = 2 • 2 • 2 = 8, and the L.C.M. * 2 • 2 • 2 • 2 * 
2 • 3 • 7 « 672. As a check on the G.C.F., 56/8 « 7, -32/8 « -4, and 96/8 
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« 12. Since 7, —4, 12 have no common factors other than 4-1 or —1, 8 is the cor¬ 
rect G.C.F. As a check on the L.C.M., 672/56 =* 12, 672/(—32) ~ —21, and 
672/96 == 7; since 12, —21, and 7 have no common factors, 672 is the correct L.C.M. 

When fractions with different denominators are to be added, a 
common denominator can be obtained by multiplying numerator and 
denominator of the fractions by certain integers. The most convenient 
denominator is the least common multiple of the given denominators, 
termed the least common denominator. Once the common denominator 
has been obtained, the previous rule of addition applies. 

Example 7, Add f — We may write this sum as 

5 _7_ 13 

2 2-2 2-2-3^2-2-3-3 


Thus the L.C.M. of the denominators is 2 • 2 • 2 • 3 • 3 = 72 so that the sum 
becomes 


5(3 • 3) _ -7(2 • 3) 13(2) ^ 15 . Ill? . ?5 

2-2-2-3*3'^2-2-2*3-3"^2-2-2-3-3‘"72'^ 72 "^72 


Example 8. Simplify: 

8 — f iV 

1-I-* 

The expression can be simplified as follows. 

5 5 1 15 20 2 

2 - 2 • 2 ^ 2 • 3 ^2-2 3 24 24 24 

2 1 

^ 3 ” 3 • 5 15 15 15 

15-20 + 2 
- 24 

"" 15-10-1 
15 

_ ^ 15 ^ _ 15 . 

24 ’ 4 “ 32* 


~ 24 
15 


45 - 42 + 26 _ ^ 
72 72* 


EXERCISES 


Write the following fractions in lowest terms. 

1. (o) M, 2. (a) 


ib) 


( 6 ) 


-144 
266 ’ 


(c) W- 


(0 
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(*») 

(c) -W-- 

Find the L.C.M. of: 

6. 6, 18, and 22. 

7. 4, 5, -6, and -112. 

». 84, 24, -11, and 44. 

11. 49, -98, 196, and -294. 

Find the G.C.F. of: 

13. 26 and 39. 

16. -1000, 260, and 500. 

17. 26, -52, and -91. 

19. 44, -121, and 77. 


4. (o) 


S7 
^ > 


(b) 


-180 
720 ' 


M i'3- 


6. 3, 5, 20, and 32. 

8. 12, 14, -22, and 33. 

10. 18, -24, 36, and -144. 
12. 30, 72, -84, and -108. 


14. 24, 48, and -30. 
16. 81, -18, and 27. 

18. 36, 81, and 108. 
20. 42, 21, and -84. 


Combine the following fractions, stating your result as a fraction in lowest tenna 


21. i + i - 

iV- 

. 22. 

i + - 

A- 


23. -j^ - 

+ if- 

24. 

^ “ i + 

A- 


26. i + i — 

f + f- 

26. 

■~i + A 

1 

~ TST- 

27. 3 + A - 

“ A- 

28. 

tV “ A- “ 

i-A. 


29. t • U- 


30. 


• (- 

M) 

31. -t • ^ 


32. 

(~A) * ( 

-1) 

■i- 




-81 





34. 

144 



33. 


18 ’ 



A 



24 




-96 



37. 


39. 


41. 


144 
3 + 7 

i 

l±i 

i-hf 


43. 


45. 


47 . 


13 — -^ + 

6 + -f + -g- 

~ A , f "" i 
i A 


36. 

38. 


40. 


42. 


44. 


46 . 


-1? 

13 

3 + i 

14 + ii' 

2 + 3+1 

f - i i 
3+t 

1+A-f 
§ + ^ 6 
7 ■ 6‘ 
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48. An empty truck weighs 3.5 tons. If the truck has 6 tires, what weight does 
each tire carry when the truck is can^dng 5.5 tons of cargo? Assume equal distri¬ 
bution of weight. 

49. The cost of electrical energy is 6 cents for each kilowatt used throughout one 
hour or 6 cents per kilowatt hour. An electric iron used 0.45 kilowatt. Six lamps 
consmne 0.075 kilowatt each. What is the cost per hour of operating both the iron 
and lamps? What is the cost of operating them for 3 hours and 20 minutes? 

50. Kirchhoff's law states that the sum of the electric currents entering the junc¬ 
tion point of several conductors is zero. Consider three wires coming together at a 
point. One of them carries a current of 4 amperes to the point; another carries 3 
amperes away from the point. What is the current in the third wire? Assume that 
currents going toward the junction are positive, away from the junction negative. 

61. The average rainfall in a certain region is 60 in. per year. If three-eighths of 
the water which falls is evaporated by the sun, how many inches per year are left 
to be absorbed by the soil and to feed streams? 

62. A locomotive pulling a loaded train which weighs 186 tons consumes 104 lb. 
of coal per square foot of grate surface per hour, when traveling 35 miles per hour. 
If the grates of the locomotive firebox measure 4 by 8 ft., how many pounds of coal 
per hour is used? How many pounds of coal per mile? If six-tenths of the weight 
of the train is pay load, how many pounds of coal are used per ton of pay load per 
mile? 

63. A piece of timber measuring 6 in. by 8 in. in cross section is used as a struc¬ 
tural member to support a load. Each square inch of the member carries a load of 
20,000 lb. What is the total load on the timber? 

64. A steel cable used in a mine hoist has a cross section of 0.8 sq. in. The weight 
of the cage is 1000 lb. and the load is 2500 lb. What is the total load per square 
inch on the cable? 

66. In a street car, a current of 60 amperes is required for the driving motors, 
1.5 amperes for the air pump motor, and 2.2 amperes for the lights. What is the 
total current drain through the trolley wire? 

56. One hundred and forty street cars, each requiring the current given in Exer¬ 
cise 55, are operated on the same system. The generating plant must be able to pro¬ 
vide for twice the normal load. How many amperes must the generating plant be 
able to supply? 

67. In a six-tube radio receiver, three tubes require 12 milliamperes, one requires 
1.5 milliamperes, and two require 25 milliamperes. What is the total current drain? 

68. A fully loaded 10-horsepower motor ^aws 120 amperes from the line. As¬ 
suming that the ciurent drain is proportional to the load, what is the current drain 
when the motor is operated at 7.5 horsepower? 

69. A rectangular tank 10 ft. wide and 22 ft. long supplies boiler feed water at a 
generating plant. How many cubic feet of water are used if the water level in the 
tank drops 8 in.? If there are 0.160 cu. ft. of water per gallon, how many gallons of 
water are used? 

60. The weight of cast iron is 0.25 lb. per cubic inch. What is the weight of a 
cast-iron block 6 in. by 8 in. by 1.2 ft.? 

61. A public address system employs a vacuum tube amplifier in which one- 
fifteenth of the total power supplied to the amplifier is converted to audio power 
output (sound energy). If 10 watts of audio output are obtained, how many watts 
does the amplifier consume? What is the cost per hour of operation if electric energy 
costs 6 cents per kilowatt hour? (See Problem 49.) 
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1-11. Exponents. Exponents are introduced as an abbreviation for 
the product of several like factors. For example, in place of 
2 • 2 • 2 • 2 • 2, we write 2®. The reader will see, by the time he has 
finished this book, that the exponent idea has become a tool of great 
usefulness, both in theory and in applications. 

If a is any number and n is a positive integer, the product of n of the 
quantities a is denoted by a”. The following table gives the definitions 
needed here. 

a • a • a * * • a = 


n factors 

where n is called the exponent, 
a is called the base. 


a” is read 


“a to the exponent n,” 
“a to the nth power,” 
“the nth power of a.” 


When a quantity with its sign of quality is written with an exponent, 
it is necessary to include the quantity in parentheses to avoid ambiguity 
of meaning; for example, +2* = (+2)^ = 16, and —2* = —16, whereas 
(-2)'* = +16. 

If m and n are positive integers, we have, from our definition, 
a^ • = {a • a ••• a) • (a • a * a) 

<-- i V, --,- i 

n factors m factors 


whence 


a* a**'a, 

u—____ > 

m'\-n factors 


Now if n > m, we have then 

a^ ^ (a • a * * • a) (n factors) 
a”* (a • a • • • a) (m factors) 

= a • a • * • a (n — m factors), 
and 

^ 

The reader may also show very readily that 
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Thus the addition of exponents takes the place of midtiplication; sub¬ 
traction of exponents takes the place of division; and multiplication of ex¬ 
ponents takes the place of raising a quantity to a power. 

As a consequence of the definition, if n is a positive integer, 


(a • = (a • 6 ) • (a • 6 ) • ‘ • (a • 6 ) 

= (a • a ••• a) • (b • b ••• b) 
n factors n factors 


which gives 
Consider now 


(a • hY = • 6^. 

€? ^* 4*4 1 

a® ^ • ji * ^ • a ‘ a c? 


n factors 


If we make use formally of the rule of exponents for division, disregard¬ 
ing the requirement that the exponent of the numerator be larger than 
the exponent of the denominator, we get 


= a*'-" = 


, c? \ 

Now a ^ has not yet been defined, but, since “5 == “o, we are led nat- 

a a 

urally to define a““^ = • More generally, if n is a positive integer, we 


define 


a” 


Thus changing the sign of the exponent converts any number to its 
reciprocal. 

4 4 

a^ (a 

Similarly, since on one hand - 7=1 and on the other = a® 

we are led to the general definition, 

= 1, if a 0. 


Having a meaning now for negative integral and zero exponents, we 
may abandon the requirement that n > m in the quotient rule and state 
simply that 


Similarly, the reader will see readily that the requirement that m and n 
be positive may now be omitted in all the rules. 
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We have now arrived at an extension of the idea of a positive integral 
exponent which includes negative integral exponents and zero exponents, 
and the processes of multiplication, division, and raising to positive 
and negative integral and zero powers. For present considerations, 
these concepts and principles will suffice, but a further extension will be 
made in Chapter 8. 

Summarizing: 


If a and b are any numbers, and m and n are integers, we have: 
Definitions: a • a • • • a = c" (if n is positive). 

n factors 

- 1 
a" 

a® = 1, a 0. 

Rules: a" • o’” = 

a" 

_ —n —fn 

a'" 

(a”)’” = fl”"”. 

(a • 6)” = fl" • 6”. 

Five other important consequences of these rules are worth stating. 

f “Y = 

\bJ b” 




= a" 


(a” • 

a”"” • b b 
c a" • c 


a _ a • fr" 
b~” • c c 

Example 1. 2 * • 3 * • 2 ® • 3 ® = 2 ’ • 2 * • 3 “ • 3 ^ = 2 ®+® • 3 ®+® = 2 “ • 3 ^. 

= (I) . (I) = 3®-^ • 2®-* = 3-» • 2 = 

/ 6® • 2 Y _ / [2 • 3]® ■ 2 Y _ / 2® • 3® • 2 ^ _ / 2» • 3® Y 
\3® • 2/ “ \ 3® • 2 / “ V 3^ -2 y ~ V 2 • 3V 

= [(2®-') • (3®-®)]® = (2® • 3-®)» = (ly = I* 


Example 3. 
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It is often of considerable help in simplifying an expression involving 
exponents to reduce all the integers involved to the products of their 
prime factors. The previous example is an illustration, as well as the 
following one. 

Example 4- 

12 * • 5 * • 60 ( 2 * • 3 )® • 6 * • ( 2 * • 6 • 3 ) 

36 . (_2)4 . (-6)3 “ 3* • 2< • (-!)« • 6» • (-1)* 

2 * • 3 * • 6 * • 2 * • 5 • 3 2 ® • 3 ® • 6 ’ 

“ 3 ® • 2 ® • 6 ® • (- 1 ) - 2 ® • 3 ® • 5 * 

= _ 2 «-® . 3 ®-® . 5 »-* = - 2 * • 3 '"* • 6 ® 

_^ 

32 - 


exercises 


1 . Write the following numbers as powers of 10: 10,000,000; 100; 1; 0.1; 0.0001. 

2 . Compute the value of the following expressions: 10®, 10®, 10~*, 10"”^®. 

Simplify, using the laws of exponents. State all your results in terms of prime 
int^ers and positive exponents. 


8. 3* • 3*. 

4. 

5. 2® • 2® • 2-». 

6. 

7. 2* • 3® • 4*. 

8. 

7® • 5® • 6 

6 * • 7® • 2' 

10. 

(-2)® • 8 • 18 • 3® 

2® • 3® 

12. 

(25)-® • (-26)® 

10* 

14. 

64 • 10-® 

(25)-® ■ 

16. 

— 124 • 2® 

-31 • 2i®‘ 

18. 

(-18)-®-27* 

X9» 

2 -®. 3 

20. 

I 2 -® • (-25)® 

6-® • 100* 

22. 

14-® ■ 2® 

”■ (-7)-. 3- 

24. 

„ (-3»)* » 

7®.> 

26. 

^ 28 • 66 • 108 


2* • 7 • 3® 



2 * • 2 ® • 2 “® 

3® • 3* • 3". 

5® • 4® • 2® • 5"*. 

3^^ • 4® • 5® • 6 ® 

5® • 2'* • 3* • 36* 

8 • 1 5 • 10® 

10* '0.25 • 2*' 

49 ■ 64 
14® 

10® • 10“® . 3* 

- 10 * • 27 
-144 • 12 8 
21 ® . 3 ® 

36 • 144 
12 ® 

(-60)® 

125 • 15“® • 3®' 

-6 • (-18) •48-144 

(_3)S . 2i» 

128 • 144 • (- 12 )-* 
(- 2 )® 
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Scientific and Engineering Notation of Numbers. Very large 
or very small numbers are frequently encountered in scientific work. 
The distance of the earth from the sun is 93,000,000 miles. Light travels 
at a speed of about 300,000,000 meters per second. The number of 
molecules in a cubic centimeter of gas at a temperature of 0® Centigrade 
and a pressure of 76 centimeters of mercury is about 27,050,000,000,000,- 
000,000. The thickness of an oil film on water is 0.000,000,2 in. Scien¬ 
tific notation provides a convenient scheme for representation of such 
quantities. 

A positive number is expressed in scientific notaiion when it is written as 
the product of an integral power of 10 and a number between 1 and 10, A 
number in scientific notation has the form 

Af X 10" 

where M is a number between 1 and 10, and n is an integer. 

The quantities already mentioned, which are in ordinary (or posi¬ 
tional) notation, may be written in scientific notation as follows. 

93,000,000 = 9.3 X 10,000,000 = 9.3 X 10^ 
300,000,000 = 3 X 100,000,000 = 3 X 10®, 

27,050,000,000,000,000,000 = 2.705 X 10,000,000,000,000,000,000 

= 2.705 X 10^®, 

0 .000,000,2 = 2 X 0.000,000,1 = 2 X 10^^ 

The student may verify the following practical rule. 

To change the form of a number from positional to scientific notation: 

(a) Move the decimal point to a position such that only one nourzero digit 
appears to its left, thus obtaining a number between 1 and 10, 

(b) Multiply this number by 10^, where | n | equals the number of places 
the decimal point has been moved, n being positive if the decimal point has 
been moved to the left, and n being negative if the decimal point has been 
moved to the right 

A second rule for determining the value of the exponent n is often 
used: 

(o) If the number is greater than 1, then n is 1 less than the number of 
digits to the left of the decimal point. 

(b) If the number is less than 1, then n is negative and its absolute value is 
1 greater than the number of zeros between the decimal point and the leftr 
most non-zero digit. 

The rule for writing in positional notation a number expressed in 
scientific notation can be readily inferred from the rules given above. 
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Multiplication and division of very large or very small numbers can be 
simplified by the use of scientific notation and the laws of exponents. 
Scientific notation can also be used to advantage in slide rule computa¬ 
tions. 

Table 8 in the Appendix lists some of the units which are used in 
scientific and engineering practice. 


EXERCISES 

Express each of the quantities in the following statements in scientific notation, 
dropping all the zeros after the right-most non-zero digit. 

1 The age of the earth is estimated to be about 694,000,000,000 days. 

2. The diameter of the earth is approximately 7930 miles. 

3. The number of atoms in 1.008 grams of hydrogen is estimated to be 606,000,- 

000 , 000 , 000 , 000 , 000 , 000 . 

4. A light-year, the distance that light tr^^^els in a year, is approximately 5,870,- 
000 , 000,000 miles. 

6. The mass of a water molecule is estimated to be 0.000,090,000,000,000,000,- 
000,03 gram. 

6. The distance from the earth to the onoon is 240,0(X) miles. 

7. The diameter of the smallest visible particle is about 0.005 cm. 

8 . The thickness of an oil film is rhout 0.000,000,5 cm. 

9. The diameter of the Einstein u iiiv« rse according to the theory of relativity is 
2 , 000 , 000,000 light-years. 

10. The distance from the earth to the sun is approximately 149,000,000 km. 

Express each of the quantities in file following statements in positional notation: 

11. The mass of the earth is apprcximately 6.6 X 10^^ tons. 

12. The charge on the electron is ihont 4.77 X 10"”^® electrostatic unit. 

13. The diameter of an electron is estimated to be about 4 X 10-^® cm. 

14. The mass of the electron is indicated by experimental evidence tb be 9 X 10“^® 
gram. 

16. It has been estimated that a pai? of electrons placed at a distance of 1 cm. 
from each other repel each other with ft»rce of 2.27 X 10“^^ dyne. 

16. The proton weighs about 1.66 X 10“^^ gram. 

17. There are about 6 X 10^® protons in every gram of matter. 

18. The estimated diameter of the a rerage atom is 2 X 10~® cm. 

19. It has been estimated that iiv ordinaiy air every atom collides with anothei 
about 6 X 10® times per second. 

20. The length of time that a motion picture image is on the screen is approxi¬ 
mately 6.4 X 10“^ second. 

21. The diameter of the average red blood corpuscle is 8 X 10“® cm. 

22. The speed of the earth in its orbit is approximately 9.768 X 10^ ft. per second. 

23. The speed of the planet Mercury in its orbit is approximately 2.76 X 10^ km. 

per second. 

24. The greatest rate of plant growth is about 3 X 10“® mm, per second. 

25. The radius of the star Betelgeuse is about 1.12 X 10® miles. 

26. The radius of the sun is approximately 6.9 X 10® km. 
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1-13. Significant Figures. The digits are the ten symbols 0, 1, 2, 3, 
4, 5, 6, 7, 8, 9. Figure is synonymous with digit. 

A certain switchboard voltmeter has primary and secondary division 
marks on its scale; the distance between two adjacent primary marks 
corresponds to a difference of 10 volts; and the difference between two 
adjacent secondary marks corresponds to a difference of 5 volts. 

I^t us suppose that a reading of 220 volts is taken on this meter by 
simply noting the number corresponding to the primary division mark 
nearest the needle. By this rough reading we are assured only that the 
actual value is closer to 220 volts than to 230 volts or to 210 volts. We 
know that no matter how the reading is refined the digit 2 in the hun¬ 



dred's place is accurate. In general, a digit in an observed quantity which 
will not be changed by a refinement of the observation is called an accurate 
digit. Since by the reading taken on the meter we know only that the 
correct value is closer to 220 than to 210 or to 230, a refinement of the 
reading might give any number from 215 to 225. Thus the digit in the 
ten^s place might become a 1 instead of a 2, and the digit in the unites 
place might be any of the digits. We say that these digits are inaccu¬ 
rate. In general, a digit in an observed quantity which may be changed by 
a refinement of the observation is called an inaccurate digit. 

As we have made the reading, the only digits in the number 220 of any 
significance for computations are the first two. The zero merely serves 
as an occupant of the unit’s place. 

Now suppose we inspect the meter scale more carefully, estimating to 
the nearest unit where the needle lies between secondary scale marks, 
and obtain a reading of 224 volts. Here all three digits have significance, 
but the reading means only that the actual value is closer to 224 volts 
than to 223 volts or to 225 volts. In the reading 224, the digits in the 
ten’s and hundred’s places are accurate, and the unit’s place digit is 
inaccurate. 

Observational data in this way is never absolutely accurate, many 
possibilities of error entering into almost any given experiment. Num- 
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bers obtained from experiments thus contain accurate digits followed 
by inaccurate digits. Also, as we shall see later, computations with 
numbers of limited accuracy contain errors which limit the accu¬ 
racy of results. Since it is important to know which digits of a 
result are accurate and which are inaccurate, we shall investigate the 
influence of the accuracy of given data upon results computed from this 
data. 

In the paragraphs above we have called certain digits significant. In 
order to be a little more precise, we shall agree upon the following 
criterion, which will be used throughout this discussion to distinguish 
between the significant and non-significant digits of quantities which are 
of limited accuracy. 

A digit is significant if the maximum error in the number in which it is 
contained is less than or at most equal to one-half of one unit in the place 
which the digit occupies. 

Thus in the reading of 220 volts given above, the maximum error is 5 
volts, which is ^ X 10, making the 2 in the ten^s place significant, and 
also the 2 in the hundred's place. In the reading of 224 volts the max¬ 
imum error is | X 1, which makes the 4 significant, as well as all the 
integers preceding it. 

All the accurate digits are significant Usually, as in the examples 
above, the right-most significant digit is inaccurate. Consequently, the 
right-most significant digit will be called the inaccurate significant digit, 
and sometimes for the sake of simplicity, when only significant digits are 
under consideration, the inaccurate digit 

It is worth while to establish notational conventions which make clear 
how many digits of a given number are significant. Two such agree¬ 
ments are in common use. 

1 . The significant figures in a number in positional notation consist of: 

a. All non-zero digits, 

b. Zero digits which: 

(1) Lde between significant digits; 

(2) Lie to the right of the decimal point, and at the same time lie to 

the right of a non-zero digit; 

(3) Are specifically indicated by the context to be significant, 

2. The significant figures in a number written in scientific notation 
{M X 10”) consist of all the digits expressed explicitly in M, 

Significant figures are counted from left to right, starting with the left- 
most rum-zero digit. 
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Example. 

• 

Number of 
Significant 

Number 

Significant Figures 

Figures 

35.62 

3, 5, 6, 2 

4 

5.600 

5, 6, 0, 0 

4 

3020 

3, 0,2 

3 

0.00046 

4,6 

2 

0.000850 

8, 5,0 

3. 

3.0080 

3, 0, 0, 8, 0 

5 

5.00 

5, 0,0 

3 

9.3 X 10^ 

9,3 

2 

5.00 X 10® 

5, 0,0 

3 

2.705 X 10^® 

2, 7, 0, 5 

4 

2 X 10-7 

2 

EXERCISES 

1 


State the number of significant figures, according to the agreements of this section, 
in the numbers given in the exercises following Sec. 1-12. 

1--14. Accuracy in Computations. In computations involving ob¬ 
served data accurate only to a certain number of significant figures, it is 
important to be able to judge how many figures of the result are signifi¬ 
cant. Simple considerations form the basis of such a judgment. These 
will be pointed out here through examples, and specific rules will be 
given. However, the student should regard these rules not as inflexible, 
but simply as the most convenient expression of the common sense 
which should govern any computation in practical work. 

Given three numbers 2.88 X 10®, 4.346 X 10, and 1.376 X 10“‘ which 
are assumed to have been obtained by measurement or experimental 
means and are therefore accurate only to the number of figures indi¬ 
cated in accordance with the agreements of the preceding section. 
Arithmetically, the sum of these numbers is given by: 

2.88 X 10® = 2,880 
4.346 X 10 = 43.46 

1.376 X 10"* = 0.1376 

2,923.5976 

At greatest, the error in 2880 is 5, the error in 43.46 is 0.005, and the 
error in 0.1376 is 0.00005. Thus the greatest possible total error in the 
sum would be 5.00505. However, the second two errors are so small 
compared with the first that they may well be ignored. Hence the great¬ 
est error in the sum is about 5. 
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Since the error in the sum may be as much as 5, the sum may be as 
much as 2928 or as little as 2918. Hence the last six digits of the sum 
are inaccurate. The last five digits are not significant and may be dis¬ 
carded by rounding off the sum to its three significant figures, expressing 
the result as a number of three significant figures nearest to 2,923.5976. 
This number is 2920, or 2.92 X 10^. 

For addition and subtraction we may state the following rule. 

The right-most significant figure in a sum (or difference) occurs in the 
left-most place at which an inaccurate digit occurs in any of the numbers 
entering into the sum (or difference^. 

Given two numbers 3.71 X 10^ and 8.216 X 10^ which are accurate 
only to the number of significant figures indicated in accordance with 
the previous agreements. The product is 3.71 X 10^ X 8.216 X 10^ = 
3.71 X 8.216 X 10^. This multiplication is carried out by the ordinary 
process of arithmetic as follows. 


8.216 


3.71 


8216 

(1) 

57512 

(2) 

24648 

(3) 

30.48136 

(4) 


Since line (1) is really the product of 8.216 and 0.01, line (2) is the prod¬ 
uct of 8.216 and 0.7, and line (3) is the product of 8.216 and 3, this 
multiplication can be written: 


8.216 


3.71 


0.08216 

(5) 

5.75^2 

(6) 

24.6^ 

(7) 

30.48136 

(8) 


Now in line (5) the inaccuracy of 3.71 has been multiplied by 8.216. 
At worst, if the inaccuracy of 3.71 is 0.006, the inaccuracy of the product 
in line (5) is about 8.216 X 0.005 = 0.041080, whence the number in 
line (6) could be as little as 0.04108 or as much as 0.12324. Thus the 
digit in the tenth's place in line (5) is inaccurate, and all the underlined 
digits in line (5) are inaccurate. Similarly, at worst the inaccuracy of 
8.216 is 0.0006, making the inaccuracy in line (6) about 0.0006 X 0.7 
0.00035, and making the inaccuracy in line (7) about 0.0005 X 3 = 
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0.0015. Arguing as above, we can show that the underlined digits in 
lines (6) and (7) are inaccurate. Since line (8) is the sum of the lines (5) 
(6), and (7), its inaccuracy may be as much as 0.04108 + 0.00035 + 
0.0015 = 0.04293, or slightly less than 0.05. It follows then that 
30.48136 is inaccurate in the first place after the decimal point, and that 
only the first three digits of the product are significant. Rounding off 
to three significant figures, the result is 30.5. The result of the original 
problem is then 

3.71 X 10^ X 8.126 X 10^ = 3.71 X 8.126 X 10^ 

== 30.5 X 10^ = 3.05 X 10®. 

The reader may study what happens in division in like manner, and 
will find that the following rule is generally valid. 

The 'product (or quotient) of 'numbers is accurate at most to the number of 
significant figures contained in the least cuxurate factor. The least accurate 
factor is the number entering into the computation which has the least num¬ 
ber of significant figures. 

In the preceding example the result was accurate at most to three 
figures. The product of 6.8 X 10^ and 4.5186 X 10 will be accurate at 
most to two figures, since 6.8 X 10^ is accurate only to two figures. 

Examples can be easily constructed which deviate from the rules 
given above, but for the usual numerical computations used in engineer¬ 
ing those rules are valid, or very nearly valid. In order to avoid a 
tedious anal 3 \sis of every computation, it is convenient to adopt these 
rules as a practical working criterion for the accuracy of results. 

1-16. Rounding off Numbers. In rounding off a number after a com¬ 
putation, the number is chosen which has the required number of sig¬ 
nificant figures and which is closest to the number to be rounded off. 
When cither of two numbers equall'y close to the number to be rounded off 
can be chosen j we shall adopt the convention of choosing the one eliding in an 
even digit. 

Example. 


Number 

Rounded off to 

Three figures 

Four figures 

Five figures 

0.666666 

0.667 

0.6667 

0.66667 

0.312341 

0.312 

0.3123 

0.31234 

61.2156 

51.2 

51.22 

61.216 

26.6466 

26.6 

26.55 

26.546 

18.3645 

18.4 

18.36 

18.354 
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Computation with Numbers of Limited Accuracy. In order to 
achieve in numerical computations an economy of effort and a uniform 
accuracy commensurable with the accuracy of the numbers given, the 
directions given below should be followed. 

1. Addition and i^ubtraction. Perform all the operations with the 
complete numbers given, and then round off the final result. Round 
off the result so that its right-most significant figure appears in the left¬ 
most place at which an inaccurate figure occurs in any number entering 
into the sum or difference. 

2. Multiplication. Perform all the operations with the complete num¬ 
bers given, and then round off the final result to the number of signifi¬ 
cant digits in the least accurate factor. 

3. Division. Perform the operations with the complete quantities 
given, obtaining for each division an answer to one more digit than the 
number of significant digits in the least accurate given quantity. Then 
round off the final result to the number of significant figures in the least 
accurate given quantity. 

4. Combined operations. When multiplications and divisions both 
occur in an expression, perform the multiplications first. 

EXERCISES 

In the following exercises assume that the numbers are accurate only to the num¬ 
ber of digits indicated in accordance with the agreements of Sec. 1-13. Round off 
your results in accordance with the rules of Sec. 1-16, and state your results in scien¬ 
tific notation. 

Add: 

1 . 897, 6.92, and 86.4. 

3. 89, 67.2, and -865. 

6 . 0.00864, 0.8946, and 0.006725. 

7. 46.8, -36.42, and 56.12. 

9. 8900, 360, and -672. 

Multiply: 

11 . 8.6 by 9.23. 

18 . 2.31 by 1.121. 

16 . 0.00300 by 0.960. 

17. 18,000 by 0.051. 

19. 876 by 0.672. 

Divide: 

21. 8.2 by 1 . 12 . 

28. 18.6 by 6 . 2 . 

26. 8900 by 0.012. 

27. 36,000 by 2800. 

29. 36 by 97.2. 


2. 96, 8.967, and -672. 

4. 483, 97.2, and 87.6. 

6. 0.08694, 0.0964, and 84,689. 
8. 18.37, -16.9, and 890. 

10. 0.00500, 0.8760, and 0.8765. 


12. 9.3 by 18.7. 

14. -3.76 by 0.00801. 
16. 3600 by 0.050. 

18. 976 by 0.02. 

20. 19.6 by 1.2. 


22, 3.2 by 19.68. 
24. 97.6 by 0.061. 
26. 672 by 0.97. 
28. 27 by 18.2. 
80. 929 by 0.18. 
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Add; 

81. 1.87 X 10*. 1.89 X 10», and 1.672. 

82. 1.62 X lO’, 3.69 X 10*. and 1.02 X 10«. 

88 . -8.9 X 10, 6.7 X 10*, and -3.25 X 10*. 

84. 9.986 X 10*, 1.23 X 10"*, and 6.67 X 10"*. 

86 . 8.86 X 10», -8.967 X 10* and -9.67 X 10*. 

86. 3.32 X 10*, -1.25 X lO"*, and -3.26 X lO"*. 

87. 8.967 X 10, -3.462, and 8.814 X 10*. 

38. 3.267 X 10*, -8.94 X 10*, and -3.46 X 10*. 

89. 4.766 X 10-*, -8.32 X 10“*, and 8.964 X lO"*. 
40. 5.672 X 10*, 3.16 X 10*, and 4.672 X 10*. 


Perform the indicated operations in accordance with the general directions above. 


(1.23 X IQ-*) • (1.5 X 10*) 
3.2 X 10* 

8.97 X 10* 

(1.2 X 10*) ■ (1.36 X 10*) 
6.72 X 10* 

(8.1 X 10*) • (3.2 X 10*) 

47. (1.96 X 10*) • (1.83 X 10*). 

(1.378 X 10*) • (8.967) 

3942 


42. 


44. 


46. 


48. 


60. 


1.56 X 10* 

8.9 X 10“* 

8.67 X 10* 

1.3 X 10* ' 

(1.987) ■ ( 8.6 X 10*) 

1.26 X 10* 

(6.72 X 10*) • (8.91 X 10~*) 
1.6 X 10-* 

896 X 6.759 
3160 


1-17. Description of the Slide Rule. The slide rule is an instrument 
on which the processes of multiplication, division, finding squares, and 
finding of square roots may be performed to three-figure accuracy 
simply and quickly. Other computations may also be performed, as will 
be seen later, but in this chapter we will be concerned only with the four 
processes mentioned. However, addition and subtraction may not be 
performed on the slide rule. The theory governing the construction of a 
slide rule will be found in Chapter 9; only its operation will be discussed 
here. 

We shall discuss the 10-in. Mannheim type slide rule, named after its 
inventor Lieutenant Mannheim of the French artillery, who devised it in 
1859. However, the techniques discussed here may be applied to any 
rule which the reader has in his possession. 

The central sliding part of the rule is the slide; the part surrounding 
it is the body. The glass runner is the indicator, and the fine line on the 
indicator is the hairline. The mark associated with the primary number 
1 on any scale is the index of the scale. Two positions on different scales 
are opposite for a given position of the slide if the hairline may be brought 
to cover both positions simultaneously, without moving the slide. 

The Mannheim rule has the four scales A, B, C, and D, on one side. 
The A and B scales are identical, and the C and D scales are identical 
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The B and C scales are on a slide which can 
be moved back and forth (see Fig. 1-4). The 
distances between successive digits are un¬ 
equal. The distance between successive 
integers on the C and D scales is double the 
distance between the same integers on the A 
and B scales. 

Since such wide variations in scales exist 
(even among different makes of Mannheim 
rules), the following remarks are general sug¬ 
gestions which each user may follow in inter¬ 
preting his own slide rule. 

1. Every C or D scale is divided into nine 
principal divisions by primary marks num¬ 
bered 1,2,3, • • •, 9,1. The space between any 
two primary marks is divided into ten parts 
by nine secondary marks. These are not 
numbered except between the primary marks 
1 and 2. Between the secondary marks appear 
unnumbered tertiary marks; some spaces be¬ 
tween secondary marks are divided into ten 
parts, some into five parts, and others into two. 

2. Every A or B scale has two portions, 
identical with each other, which are each 
divided into nine principal divisions by pri¬ 
mary marks numbered as on the C and D 
scales. Unnumbered secondary and tertiary 
marks also appear on these scales. 

3. Every K scale has three portions, iden¬ 
tical with each other, divided much like the 
two portions of the A and B scales. 

On none of these scales is the distance be¬ 
tween consecutive numbers equal, the dis¬ 
tances being greater on the left end of the 
scales. Thus there are more subdivisions 
toward the left. The following points should 
be carefully noted. 

1 . Where there are ten subdivisions of a 
given division, each subdivision counts 0.1 
of the value of the given division. 

2 . Where there are five subdivisions of a 
given division, each subdivision counts 0.2 
of the value of the given division. 
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3. Where there are two subdivisions of a given division, each sub¬ 
division counts 0.5 of the value of the given division. 

Many errors are made in reading the slide rule because of failure to 
observe these facts. Practice, which leads to the ability to recognize 
at a glance the values of the different markings, is the only answer. As 
we shall see, the reading between any successive tertiary marks must be 
based on an estimate. Hence in making these estimates it is necessary 
to have firmly in mind the number associated with the space under con¬ 
sideration. 

1-18. Locating Numbers on the Slide Rule. It is important to ob¬ 
serve that the decimal point has no bearing upon the position associated 
with a number on the C and D scales, and, in certain operations, on the 
A and B scales. 

The following examples indicate how to locate three- and four-digit 
numbers on the D scale. Only that portion of the scale is shown which 
contains the number in question. The subdivisions are shown as usually 
found on a 10-in. rule at that place on it The reader will see immediately 
the application of these ideas to the location of numbers on the other 
scales. 

Example 1. Locate 161. 

This is easily done since in this region the space between 1 and 2 is divided into 
ten parts and each of these into ten more parts. 
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Fig. 1-5. 


Example 2. Locate 251. 

This is a little less easily done since the last subdivision consists of only five marks, 
each of which counts two units. Since our last digit is 1, we must estimate halfway 
between two marks. 



Fig. 1-6. 
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Examph S. Locate 1516. 

The number 1610 is located as 161 was located in Example 1. To locate 1616 we 
estimate 0.6 of the distance from 1510 to 1620. 



EXERCISES 

Locate the following numbers on the D scale. Then locate each one on the A scale. 


1. 20. 

2. 25. 

3. 350. 

4. 124. 

6. 11. 

6. 341. 

7. 945. 

8. 846. 

9. 317. 

10. 246. 

11. 3.46. 

12. 0.985. 

18. 7.65. 

14. 2.45. 

15. 1265. 

16. 137.5. 

17. 18.60. 

18. 676. 

19. 8.97. 

20. 12.68. 

21. 34.7. 

22. 969. 

23. 465. 

24. 1246. 


1-19. Accuracy of the Slide Rule. Between the primary marks t and 
4 on the D scale of a 10-in. rule, it is possible to read four figures, although 
the last figure is very inaccurate between 2 and 4. No attempt should 
be made to read more than three digits to the right of the primary mark 
numbered 4. This means roughly that the maximum attainable accu¬ 
racy is one part in 1000. Hence the right-hand end of the scale gives 
computational accuracy to three significant figures, the left end to four 
significant figures. But in general, computations usually involve both 
ends of the scale and we are limited to an accuracy of three significant 
figures. 

These remarks must be modified by the reader at his own judgment 
to fit the rule in his possession, depending on its length, the care used in 
its manufacture, and other factors. The accuracy of a rule is nearly pro¬ 
portional to the length of the scale. 

1-20. Multiplication by the Slide Rule. Two scales are used in con¬ 
junction. Either the C and D scales or the A and B may be used. 
The C and D scales, having larger scale divisions, are more accurate. 
Let us rise them on a simple example. 

Example 1. „ Multipb^ 2 X 3 by the slide rale. 

The mulUpUcand, 2, is located on the D scale and the left 1 (the left index) of the 
C scale is brmight even with it. The hairline may be used to assist in this alignment 
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if desired. Then the hairline is moved along the C scale to the multiplier, 
product, 6, is directly below the 3 on the D scale. 
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Fig. 1-8. 


While the rule is in this adjustment it might be noted that the products of 2 by 
the integers 2, 4, and 5 may also be obtained by looking on the D scale below each of 
these on the C scale, without changing the adjustment of the slide. But the multi* 
plication of 2 by the integers 6, 7, 8, and 9 is impossible, as the slide is now set, 
because the D scale does not extend far enough. Multiplication by these numbers 
is accomplished by putting the right index, rather than the left, even with the 2 as 
shown in Fig. 1-9. 

Example 2. Multiply 2 X 6 by the slide rule. 

The product, 12, is found to be two tenths of the way between the large 1 and 2, 
which, in this case, is interpreted as being two tenths of the way between 10 and 20, 
that is, 12. Had we been using the left half of the A and B scales for the multipli¬ 
cation, the use of the right index could have been avoided, since the A scale (used in 
the same manner as the D scale) is continuous and can take care of products greater 
than 10. And, for these simple numbers, the A -and B scales would have been suffi¬ 
ciently accurate. 
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Fig. 1-9. 


In order to avoid the trial and error process of deciding which index to 
use when multiplying numbers with 2 or more digits on the C and D 
scales, the following suggestion will be found useful; When the product of 
the first digits of each of the two factors is less than 10, use the left index; 
when it is greater than 10 use the right index. 

While learning to multiply on the slide rule, it is well to check the rules 
by applying them to a number of simple problems for which the correct 
answer is known. For products of more than two numbers, consider the 
product of the first two (which you will mark with the hairline without 
reading it) as the multiplicand for the next multiplication. 
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The slide rule merely gives the significant digits of the product; the 
position of the decimal point must be determined by other methods. 

Example 3, Multiply 12.6 X 35.9 X 187 on the slide rule. 

The significant digits for 12.6 X 35.9 are 452, and for the entire product they are 
846. Now rounding off the numbers, the product must be in the neighborhood of 
10 X 35 X 200 — 70,000. Hence the proper result is 84,600 = 8.46 X 10^. 

The position of the decimal point in a slide ride computation can be 
determined by a mental computation with the simple numbers obtained from 
the given numbers by rounding them off to one or two significant figures. 

An alternative method to be used in complicated computations will be 
given later, but many persons prefer to use the method shown above in 
all their work. The authors suggest that the student adopt whatever 
method he finds to be the easier and faster. 

We have, then, this general procedure. 

To multiply two numbers: 

1. Find the multiplicand on the D {or A) scale. 

2. Bring proper index of C (or B) scale even with it. 

3. Locate the multiplier on the C (or B) scale. 

4. With the aid of the hairline find the number on the D (or A) scale 
opposite the multiplier. This number gives the significant digits of the 
product, 

5. Determine the decimal point by means of a mental computation with 
the given numbers rounded off. 


EXERCISES 


Perform the following multiplications, obtaining results accurate to as many places 
as your slide rule will allow, and express these results in scientiffc notation. 


1. 5.00 X 16.00. 

3. 17.00 X 4.32. 

6. 13.00 X 5.00. 

7. 5.00 X 2.99. 

9. 6.37 X 10.88. 

11. 96.8 X 89.42. 

13. 19.87 X 98.46. 

16. 0.00972 X 0.00864. 

17. 9.87 X 4560. 

19. 998 X 0.00672. 

21. 16.82 X 18.96 X 65.8. 

23. 68.4 X 5.92 X 0.00672. 
26. 68.2 X 0.00892 X 0.0672. 


2. 11.00 X 4.00. 

4. 14.00 X 12.00. 

6. 36.0 X 1.020. 

8. 5.12 X 286. 

10. 87.6 X 96.2. 

12. 86.4 X .11.65. 

14. 0.00865 X 85.9. 

16. 0.876 X 1.365. 

18. 36.4 X 18.41. 

20. 89.4 X 67.3. 

22. 79.2 X 67.3 X 61.4. 
24. 98.3 X 1.672 X 98.6. 
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1-21, Division by the Slide Rule. Division is easily understood after 
multiplication has been studied. The following example, with Fig. 1-10, 
will suffice to explain the procedure. 


Example. Divide 8 by 4 by the slide rule. 
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To divide one number by another: 

1 . Locate the dividend on the D (or A) scale vrith the aid of the hairline. 

2. Locate the divisor on the C (or B) scale and bring it opposite the 
dividend at the hairline. 

3. With the aid of the hairline find the number on the D (or A) scale 
opposite the index of the slide. This number gives the significant digits of 
the quotient. 

4. Determine the position of the decimal point by a mental compuiation 
with the given figures rounded off. 


EXERCISES 


Perform the following computations, obtaining results accurate to as many places 
as your slide rule will allow, and express these results in scientific notation. 


1. 12.00 4- 4,00. 
3. 8.0 4 9.00. 

6. 65.2 4 3.10. 

7. 983 4 5.69. 

9. 0.0897 4 679. 

11. 14.67 4 59.6. 
13. 48.6 4 12.64. 

16. 487 4 965. 

17. 859 4 0.00762. 
19. 896 4 672. 


21 . 


69.4 X 86.5 
6750 


23. 


0.00876 X 0.00306 
0.0892 


89.6 X 47.8 
86.4 X 99.4* 


2. 16.00 4 5.00. 

4. 64.0 4 8.00. 

6. 876 4 67.3. 

8. 0.00864 4 0.695. 
10. 11.46 4 96.5. 

12. 15.89 4 69.4. 

14. 67.3 4 596. 

16. 957 4 48.6. 

18. 0.000753 4 56.7. 
20. 48.6 4 573. 

46.8 X 12.58 
1892 

67.3 X 18.64 
0.0960 
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l<-22. Finding Squares by the Slide Rule. 

To find the square of a number: 

1. Locate Hie number to be squared on the D scale, 

2. By the aid of the hairline find the number opposite it on the A scale. 
This gives the significant figures of the square of the original number, 

3. Determine the position of the decimal point by a mental computation 
urith the given numbers rounded off. 

Example. Square 6 by the slide rule. 
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Fig. 1-11. 

The slide is not used in this operation and therefcy*e is not shown in the figure. 

Occasionally a rule, other than a Mannheim, may be found which does 
not have the A and D scales on the same side. However, these rules have 
the A and D scales matched and a hairline on both sides so that the proc¬ 
ess is the same even though the rule has to be turned over. 

For accurate readings, a hairline which is exactly perpendicular to the 
scales is essential. This is true for any operation, but it is more im¬ 
portant here because the A and D scales are widely separated. A good 
check on the perpendicularity of the hairline is to see if it gives the exact 
square of some simple number such as 2 or 3. If found in error, the 
hairline should be adjusted or replaced. 

EXERCISES 

Find the squares of the following numbers, obtaining results accurate to as many 
places as your slide rule will allow, and express these results in scientific notation. 


1 . 16 . 00 . 

2 . 76 . 0 . 

3 . 89 . 0 . 

4 . 67 . 8 . 

3 . 98 . 6 . 

6 . 112 . 2 . 

7 . 89 . 8 . 

8 . 67 . 2 . 

9 . 114 . 8 . 

10 . 69 . 2 . 

11 . 48 . 6 . 

12 . 89 , 600 . 

13 . 0 . 00672 . 

14 . 0 . 968 . 

16 . 0 . 876 . 

16 . 48 . 3 . 

17 . 89 . 6 . 

18 . 196 . 2 . 

19 . 469 . 

20 . 675 , 

21 . 896 . 

22 . 0 . 01234 . 

23 . 0 . 00968 . 

24 . 0 . 467 . 


i 
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1-23. Finding Square Roots by the 

the reverse of that of the previous section. Howiever^certain^ must 
be taken since the A scale has two identical halves. The question is 
which to use in a given case. The process of taking the square root in 
arithmetic requires that the number whose root is to be taken be marked 
off in periods of two digits beginning at the decimal point, as for example, 
4 56, 35 69.32,4 59.63 18, or 0.08 17 1. The first digit of the root is differ¬ 
ent when the left-most period contains one digit from what it is when 
the left-most period contains two digits even though the sequence of 
digits is the same. The result by slide rule must, of course, differ corre¬ 
spondingly. We frame the procedure as follows. 

To find the (»quare root of a number: 

1. Mark off (he number into periods of two digits so that the decimal point 
is a point of division, 

2. (a) If the number whose square root is sought has one digit in the 
left-most period, locate it on the left half of the A scale, 

(b) If the number whose square root is sought has two digits in the left¬ 
most period, locate it on the right half of the A scale. 

These rules apply to decimal fractions less than one if we consider non¬ 
significant zeros to the right of the decimal point as not being digits, 

3. The significant digits of the square root of the number will be found 
opposite it on the D scale. 

4. Determine the position of the decimal point by a mental computation 
with the given number rounded off. 

Example 1. Find the square root of 156.2. 

Dividing the number into periods, we obtain 1 56.2. By 2(a), we locate 1562 on 
the left A scale, and opposite on the D scale we read 125. Since the required root, 
by mental computation, is between 12 and 13, the result is 12.5 « 1.25 X 10. 

Example Z, Find the square root of 0.00869. 

Dividing the number into periods, we obtain 0.00 86 9. By 2(5) we locate 869 on 
the right hand A scale, and opposite on the D scale we read 932. Since the required 
root, by mental computation, is between 0.09 and 0.10, the result is 0.0^2 = 
9.32 X 10“"2. 


EXERCISES 


Find the square roots of the following ntunbers, obtaining results accurate to as 
many places as your slide rule will allow, and express these results in scientific nota* 
tion. 


1. 25.0. 
3. 2500. 
3. 814. 

7. 11.56. 
9. 89.4. 


2. 250. 
4. 3.60. 
6. 1156. 
8. 8.94. 
10. 894. 
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11. 967. 

IS. 0.0964. 
15. 0.000632. 
17. 8.04. 

19. 64,500. 
21. 798,000. 
23. 495. 

26. 14.62. 


12. 18,400. 

14. 0.817. 

16. 89.6. 

18. 0.00001894. 
20. 895,000. 

22. 14.82. 

24. 6,870,000. 


1-24. Finding Cubes and Cube Roots by the Slide Rule. If the reader 
possesses a rule with a K scale, he will discover quickly how to find cubes, 
using the K and D scales. The rule for finding cube roots is similar to 
that for finding square roots, but the given numbers must be marked off 
into periods of three digits instead of two. 

1-26. The Use of the Slide Rule in Extended Computations. Several 
useful hints on the use of the slide rule will appear in connection with the 
following computation: 

346 X 17.1 
221 


We may multiply 346 by 17.1 and divide this result by 221, or we may 
divide 346 by 221 and then multiply the result by 17.1. The latter is the 
shorter of the two methods since one setting of the slide will work the 
entire problem. To carry out the second process, first find 346 on the D 
scale and bring 221 on the C scale opposite it by the aid of the hairline. 
The result of this division appears on the D scale directly below the 
left index (at the digits 156), but we need not read this because whatever 
it reads is merely the point at which the index should he set for the ensu¬ 
ing multiplication. So, without moving the slide or even reading what is 
under the index, move the hairline to the next multiplier (17.1) on the C 
scale. The result is the digits 268 on the D scale. Although the first 
method is not quite so easy, let us follow it through as a check. First 
multiply 346 X 17.1. This gives the digits 592. Then divide this by 
221. Again we obtain the digits 268. In general, where several multi¬ 
plications and divisions are to be performed, the easiest and most accurate 
method is to alternate between multiplication and division, rather than 
doing all the multiplying and then all the dividing. The reason is that, 
in general, fewer moves of the slide are required, and therefore there is 
less chance for error. It is very good practice to work first by one method 
and then by the other, as a check. Since 

35 ^^ 

200 


the result of the computation is 26.8. 
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It should be observed that this method may fail, because the final 
reading may be beyond the limits of scale Z). If we replace, for instance, 
the factor 17.1 by 7.60 using the first method, we shall find that the 
multiplier 7.60 is outside the body of the slide rule. In order to read 
the product, the slide must be reset so that the right index of it takes 
the place of the left index, which has been marked with the hairline. 
Then, after the resetting of the slide, we move the hairline to the mul¬ 
tiplier 7.60 on C and read 11.9 on scale D. 

The necessity of resetting the slide can be avoided by the use of the 
scales A and By if the accuracy of these scales is sufficient. 

Scientific notation is sometimes useful in determining the position of 
the decimal point, especially if the numbers are very large or very small. 
For example, 

3,460,000 X 0.000171 

22,100 

can be written as 


3.46 X 10^ X 1.71 X 10~^ 
2.21 X 10^ 


3.46 X 1.71 

2.21 

3.46 X 1.71 

2.21 


X 10®“^-'* 
X 10“^ 


Performing the slide rule computations on 

3.46 X 1.71 

2.21 


we obtain the significant digits 268, and the decimal point is easily de¬ 


termined from 


3.5 X 2 
2 


= 3.5. Thus the result of the computation is 
2.68 X 10~2 = 0.0268. 


EXERCISES 

Perform the following computations on the slide rule, obtaining results accurate 
to as many places as your slide rule will allow, and express these results in scientific 
notation. 


18.63 X 49.5 

A 

695 X 10.942 

893 

A. 

456 

1876 X 976 

4. 

0.000469 X 1846 

6430 

653 

1896 

6. 

675 



43.6 X 0.0872 

0.0259 X 6.34 
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7. 


9 . 


11 . 


13. 


16. 


17. 


19. 


/86.4Y 

8. 

(86.6)* X 6.67 

10. 

6.64 X 10® 

/389 X 466Y 

12. 

14. 

V 86.3 ) 

jm X 0.00864 

\ 0.0943 

769 X 863 

16. 

V3M 


18. 

Vm ■ V46.6 X 0.964. 

20. 



X 962 
7.59 

487 X 6.59 
5.46 X 10®’ 


V659 X 897 
32.5 



PROGRESS REPORT 

The purpose of this chapter was to introduce numbers and to explain 
how to operate with them. The necessity of counting led man to the 
invention of positive integers. Practical problems made it necessary to 
widen the system of integers and to introduce positive, negative, frac¬ 
tional and irrational numbers. All these numbers together form the real 
number system and by means of them engineering computations required 
in practical problems can be performed. 

In practical applications, numbers which are encountered have a 
limited degree of accuracy. This led to the definition of significant 
digits and to the development of rules for determining the accuracy of 
results computed from numbers of limited accuracy. 

The necessity of performing numerical computations led to the intro¬ 
duction of scientific and engineering notation and to the discussion of the 
slide rule, a tool for speeding and simplifying numerical work. 

The student should not only understand the principles introduced 
here but should also acquire skill in computation by continuous practice. 




CHAPTER 2 


SIMPLE ALGEBRAIC OPERATIONS 

Ei^ineering formulas give the relationships between physical quan¬ 
tities. These quantities are designated by letters of the alphabet, by 
Greek letters, or other symbols. Frequently the engineer uses his pwn 
notation which has been standardized by the particular engineering field 
in which the specific problem occurs. Thus, a force which may act on a 
structural member is designated by F, while a voltage acting in a circuit 
is designated by E or e. Mathematicians, because the^ deal with ab¬ 
stract or perfectly general quantities, prefer to u^ such letters as a, h, c, 
X, y, and z, which have no particular reference to engineering symbols. 
In order to arrive at as simple formulas as possible, it is quite necessary 
that the engineer be able to manipulate expressions so as to obtain them 
in concise and usable forms. 

2-1. The Nature of Algebra. Algebra is an extension of arithmetic. 
Each statement of arithmetic deals with particular numbers: the state¬ 
ment (20 + 4)^ = 20* -f 2 • 20 • 4 -f 4* = 576 explains how the square 
of the sum of the two numbers, 20 and 4, may be computed. It can be 
shown that the same procedure applies if the numbers 20 and 4 are 
replaced by any two other numbers. In order to state the general rule, 
we write symbols, ordinarily letters, instead of particular numbers. Let 
the number 20 be replaced by the symbol a, which may denote any 
number, and the number 4 by the symbol b. Then the statement is true 
that the square of the sum of any two numbers a and b can be computed 
by the rule 

(o -f 5)* = a* + 2 • o • 6 -f 5*. 

This is a general rule which remains true no matter what particular 
numbers may replace the symbols a and 6. A rule of this kind is often 
called a formula. 

Algebra is the system of rules concerning the operations with numbers. 
These rules can be most easily stated as formulas in terms of letters, like 
the rule given above for squaring the sum of two numbers. 

The outstanding characteristic of algebra is the use of letters to repre¬ 
sent numbers. Since the letters v£ed represent numbers, aU the laws qf 
ariOmetic given in Chapter I hold for operaiions wiOt letters. 
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In the same way, all the signs which have been introduced to denote 
relations between numbers and the operations with them are likewise 
used with letters. 

For convenience the operation of multiplication is generally denoted 
by a dot or by placing the letters adjacent to each other. For example 
a • 6 is written simply as ab. 

The operations of addition, subtraction, multiplication, division, and 
extracting roots are called algebraic operations. Any symbol or com¬ 
bination of symbols obtained by employing algebraic operations is called 
an algebraic expression. Examples of algebraic expressions are given by 

2x + 7y — 's/x + 2/, 2a% + lab. 

When an algebraic expression consists of several parts connected by 
+ or — signs, each part with its preceding sign is called a term. In the 
above examples 2 x, ly^ and — + y are terms of the expression 2x+ 

ly — a/x + yj and 2c?b and lab are terms of the expression 2a'^5 + lab. 

In order to represent different quantities, different letters are used. 
Although these letters may be picked at random in any given problem, 
it is usually found convenient in engineering work to set aside a certain 
letter which is always used to represent physical quantities of a certain 
class. If there are several quantities in the same class, these may be 
denoted by subscripts. Thus E refers to voltage in electrical problems, 
and when several voltages occur in a given problem they are denoted by 

Eij E 2 , E 3 , • • •, Eni 

read E sub-one, E sub-two, sub-n, or, if no misunderstanding is 

possible, 

jE-one, E-two, • • •, E-n. 

A similar type of notation employs accents for the same purpose. Thus: 

Tf jn jm ... 

is read /-prime, /-two prime (or double prime), /-three prime, etc. 

In general, any type of symbol may be attached to a letter if it forms 
a convenient representation of the quantities involved. Such forms as 

Eo, E*, E, Vr, F^, Vab, etc., 
will be frequently encountered. 

2-2. Addition and Subtraction. In adding and subtracting algebraic 
expressions, we use the commutative and associative laws of addition 
(Sec. 1-8) and, through the rules for removing and inserting signs of 
grouping (Sec. 1-9), the distributive law. 
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Example 1. Add 4Ei + 7^2> 5Ei — 3^2» 2J^2 — Ei, 

The sum can be written as: 

(4jE7i + 7 E 2 ) 4* (SJE'i — SE 2 ) + ( 2 E 2 ^1) 

=^4Ei + 7 E 2 + 5^1 — SE 2 4* 2 E 2 El = SEi 4* 6^2* 

Thus, algebraic expressions may be given a simpler form by combining 
similar terms. Two terms are called similar, if they differ only in their 
numerical factor (called a coelSScient). 

Example 2. Simplify the expression 

2a 4* {ba — [8a — 36 — (2a — 6) 4" 3c] 4" 10c}. 

Removing successively the parentheses, brackets, and braces, we obtain 
2a 4- 16a - [8a - 36 - 2a 4- 6 4" 3c] 4- 10c} 

= 2a 4- 15a - 8a + 36 + 2a - 6 - 3c 4“ 10c} 
=2a 4" 5a — 8a 4* 36 4" 2a — 6 — 3c 4* 10c 
= a 4" 26 -|- 7c. 

The last example shows that in removing several signs of grouping^ it is 
more convenient to remove the innermost first. 

EXERCISES 

Add: 

1, 5a, —7a, 11a, —3a. 2. 5x7/, —2x2/, 7xy. 

3. 3x 4- 22/, 5x - 32/, 7y - 2x. 4. 2a^h 4- 306^, ba% - a%. 

6. %Ei 4" 3i^2 — 7Ezj 2Ei — 5 E 2 — Ez^ 

6. 606 — 3ac 4- 46c, 36c — 2ab 4- 6ac. 

7. Vi - 2y2 + Vs, -471 - 72 + 078. 

8. El - 5/1 4- 6/2, -El - 2/1 + /2. 

9. 5x — 3//, —2x 4- 42/, 5y — x. 

10. 4E; - 6fX, -6^ + 10/X, SE - 2IX. 

11. 3a6 —• 4cd, 2a6 4* 3cd, 2cd — 4a6, 6cd 4- 2a6. 

12. 2x^ + SxV 4- by\ —x^ — 5x^2/^ — 27/^, 3x^ — 2 x^y^ + y\ 

13. 5Ri — 3 R 2 4“ Rzt — 3Ri 4" ^Rz — 2/23, 2-Ri — R 2 4* 6/23. 

14. 3/1 + 5/2 - 3/3, ~2/i - 2/2 4- 6/3, /i 4- /2 - /s. 

16. E -SRI - 16ZI, 7RI + 25Z/, -SE - 2RI 4- 12Z/. 

16. 2T7 + SEI - 10/2J?, 17 4- 2JS:/ 4- bPR, -El 4" 2PR, -W -EL 

17. SRi 4" 0/22 — 2Rz 4’ Ra^ —Ri — 2 R 2 4” Raj Ri — SRz — SRa^ R 2 4" bRz 4" Ra» 

18. 2/1 4* 0/2 4" 3/3 — 5/4, —Ii 4- 2/2 4" 3/4, — ^2 — /s 4“ 3/4, /i — /2 4“ Iz» 

19. 3x 4“ 62/ — 3« 4- 4ic, 2y + 4tc, 2x — 2z, —4x + O2 — 2ic. 

20. 10a - 46 4- 3c 4- 6d, 26 - 6a + c, 3d - 26 - c, Oc - 4a - d 4- 6c. 

Subtract the second expression from the first: 

21. 107, 37. 22. lOox, -3ax. 

23. 3a 4- 56, 2a 4* 36. 24. Ox — 8t/, 3x — 2y. 

26. 5E - SIX, 7E - SIX. 26. 7E + SRI 4- OX/, 2E + RI - SXL 
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27. 12aa; -f VJhy — Qca, —Sox — 36y -{- cz, 

' 28. 3IF 4- 2JS:/ - 12/2jR, 5JS?7 - IT - 
29. 3x^ 4- 6x2/ — 42/^, — 2xy + Si/^. 

80. 6/8 - 5/i + 8/2, 7/3 - 2/1 - 3/2. 

31. 7/1 - 4/2 4 6/3, 9/3 4 3/1 - 2/2. 

32. 12x^ — 24x7/ 4 2?/^, 8x^ -f lOxi/ — 42/^. 

33. 3Zi - 3Z2 - 10, 6Z1 4- 6Z2 4 6. 

34. 9x 4* 6y — 7« — lOiy, 12w; — 3y — 82 4- 4x. 

36. 4" 6i22 — 8/23 — /24, 6i?3 — 2/?2 4" 3/^4. 

Simplify: 

36. (a + 6) - (a - 7) 4- (2a -f 1). 37. (2x + 31/) - (x - 2y) + (x 4 y). 

38. E 4 3/R ~ (2E 4 /R). 39. 3ac - {3by 4 (oc - by)}. 

40. 6p - 2g - [(3p 4 2(/) - (3p - 2q)], 

41. a 4 b — {a — b 4 [o 4 b — (a — b)]}. 

42. c — {ir 4 «) — {e — [ir — (c 4 tV)] — e], 

4B. E - {QhRi 4 2 I 2 R 2 ) - {2E - (3/ifii 4 I2R2)]- 
44. - 12Tf - - [/2/2 - i-ZEI)] 4 4/2/e}. 

46. 4x - (6x - 2y 4 [2x - y 4 43] - (a 4 2y)l. 

46. 3/1 - 12/1 - [3/2 4 (h - /a)] 4 4/3). 

47. 6y — I5x — [2x — (3y — x) 4 4y]} — 3x. 

48. - { -[-(a - b - c) 4 29] - 39 4 2b - c}. 

49. 3^ - (2RI 4 IZ) - 12E - (3/^/ - 2/Z)]. 

60. 6/ei - {/e2 4 [/2i - (R2 -h 3/23)] - Rz]^ 

2-3. Multiplication. In multiplying algebraic expressions consisting 
of one term, we use the commutative and associative laws (Sec. 1-8) 
and the laws of exponents (Sec. 1-11). An algebraic expression of one 
term is a monomial. 


Example 1. 

(5a2x3)(3aV) = 6 • 3 • • x» • x^ = ISa^+V^^ = l5aV. 

Example 2. 

(2ab2c)(3a2bc)(5abc2) *2-3-6'a-a2*a»b^*b-b*c-c*c* 
= 30a^'^2-fi52+i+i^i+i+2 ^ soa^b^c*. 

Example S. 

(2x2y3)2 = 22(x2)2(y3)2 = 4xV. 

Example 4 , 

(3a^b*c)8(2abc»)2 = 3V2bV • 2^a%h^ * lOSa^^b^V. 


EXERCISES 

Perform the indicated operations. 

1. —Sxy • 2xy • 5x. 

8 . (3a*)(-8o*)(-2o). 

6. 6/ft • 3/. 


2. 2»» • 3n* • 5n. 

4. (-2o®b)(-3a6*). 
6. (3ij/«)(4i/*). 
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7. 6o6*cd* • 9a^d. 

9. 7I*/S • SEI. 

11. (-3F*) • 2WX^Y • ZF*. 

15. 3RiI • 2RiI(,-5RsI). 

16. • 2irs • Sr^s. 

17. 6xyz(—7yew) • 3xsw. 

19. 14/rt • 3/ • Girt. 

21 . (—Qx^yz) • Sxy^z ■ Qxys?. 

23. 2o6*c • Sabc^d • 4abcd!‘e • abcde. 

26. 7x^y(—8xy*) • (-x^y). 

27. Tah ■ 3a%* ■ 5aV. 

29. Ra^Rb • RaRc^ • Rb^Rc 


8 . (3J*B)(2/X). 

10. \2xy^z ■ Sx^y^. 

12. 3/Z*(-2/)(-3Zfi*), 

14. 61 RZ ■ 7RZ^ • 3/*fi. 

16. 6ftL • 2TFB • SRC. 

18. 12EI ■ 61^R ■ SE. 

20 . Ibpqr • Siprt • 2qrs. 

22. \2mrvp ■ Snpr(—Smprs). 

24. (Bayz)(6xzw)(2yzwu)(xzwuv). 

26. 5H^L • {-2WL^) ■ (-31F*L®). 
28. 2^yz • 3iy*** • 

30. (-Zi®Zj*) • Zi^Zi\-Z^i). 


2-4. Multiplication of Multinomials. Algebraic expressions consist¬ 
ing of more than one term are called multinomials. In particular, an 
expression of two terms is a binomial, an expression of three terms is a 
trinomiaL In finding the product of multinomials, we make use of the 
distributive law (Sec. 1-8). 

Rule 1. To multiply a midtimonial by a monomial, multiply each term 
of the multimonial by the monomial and add the resulting products. 

Example 1. 

5a%{7a^ - 3a6» + 2a<6) = 36o‘6* - 15oV + lOoV. 

Rule 2. To find the product of two multinomials, take the sum of the 
products which result from multiplying each term of one midtinomial by 
each term of the other. 

Example 2. 

(x + y)(3x* — 2xy + by^) = x(3** - 2xy + 6j/*) + j/(3x* — 2xy + by^) 

= (3** - 2xhj + bxy^) + (Sx^j, - 2xj/* + btfi) 

= 3x’ - 2x'^v + 6xy2 + 3x*3/ - 2x]fi + V 
= 3x® + x^y + 3xj/* + by*. 


EXERCISES 


Perform the indicated operations: 

1. x(x + 2). 2. (3x - y)(x + Ay). 

3. (3Ri + 6)(2B2 + 1). 4. 2oV(a® - 3o5» + h). 

6 . 3/*B(X + Z). 6 . 2ac(o6 + cd). 

7. (o + 6)(a - 6). 8 . (x - y)(x + y). 

9. (3/ + 4)(5/ - 2). 10. (6et - 4)(7ef - 3). 

11. (6r* + 3Z)(8r* - bZ). 12. AIZ(,SIR + 7IX + bXL). 

13. 7xy*z(2xy + Syz + bxz). 14. bE{2IRi + 3 /B 2 + 6IRi). 

16. 6ab(2ac +3ad + 7be + 9M). 16. 7«(3<i + 4f2 - 7<i + 6t,). 

17. 16B/i(B/2 +.3B/1 - 2 RI 2 + bEo). 18 . (o + 6)(o* - af» + b*). 

19. (3P -t- 6)(6P* + 2P + 2). 20. (o + b)(a* + 2(ih + b*). 
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2L (27 -f 4)(37*« + -f- 3). 22. (a:* - y^){x* -t- *V + V*)- 

28. (o - 6 -t- c)(o -b-c). 24. (3Z -|- 4i? - 6)(5Z -2R + 7). 

26. (3x* -f 2x + l)(x® - 4® + 2). 

26. (6E/ - 5PR + 2){2E1 -f 3PR + 6). 

27. (3mn + 2np -t- 5mp)(,2m,n — 7np — 3mp). 

28. (2/iBi + 3E - 2hR2) • 

29. (2x + 3j/)(3a^ + 2x’‘j/ + + r). 

SO. (4r -t- 5) ^3B/* -f- 2AV -t- 3-t- 5^ 

2-6. Division of Monomials. In dividing monomials the laws of ex¬ 
ponents (Sec. 1-11) are used. 


Example 1. 


Example 2. 


ba% 

ba^h -j- a =- = bah, 

a 


SmHr^ 

bmHH-^ 


EXERCISES 


Perform the indicated operations: 


1. a®. 


3. (T* + 7Y*)a -T- 4Z(r* -t- 7F<). 4. ^ 

6 . — 6 . - 

O” Li 

7. 2\A^’^B^C -5- 7.4*i3*C*. 8. U 

9. E‘+\x - j/)* 47,‘"+Ha: - y). 10. - 

(o -I- hfayl 17 

a{a + h)^ ■ 

14a* • 3bV • 4<i(& + 1) 

246^6 + 1) 

14. 4P^K’^{Z - Zo)”*"* 2PK”-\Z - Zo)”. 


2. -16bV -i- ftc*. 

(7A<* - 4)*ZZ.* 

^ RtL(7Xo^ - 4)»‘ 

®‘ Lft"-*’ 

8. 5kT^{E -f Eo? -i- kT{E Eo)’‘. 
(i‘° -H 7x*)p^Z* 
xy^Z 

17Z» • 46Z • 2T 
UbZT 


(fl* -t- 2 X - 7)*r"-^ 
BT*(K* -I- 2X - 7) ‘ 
Ar”+* 0 "E* 

AT^W” 


(r-f 8)(r - s)(7r* + «) 

16. 

(/ + g*)fcL* • 2{f - g*)* 

' (/-{?*)(/+ p)(/ + P*)L‘ 

Am +,!)* 

• (A + C)»B*(C + 1) 
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2 -6. Division of a Multinomial by a Monomial. According to the 
laws for division (Sec. 1-10), a multinomial is divided by a monomial 
by dividing each term separately. 

Example 1. 


1c? + 14o6 - 21o» 


Example S. 


7a 


7^ 14^ 

7a ^ 7 a 


21 o^ 

7a 


= o + 26 — 3o®. 


4Z(P + W) - Z?{P + + XZ?{E + TV)» 

Z^(P + W) 


4Z(P + ID Z»(P + ID* AZ*(P + IV)» 

Z*{P + IF) Z*(P + JF) Z*(P + IF) 


= I - Z(P + IF) + X(P + IF)*. 


EXERCISES 


Perform the indicated operations: 

+ 4TV 
T 

. IRi + /*Pi - IE 

*■—js;— 

, 2T/t - -/K* 
o« -- 

TcfR 

4yV + 8x"+* - 7y-*Z* 
a:*»y"Z 

fc(a + c)« + 4(a + c)» + (a 4- c) 
ik(a + c) 

UKP^+n + 28MP” + TXAf 
14XP*Af 


g a*6c* + 27a*6c* 
o5c 

, ZX* + XZ* - 4XZ* 

*• -xz- 

g 7(a + 6) - 4(a + 6)*(a + 26) 
4(0 + 6) 

IR? + PR^ - I*RL 

2i*P 

10 fr ~ - (r - l)c 

(r — l)6c 

J&j> + et 


7qx^^ - V 

(6p3*)(4a:*) . 

7PF + AfF*(A: + 1)* - 14K(fc + 1) 
(k + 1)(RF*) 


Divide 18y*Z®(p + 1)"* — 9x?y2i* + *”(? + 1) by: 

16. 3y*Za;™. 16. 9mZ(p + 1)*. 17. 18yx-^(p + 1)-*. 

Divide 12«*Z»L* + 16fiZ* - 8(PZL)* by: 

18. fi'Z-*. 19. 2(RZL)®. 


20. 4Z-<RL. 
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2-7. Special Products. Certain special products occur so frequently 
in algebra that it is well to become familiar with them. They are given 
below and should be verified by the student. 

1 . (a + bXa - b^. 

2. (a + bXa + b) = (a + bf = + 2ab + b^ 

3. (a - b)(a - b) = (a - bf = - 2ab + b^. 

4 . a{x + y -- z) — ax + ay — az. 

6. (a + b)(x + y) = x(fl + b) + y{a + b) ax + bx + ay + by. 

6. (jc + a)ix + b) = + (a + b)x + ab. 

Formula 1 states that the prodvct of the sum and the difference of two 
numbers is equal to the difference of their squares. 

Formula 2 states that the square of the sum of two numbers equals the 
square of the firsts plus twice the product of the numbers, plus the square of 
the second number. 

Formula 3 states that the square of the difference of two numbers equals 
the square of the first, minus twice the prodmt of the numbers, plus the 
square of the second number. 

Similar statements may be supplied by the reader for formulas 4, 6, 
and 6. 

Algebraic computations may be shortened by the use of the above 
formulas, as explained by the following examples: 

Example 1. Find the product (x — 2)(x + 2). 

Substituting x for a and 2 for b in formula 1, we obtain: 

(a; — 2) (x + 2) = — 2^ = — 4. 

Example 2. Find the product (4^/ + c)^. 

Substituting 4|/ for a and c for b in formula 2, we obtain: 

(42/ -f cf = 161/^ -f St/c + c^. 

Example S. Find the product (Ri -f 5)(i?i — 2). 

Substituting Ri for x, 5 for a and —2 for 6 in formula 6 we obtain: 

{Ri + 6)(/2i - 2) « Ri^ + (5 - 2)Ri + 6(-2) = Ri^ + ZRi - 10. 


EXERCISES 


Perform the indicated operations. 
1. 2(x + 3). 

8. e(e2+e-e« + 2). 

5. (X/ -f v)\ 

7. (yb — 2m)*. 

8. (R ~ 

11. (IR + DilR - 1). 

13. (r + 3)(r -f 6). 

15. (a --12)(o - 4). , 


2. — 5x(2y — 3x). 

4. (p + 2)*. 

6. (R* 4- «*)*. 

8 . (r* - «*)*. 

10 . (D + 2K)(D - 2iO. ^ 
12. (7x 4- 4)(7x - 4). 

14. (E 4-10) (E - 3). 

16. (x 4-3j/)(n - 
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17. (2to 4- a)(c + b). 

18. 

19. (2c - D)* 4- 4cZ> - Ifi. 

20. 

21. (m 4-10 )*. 

22. 

28. 3o(x* + 2xv + y\ 

24. 

26. [2(x - y)]*. 

26. 

27. (E* - ®)(ft* + x). 

28. 

29. (.^*4-A)(<^*4-i). 

30. 

31. (x - D*. . 

32. 

/M V 



34. 


36. 

37. (9-i)((»4-i). 

38. 

39. [(Z 4- 6 ) 4- 5][(Z 4- 6 ) - 5). 

40. 

41. [(a 4- c) - (o - c)][(o 4- c) 4- (o 

-c)]. 

4 


\c q/\e qj 


48. [5(2c - d)]*. 

44. 


46. (f 4- 3»){3ii - 0- 


46. 
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60. 


(2 + o)(* + ie). 

(4G - 2)(4e + 2). 

(4x* + 9)*. 

5abc{Ga^b<^d — 45ac*(i® + 9). 
(e + 3)^ 



OS + 6)(/3 - 12). 

(Z - D*. 


(3Z - 2R)(3Z + 2R). 

[3c + (o + b)][3c - (o + b)]. 


(5p - e^r*)*. 

(St^R + ie)(ie - 4i2fi). 


2-8, Simple Factoring. In using the previous six formulas going from 
the left side of the equations to the right side, the process known as 
expansion was performed. If this process is reversed, going from the 
right side of the equations to the left, the operation is called factoring. 
In arithmetic the analogous process is that of resolving integers into the 
products of prime factors. 

Typical procedures in simple factoring are indicated in the following 
examples. 

Example 1, Factor 412^ — Z^, 

Using formula 1 of Sec. 2-7 we have: 

(4/22 - Z2) = (2/2)2 - Z2 = (2/2 4- Z)(2/2 - Z). 

Example 2, Find the factors of 9x^ — I2x + 4. 

Using formula 3 of Sec, 2-7 we have: 

9«2 - 12a: + 4 = (3a;)2 - 2 • (2 • 3x) + 2® « (3a; - 2)®. 

Example S. Factor 2r2s — 4:rsH + 

Using formula 4 of Sec. 2-7 we have: 

2r2« — 4rA + SrhH = 2rfi(r — 2*2 -j- 4rs2), 
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The last example illustrates the fact that a monomial factor of each 
term of a multinomial is a factor of the multinomiaL 

Grouping of terms as in formula 5 of Sec. 2-7 sometimes allows a com¬ 
mon factor to be found for all the groups. This is illustrated by the 
following. 

Example 4- Factor + 6d — 18. 

Grouping terms we have: 

~ 3<i2 + 6d - 18 = (d3 - + (6d ~ 18) 

= (P{d - 3) + 6(d - 3) 

= (d - 3)(d‘'^ +6). 

Formula 6 of Sec. 2-7 enables us to factor trinomials like + 'px + q. 
Such expressions can sometimes be factored by inspection into two 
binomials (x + u)(^ + b) where a + b = p and ab = q. 

Example 5. Factor — 7x + 10. 

Following the explanation just given, we search for tw’o numbers a and h whose 
sum is —7 and whose product is 10. By inspection, these numbers are found to be 
—6 and —2. Hence 

- 7x H- 10 = (x - 6)(x - 2) 

where x — 5 and x — 2 are the factors of the given expression. 

Example 6. Factor 5 + 6Z + Z^, 

As in the previous example we have: 

6 + 6Z + + 5 = (Z + 6)(Z + 1). 

A few suggestions will help the student in factoring. 

1 . Remove all monomial factors first. 

2. Factor, if possible, the remaining expression; be sure that the 
factors are simple. 

3. Check by multiplying the factors. 


EXERCISES 


Factor the following by removing a monomial factor. 


1. ay^ -f ax^ + az^, 

8. 17x2 _ 289x1 

6. 4L» - 8L2R. 

7. 2cd? + ^a% - 

9. a¥ 4- 

11., ^ + WC -w^. 
R 


2. 5a - 106. 

4. 122/2 4 2x7/. 

6. lOwV — 15m®n*. 

8 , 4r*st — 4 2rsV. 

10. 16x2*— 2a6x. 

12 . Y + - ^T. 
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13. 

16. 3m* — 12mW + 6 mn*. 

17. - IZR^L^ + 39KL. 
19. j/*{o — 6 )* — 6 (a — b)®. 


14. 2irrA — + 3rA*. 

16. 3 o* - 6 o *6 + oV. 

18. 14xV«* - 7a:V** + 8 a:j/* 2 *. 
20. 5 X[Z ~Lf + 47(2 - L)\ 


Factor the following by grouping terms. 


21 . ** + a;* + 2 x + 2 . 

22 . ox + a + 2 x + 2 . 

23. 4p + 4prt + + pqrt. 

24. uH - 2iPm - Pi + 2Pm. 

25. 4!/ + 46 — C 2 / — ch. 

26. 2G„Ep - E^p - 2G„Ip + V. 

27. + o 6 4 - ay -f 2/6 — 2a — 26. 

28. 18A'i + 21 - eXcAi - 7Xe. 

29. 2xy — 62 / -f 2xz — Qz. 

30. ab + acd — b* — bed. 

31. aV + + a^b -f 

32. o*X* + 0*7 4- bX* + b7. 

33. + z^w - 2Z^ - 2w. 

34. eg +fh +fg + eh. 

36. P^RL + P^EL + P^RI + P^EL 

36. p +ny — my — mn. 

Factor the following. 

37 . +Sk + 16. 

38. o* 4- 4o 4- 4. 

39. - 2NP + P*. 

40. 25IP - 1. 

41. o*b* + 20^6 + 1. 

42. X* - 26x 4- 169. 

4 4 

44. 9E* - 42E 4- 49. 

46. Xi,2 - 16;?.*. 

46. X* - 16Z*. 

47. - R\ 

48. a'‘b* — x*j/*. 

49. (Pd* - (P. 

60. 9p* 4- 6p 4-1. 

61. 4Z* - 12Z 4- 9. 

62. 9fi* - 24BL 4- 16L*. 

63. 25A^l* + 2aXcXL + 4Xo*. 

64. 16x* - 81xVZ* 

66. X* - 4x + 3. 

66. !/* - 8y 4- 12. 

67. X* - 3x - 4. 

68. p* 4- 16p 4- 28. 

69. t* - 131 - 68. 

60. 2X - 24 4- A'*. 

61. ^ -1- 7ad! + 12<P. 

62. B* 4- 3BI7*L* 4- 2TI"*L*. 

63. \{P -2W - 35. 

64. r*s* - 9r*8 4- 8r*. 

66. ouP + bad — 14o. 

66. 3x* - 9x - 84. 

67. 9L* + 6L + 1. 

68. t*fe 4- 2rijk + rrYk. 

69. 30P®P’ - 25P*P* + 6P*fl*. 

70. TFCrp* 4- BWCrpZ 4- 6irCZ*. 

71. E* + HEP - 26P*. 

72. m*x* 4- 12mx* 4- 35. 

73. Z* - 15Z* - 100. 

74. 2x* 4- 6x 4- 4. 

76. 6L* - 26L + 30. 

76. 2B* 4- 32B* 4-110. 

77. xV + + 3. 

78. P*B - 16PB - 226B. 

79. irO*L* + 17iroL + 66ir. 

80. o*B* - 5a»B - 14. 


2-9. Lowest Common Multiple. In adding algebraic fractions a com¬ 
mon denominator must first be obtained. The lowest common midUfle 
{designated as L.C.M.) of two or more expressions is the product of aU their 
different factors, each taken the greatest number of times that it occurs as a 
factor in any one of the expressions. 



52 SIMPLE ALGEBRAIC OPERATIONS ^ 

The method of finding the L.C.M. is illustrated by the following 


examples. 

Example 1, Find the L.C.M. of: 

ax -h Sa, T® + 2x“, 5x 6. 

Factoring each, we have: 

a(a:+3), xHx^2), (x + 2)(x-{-3). 

The factors a, (x H- 2), (x 3) each occur at most once in any expression; 
X occurs at most twice. Hence the L.C.M. is ax^ix -f 2)(x 4-3). 

Example 2, Find the L.C.M. of: 

15aVc, 12o^6V, 186 V, and 20 a^b\ 

The required L.C.M. is ISOa^hV, because 180 is the least common multiple of the 
numbers 16, 12, 18, 20 and no lower powers than a®, 6^, or c® will contain as factors 
the powers of a, 6, c in all the given monomials. 


EXERCISES 


Find the L.C.M. of the expressions in the following examples. 


1. 5a6®, 7a%\ 

3. 12R\ 45L2. 

6. 4- a? — 6, + 4a: + 4. 

7. Z* - 9, Z2 4- lOZ 4- 21. 

9. - y^,x + y, x^ 4- xy, 

11. 12jE7 ~ 36, E^ - 9, -- 6^ + 6. 

13. + ^11^ jU ^18 

16, ax — ay^ hx^ — by^f cx 4- cy. 

17. x(m 4- n)^, y{m^ — w^), Z(m — n)®. 
19. SR - 10, R^ -9R-^ 20. 


2 . 12xV, 5AyZ^, 

4. 72x^y, my^7A 
6. R^ 4- RL, RL - Ll 

8. ox — x^y a^ — x^. 

10. X® — ox — 6x 4- o6, x^ — 2ax 4“ a*. 
12. 4a2 - 2a6, 4a6 4- 26^, 40^ - b\ 

14. a^Cx - y)y b^(x^ - y^), 

16. a2 - 2a6 + 6^, 6^ - a®, a - 6. 

18. a(6 — c), 6(c — a), c(a — 6). 

20. E^-\-2E -SyE^ + lOE + 21. 


2-10. Fractions: Addition and Subtraction. In arithmetic, fractions 
are added and subtracted after they have been reduced to the same de¬ 
nominator. In the case of numerical fractions, the common denomi¬ 
nator is always taken to be the least common multiple (see Sec. 1-10) 
of the denominators of the given fractions and is called the least common 
denominator, abbreviated L.C.D. The same procedure holds for frac¬ 
tions involving algebraic expressions. The L.C.D. of fractions involving 
algebraic expressions is the lowest common multiple of their denominators. 
When dealing with numerical fractions we use the term least, whereas 
in algebraic expressions this is replaced by the term lowest. Let the 
student give the reason for this change. 

Before finding the lowest common multiple of the denominators it is 
often convenient to reduce each fraction to its lowest terms. A fraction 
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is in its lowest terms when all factors common to numerator and de¬ 
nominator have been eliminated by dividing numerator and denomi¬ 
nator by these factors. 

The method for the addition or subtraction of fractions involving 
algebraic expressions will become apparent from the following illustra¬ 
tions. 

Example 1, 

2a _ 13 

{x + S)a (a; + 2)x^ + 5x -f g' 

By factoring the denominators of each fraction we obtain 

2a 3x^ _ 13 

(x + 3)a (x-^ 2)x^ (x + 3)(x -f 2)’ 

Reducing each fraction to its lowest terms, the expression becomes 

2 _3_ 13_ 

a; + 3“^x + 2 (x-h 3)(x + 2) * 

Finding the L.C.D. and expressing each fraction as one having the L.C.D., we have 

2(x -h 2) 3(x -f 3) _ 13 

(x 4- 3)(x + 2) (x + 2)(x +3) (x + 3)(x + 2)’ 

Combining the new numerators and placing over the L.C.D., we obtain 

2(x -f 2) 4- 3(x 4- 3) - 13 
(x4-2)(x4-3) 

Removing the parentheses in the numerator and simplifying, we have 

2x -h 4 4- 3x + 9 - 13 _ 5x 

(X 4-2)(x 4-3) ““ (X 4-2)(x -f 3)' 

This illustration suggests the following steps in the addition or sub¬ 
traction of fractions. 

1. Factor the numerator and denominator of each fraction, 

2. Reduce each fraction to its lowest terms, 

3. Find the lowest common denominator (L.C.D.). 

4. Change each fraction to one having for its denominator the L,C,D, 
(obtained in Step 3) by multiplying numerator and denominator of each 
fraction by the quotient of the L.C.D, by the denominator of the fraction. 

5. Combine the new numerators and place over the L.C.D. 

6 . Simplify the numerator and reduce the result to lowest terms (some¬ 
times further simplification is possible if the numerator can be factored). 
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Example S. 

r + 1 +5r +6 r» 

•* — 4r + 4 r*+r — 6 r^(r — 1) 

I* + 1 _, (r + 3)(r + 2) ^ • r 

'' (r - 2)(r - 2) (r + 3)(r - 2) " r*(r - 1) 


r + 1 , r + 2 r 

(r - 2)(r - 2) (r - 2) “ r - 1 


steps 


(r + l)(r - 1) (r + 2)(r - 2)(r - 1) _ r(r - 2)(r - 2) StepS 
(r - 2)(r - 2)(r - 1) (r - 2)(r - 2)(r - 1) (r - 2)(r - 2)(r - 1) Step 4 


(r + l)(r - 1) + (r + 2)(r - 2)(r - 1) - r(r - 2)(r - 2) 
(r - 2)(r - 2)(r - 1) 

(r* — 1) + (r® — r^ — 4r + 4) — r(r* — 4r + 4) 

(r - 2)(r - 2)(r - 1) 

r® - 1 + r» - r* - 4r + 4 - r* + +2 - 4r 
(r - 2)(r - 2)(r - 1) 

4r® - 8r + 3 
(r - 2)(f - 2)(r - 1) 

(2r - l)(2r - 3) 

(r - 2)(r - 2)(r - 1)' 


steps 


Step 6 


EXERCISES 


Perfonn the indicated operations. 

1 . 


X y z 

-h — H- 

xy^ x^y xyz 

^ t-3 St-7 

3. 


3. 

7. 

9. 

11 . 

IS. 


2t 

4 


2t 

X 

a; — 4 4 — a; 

r(r — 1) r(r — 1) 


(r + 1) 
1 


(r-1) 


a 

a — c 
h-d 


T+n:^' 


-y I ^ 

y" y"-‘' 


X - (6x + v) 

to+y 


o o 6 ^ 

’ a^bc ab^c bc^ 


4. 

6 . 

8 . 

10 . 


xy 


y - 1 y\y - l) (y - 1)^ 

2 1 


a; -2 
a 


2 — X 

2 — a 
1 ” 1 - a’ 


a — 6 c — d 

fit + 6 c + d 


IX 4 + -+- 

c» ^ c"-i 
2 a 6 

“•3+a—5+a—h 
^^w + n m n ^ m * n 

18. ~ , + o 0 * 

m n m+n m* — n* 
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3 7_®_ 

2»-l'^2x + l 4x*-l‘ 
9s/" 66"“’ 20"“* 

146V ~ 21^ ~ 


18 g + ^ g -f-2.y 2g - Z 
*' B - A R+X ^ R^-X}‘ 

20 ° ~ ^ ° _ JL±L^ 

■o+6 Vo- 6 20 + 26/ 


o" + 1 o" - 1 


_1 _ /rjM r» + l \ 
1 Vl-r'^r*-l/ 


»"• - j/™ *”• + y - 2 y - 

r + 8 8 + < < + r 

(a — t)(t — r) (t — r)(r — a) (r — a)(a — «) 

a^y _I_ 6^V _I_ c’y 

(o - 6)(o - c) (6 - o)(6 - c) (c - o)(c - 6)‘ 
x(.x - 3) a’ + 2a; - 15 a’ - &r + 7 

a:’(x + 6) X - 3 x - 7 

C + 0 o’ + 2QC + Q’ C’ - QC’ - 2Q’C 
C - Q C +Q C(C’ - Q’) 

_^_+_ 1 _+_ I - 

a(a — 5) (a — c) 6(6 — a)(6 — c) c(c — a)(c — 6) 

1 32 22 — 3a 

2 + a (2 4- a)^ 2 ^ — 2 a 2 — .3a^ 

42^2 - 2Z Z . /2 4- X 

422+42 + 1^ 2^ + 1 ‘B’- 2RX + X^ R - X 

2 2 1 X +y 1 

a; + 2x -\r I a: 4-1 * x — y x^ — 2xy 4- y^ 


‘ - 4y2 WL^ 2yL 

o(16 — g) 3 4- 2a 2 — 3a 
a^—4 2—a a4-2 

«« 5 . 7 5 7 

y - 2 2/-1 1/-2 y4*l 


3x -4 - 


9a;^ - 16 
3x 4-4 ‘ 


38. 1 + 


x^ 4- 2aa; 4- x 4- a 


1 X X 4- 1 

1 ~ X x^ - 1 (x - 1)2 


3 _X 2 

’ x^ - y - X (x 4- y)^ 


422 - 42 4- 1 1 - 22 

_ 2 _L_+_L_. 

x’ - llx + 30 x* - 36 x’ - 26 

9 _ 8 

x’ + 7x - 18 x’ + 6x - 16’ 

_ 1 _ I _+_ I _ 

(o - 6)(6 - c) (6 - o)(c - d) (6 - c)(c - d) 
3x — 4 4x — 1 X — 1 

X — 9 X + 2 x’ — 7x — 18 

4 - x’ _ 3x + 6 2x + l 
x*-6x-14 x + 2'^x-7‘ 
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47. 


20x^ + 7z - S 
9x^ - 1 


3^ + 1 
3x -1 


48. 


c* 4 - 

c^+cd + (P 


-cd+d!^. 


c + 2d _ 1 _ 2 

c2 - 2 cd H- d-c c + 2d’ 

^ a4-2 _ a + 2 _ 1 

a2 - 7a + 12 6 + - 5a 6a - a^ ~ s' 


2-11. Fractions: Multiplication and Division. Multiplication and di¬ 
vision of fractions involving algebraic expressions follow the same 
methods given for arithmetic fractions in Secs. 1-10 and 1-11. 

To mvltiply fractions: 

1 . Reduce each fraction to its lowest terms. 

2. Mvltiply the numerators to form the numerator of the product; multiply 
the denominators to form the denominalor of the product. 

3. Reduce the resulting fraction to lowest terms. 


Example 1. Simplify: 

ax 2hx — cx^ 4- 2 ax 4- x^ 

2 b — ex (a + xf' ax^ 4- 

x{a 4- x) x(2h — cx) (a 4* a:)(a 4“ x) 

2 b — cx (a 4- a:) (a 4- x) x^ia 4- x) 

x{a 4* x) x(2b — cx) a + a: 

26 ~ cx (a 4- x) (a 4- x) x^ 


x(a 4- a;)a:(26 — cx)ia 4- x) 
(26 — cx){a 4- a;) (a 4" x)x^ 


Step 2 


= 1 . Stejf 3 

Note that it is convenient in step 2 to keep the expressions in factored form. 


To divide one fraction by another invert the divisor and multiply it by 
the dividend. 


Example 2. Simplify: 

4- 7x 4-12 ^ z 4- 4 
4- 2x — 15 * X 4* 5 

Factoring the dividend and inverting the divisor, we obtain 

(x 4- 4)(x + 3) x4-5 
(x 4- 5)(x - 3) * X 4- 4 

Multiplying and reducing the result to lowest terms, 

(x 4- 4)(x 4- 3)(x 4- 5) _x4-3 
(x 4- 5)(x — 3)(x 4“ 4) X — 3 
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EXERCISES 

Perform the indicated operations and simplify: 


1 . 


142/^ 


7. 


9. 


11 . 


13. 


16. 


8a* 

^.m+n 

166V-1 


4L 4-12 

14Z 

7 

3L 4- 9 

a&c 6cd 

cde 

def efa 

fab 

ah^xy^ o^bx^y 

a^bx^y abhy^ 

8r* 

r 4- 8 

r* 

2r 

p2 _ jS 

p2 + r* 


Pq -hrq P — r 
lx + 2 bx — cx^ 


I X 


2 b — cx 4- x)'^ x^ 


oc 4- 4- 4- b + c 

’a6 4- oc 4- 4- c 4- o 

— (c 4- d)x 4- cd 


19. 


— (c 4- e)x + ce x^ — cP 

CM. O J 


23. 

26. 

27. 

29. 

31. 

32. 


^ZyA 


rV 




E^-e^ 

E - c 

E +2e ' 

3^ 4- 6c* 

1 

r* 4- r« 

(r - s)2 

r — 8 

4(a^ — ab) 

6a6 

b(a + b)^ 

•1 

1 

+ y 

i !/*+!/-12 

j/2-4 

■ j/s+y-e 

12Xo*Xi« 24Xc*Xi‘ 

35vpTr^ ’ 7t/?^7r® 


2 . 


4. 


6 . 


8 . 

10 . 

12 . 

14. 

16. 

18. 

20 . 

22 . 

24. 

26. 

28. 

30. 


15r^g^ 14x2/* 

22xV ‘ 26r*s 
5a 

r 4- 3 
r- p 


15x — 
r — p 
9 4-8 
myV 
r«¥ 
e — i 


(3x - 2y). 


m^t^g 

c 4“ i 
c 4- ^ e — i 


mn^ 


— mn* 


m* 4“ win 2n* 
a*6 a* — 6* 
a 4- ab^ 

X* + 3x 4- 2 X -f 3 
X* 4-4x 4- 3 ’ X 4-2‘ 
ei — er — t* 4- ir r — e 
tV ~ ei — r* 4- 8r e — i 
X* 4- 15x + 56 X 4-6 


X* 4- llx -f 30 * X* 4- 12x 4- 35* 

my^ my^ 

4ax ax 

^n+lj^n—l yn^n 



-1 ' 

** - V* 

X 4- y 

X 

y 

l*-v* 

- t;* 


- t;2 ' « 4-1;) 




m' 


— 3m — 10 


m* - 12m 4- 35 
m* 4-3m 4-2 


y2 _ 2/ — 20 




6* - a* 


36. 


1 4-p 


. p2 p8 


1 - a* 


a* ~ l’ 


36. 


2 y 

X — 4 


3x 

(x* - llx 4- 28). 
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2x* — 2 x 1 ^ 
x+2y 
24dx - 80< 


X* — y‘ 

2x 

Qxd — 20dy 


Ubx - : 

3562/ 

28^® - lOgy 

- 1 

(* + 

D* - 1 

2 — 1 

1&8* 

- 1 ' Az + 1 

t* +6t 

+ 6 

<* + 9« + 20 

i? + It+ 12 

^ + IK +30 

/* +/ 

- 12 

/* + 2/ - 35 

/* - 13/ + 40 /* + 9/ + 20 

4o* +6** 

-c* 

-f- 4a6 2a -f 6 + c 


-^- --AH 

4^2 _ 52 _ ^2 _ 2bc 2a — 6 — c 

/ o + 6 y/ 2a -f ^ / g -f 6 Y 

\2a + 6/ \ a + 6 / * \2a + V ' 

V* + 1/ V» +1/ 


**-6f + 8 . 

i — 4 


t®+2t + l ■ 

*•+1' 


/(7»-3V g 

W* - 16 


\gm + 4/ - 9 


®® + 2a: -3 

4x^ — 12a; — 

40 

3 ^ + 5x -1-6 ’ 

ftE** - 24* + 

15* 

4R* - 6R + 2 

4K* - lOi? 

+ 6 

4A* - 8« + 3 

' 4{R* - 2R 

+ 1) 

(0 - 6)2 - 9 

0-6+3 


(0 + 6)* — 9 

"o + 6+3‘ 


14*2 - 7x 

2a; - 1 


12x* + 24a:® ' 

+ 2a; 



2-12. Equations. An eqiuition is a statem^t of equality. Thus: 

(1) == (a + x){a — x), 

(2) 4a: + 2 - 10, 

(3) a; + 1 = X 


are equations. In making a statement of equality, we make no assertion 
concerning whether there are any values of the letters for which the 
statement is true. The statement may be true for all values of the 
letters, as (1) above; the statement may limit the values of the letters 
for which it is true, as (2) above which is true only for x = 2; or the 
statement may not be true for any values of the letters, as (3) above. A 
more complete discussion of this matter will be found in Chapter 7. 

In this section we shall consider only equations which are true for a 
single value of a single letter. The value of the letter for which the equation 
is true is the root or solution of the equation. 

When a statement of equality of this kind is given, our interest is in 
finding the value of the letter for which it is true. The following rules 
will aid in finding the root. 

1. The roots of an equation remain the same if the same expression is 
added to or subtracted from both sides of the equation. 

2. The roots of an equation remain the same if both sides of an equation 
are multiplied or divided by the same expression other than zero and not 
irwohring the letter whose value is in questim. 
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Thus the equation 

(4) 2x = 4, 

where x is the unknown, is true for x = 2. To illustrate the first of the 
above two rules, add 6* to both sides of (4) and get 

2a: + 5a; = 4 + 5a: 

which, like equation (4), is true for only x = 2. To illustrate the im¬ 
portance of the restriction in the second of the above two laws, multiply 
both sides of equation (4) by x and get 

(2a:)x = (4)x 

which is true not only for x = 2 but also for x = 0. 

Example 1. Find the value of x which satisfies 

7x + IS ^2x+ 41. 

In finding the solution of this equation both sides may be decreased by 13 
(Rule 1), yielding 

7a; + 13 - 13 = 3a: -f 41 ~ 13, 

7a; = 3x + 28. 

Appljdng Rule 1 again, both sides may be decreased by 3a;, thus giving 

4a; - 28. 

Dividing both sides by 4 (Rule 2) we get 

4 ~ 4 ' 
a; - 7. 

Although the above rules assure us that a; = 7 satisfies the given equation, we 
verify; the solution a; = 7: 

7-7 + fe=3*7 + 41, 

49 + 13 = 21 + 41, 

62 = 62. 

It is always a good plan to check the accuracy of one^s work by sub¬ 
stituting the result in the original equation to see whether the equation 
is true for this value. 

Rule 1 is applied very frequently. It is, therefore, desirable to state 
it in a way which mechanizes its application. Observe that the effect 
of decreasing both sides of the equation in Example 1 by 13 is equivalent 
to the deletion of the term +13 on the left side of the equation and the 
addition of the term —13 on the right side. 
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If the equation 

4x = 28 — 3a: 

is given, then, applying Rule 1, 3a: may be added to both sides of the 
equation, yielding 

4a: + 3a: = 28 — 3a: + 3a: 

= 28. 

The result of the operation consists in omitting the term —3a- of the 
right side and adding the term +3a: to the left side. We call this opera¬ 
tion transposition of the term 3a:. This operation Ls an application of 
Rule 1 and may be explained in the following way: 

Any term of one side of an equation may he transposed to the other side 
if its sign is changed. 

Example 2. Find the value of x which satisfies 
(6) Zx + 7(4 - a:) + 6a: = 15. 

Clearing of parentheses and combining terms: 

3a; + 28 - 7a; -f 6a: = 15, 

2a: -f 28 = 15. 

Transposing +28 from the left to the right side: 

2a: - 15 ~ 28, 

2a: = -13. 

Dividing each side by 2, according to Rule 2: 

^ _ 13 

2 “ 2 ’ 



To check, substitute this solution in (5) 

3(~^) +7(4+-^) +6(-Jj^)- 15, 
+ 28 + ^ ^ = 16, 
-^^^ + - 4 ^ = 16 , 
¥ = 16 . 
16 = 16. 

An equation which can be reduced to the form 
ax + b = 0, a 9^0, 
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is called a linear equation in x. All equations considered in this section 
are of this form. 

To solve an equation containing fractions, first reduce each fraction 
to its lowest terms. Then multiply each side of the equation by the 
least common denominator of all the denominators. This process is 
called clearing of fractions. 


Example 3. Find the value of x which satisfies 

fix X - I 3x+l,3, 

■fi ”1 + 

The common denominator is 24. Then 

_ 12(a; - 1) ^ 8(ag -f“ 1) 9(a; + 1) 

24 24 *“ 24 24 


whence 


20a; - 12(a; - 1) 8(3x + 1) -h 9(x -f 1) 


24 24 

By Rule 2, we multiply both sides of the equation by 24, obtaining 
20a; - 12(a; - 1) = 8(3a; + 1) + 9(x + 1). 

Clearing parentheses 
By Rule 1, 


20a; - 12a; -f 12 = 24a; + 8 + 9x + 9. 
20a; - 12x - 24a; - 9x = 8 -f 9 - 12, 


-25x = 6, 


5 

-25’ 

1 


The validity of this result may be verified by substituting it in the original equa¬ 
tion. 


EXERCISES 

Solve the following equations (a, 6, c are to be treated as known quaqtities). 
1. 4a; -f- 13 » 21. 2. 7y + 14 - 2t/ - 6. 

6/ 

3. 3Z + 2(Z - 4) = 6Z - 10(Z - 2). 4. 4/ -f 7 = 3(7 ~ 4) 4- t* 

4 

6. ^ 4- 2JB = — — 7R. 6. ox 4- a = 

4 3 

^ ^ 

a 4* 2 a — 2 


7 , 


2a. 


B. ZE + 2 E + 20. 
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9. ^-6Xi + 2-~. 
5 4 

V 35 

11 . 2 .+- = -. 


10. 75 - 66 » 18 - 2s - 1. 
12. 6ty — ^ « 17 — IS. 


^ 18. 12x + 6x + 20 - 8x « 48 + 3* - 4. 
14. 3(A; - 6) + 4A; + 8 = 6(4A; - 20). 

16. 6(2^ - 10) + 7? - 15 = 2O5. 

17. ^ + 6 = 91 - lOs. 

4 

V 3 2v 
19.8 + 2 ,+|=-+f. 

V 3v V 2 

21 . 2 „ + -__ + 14-7.--+-. 

37 

22. 14ifc - 20 + 7fc - 2 = 6fc + 

2 

23. a; - 0.02x - 6 = 117.50. 

26. 22u; + 30 = 17ts + 90. 

27. 12.751 + 6.25 = 7.25i + 17.25. 

29. -2s + 4 = -12. 




18. 72/ + 2 


7 

y “ 17. 


20. 4X - 15 = 2ii: + 11. 
15 . 

2' 


31. 5(2n + 5) = 7(4w - 17). 


24. 2/ + 5 = Z 4- 20. 

26. 250r - 20 = 20r + 440. 
28. I a; -f 4 = + 4f. 

30. 2 - (3 - 4 - x) = 3. 
14 - 3g _ 4g - 5 
13 10 


32, 


33. 1(11 - 21) - im - 2) - 

84. (a 4- y){h 4- 3/) - (c - y){a - 2/) = 0. 

X 


4x * 2a; 

85 . 4. 


= 6. 


a — 3 0 + 3 o® — 9 

30. (t - 1)« - 2) - (« - 3)« + 1) - 17 = 0. 


37. 0.1* + 0.21* = -0.62. 


38. ** + 6* = (o - *)*. 


39. (* - 7)(2* + 1) - (3* - 1)(2* - 6) + (4* - 3)(* + 7) + 4 = 0. 

40. g» + 1 = (? + l)(g* - 4g + 7) + 3q\ 

41 . ^(* — 1) + ■!■(* — i) + — -J-) = ■^(* — i). 

5E - 12 

42 . — = 0.06£ + 5 - 0.3E - 0.083^. 

O.o 

* + 26 * — o 

48 . = 

a 26 

44 . ^ - I (Hr - 5) = ^ (r + 10) - 24|. 


45. * - 3 + - =. (fc + 3)* 
46.0.1268-0.75+^=0. 


(2fe + D* 


47. 


X—2 x-3 x4-l 


X + 6 

3 
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48 . 


I - a , 7+66 , / -2c 
2o 36 4c 


1 . 


,, c + 3 , 7e - 2 1 /Se - 1 , lOe + 8\ 

"• 4 6 ■2V“2~+~9~/ 

— 7A: + 6 , 51: + 4 „ 4A; - 1 

13 ^ 9 3 


2*-13. Factorable Quadratic Equations. A quadratic equation is one 
which can be reduced to the form 

(1) ax^ + 6a; + c = 0, a 0, 

where a, 6, and c are known and x is unknown. 

Occasionally the left side of (1) can be factored by the type forms of 
Sec. 2-8. Then the left is the product of two factors. Now if A -3=^0^ 
either A = 0 or B = Oj or A = 0 and B = 0. Hence equation (1) is 
satisfied if at least one factor is zero. The numbers which satisfy (1) are 
the roots or solutions of the quadratic equation. 

Two examples will illustrate the process. 

Example i. Find the values of x which satisfy the quadi|Ltic equation 

(2) - 4a; + 3 = 0. 

Factoring the left side we obtain 

(x - 3)(x - 1) = 0. 

This product is zero if 

X — 3=0 or X — 1=0; 

hence, 

X = 3 or X = 1. 


Substituting x = 3 in (2), we obtain 

(3)2 - 4(3) +3 = 0, 
9 - 12 + 3 = 0, 
0 = 0 . 

Substituting x « 1, we obtain 

(1)2-4(1)+3 = 0, 
1 - 4 + 3 = 0, 
0 = 0 . 


Therefore both solutions satisfy the original equation. 
Example Solve 


(3) 


4^2 \2j 
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Rewriting (3) in form (1) we obtain, 

(4) + a; - 6 - 0. 

Factoring (4) 

(x + 3)(x - 2 ) = 0 . 

Equating each factor to 0, we obtain 

a; 3 = 0, 

First solution: a: == — 3; 

a: - 2 = 0, 

Second solution: x = 2. 

Substituting the first solution into (3), we obtain, 



9 9 

4 “ 4* 


Substituting the second solution into (3) we obtain, 

—f -+*■§• = (f)^, 

1 = 1 . 

The solutions obtained are therefore correct. 


EXERCISES 


Solve the following by factoring and check the solutions obtained. 


1. 

** + + 4 = 0. 

2. 

J/* + 6j/ + 9 = 0. 

3. 

4- 

+ 6 = 0. 

4. 

je* - 9 = 0. 

5. 

4a;^ 

+ 12a: = -9. 

6. 

/* = 3 - 21. 

7. 

127* - 127 = -3. 

8. 

4fi* = 26. 

9. 

2a:* 

- 22x + 60 = 0. 

10. 

14 = 9< - 1*. 

li. 

3C* 

+ IC + i/V = 0. 

12. 

9y* — 4j/ + 7 = 0. 

13. 

2R* 

- ifi + f = 0. 

14. 

67* - 407 + 80 = 0. 

16. 

4J?* 

= - *• 

16. 

R* - ■!« = -i. 

17. 

Yi 

6 

-|7o-l. 

18. 

3R* - 9B - 84 = 0. 

19. 

9Z* 

- 16 = 0. 

20. 

8E* - 50 - 0. 

21. 

4C* 

— A = 0- 

22. 

3Z* + 30Z + 76 = 0. 

23. 

/* - 

- 14/ = -49. 

24. 

9R* + 2R + i = 0. 

26. 

6Z* 

= 6^+30. 

26. 

2/* - 32 = 0. 

27. 

- 

-i-0. 

28. 

3/* + 3/ + f = 0. 

29. 

8**. 

d 

ii 

SH 

1 

30. 

26C* - 81 - 0. 
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2-14. Applications to Engineering Formulas. Many experimental or 
theoretical facts in science are stated by equations. For example, the 
heat in calories produced by a steady direct current is equal to 0.24 mul¬ 
tiplied by the square of the current in amperes, by the resistance in 
ohms, and by the time in seconds during which the current flows. Sym¬ 
bolically, this law may be expressed by the formula 

(1) H = 0.24/2/22; 

where H is the heat in calories, I the current in amperes, R the resistance 
in ohms, and T the time in seconds. In the form given, (1) gives H when 
/, /2, and T are known. Suppose that /T, /, and R are given, and T is to 
be determined. We state this problem by saying that equation (1) has 
to be solved for T. In the light of the preceding section, then, we may 
regard T as unknown and the other letters as known, and by Rule 2 

H 

“ 0.24/2/2* 

In like manner, if //, /, and T are given and the equation has to be solved 
for Rf we obtain from (1) the result 

// 

^ ” 0.24/2r‘ 

Many formulas encountered in practical work, like the illustration 
above, have the form 

(2) ax + b Oj 

where a and b *are given and x is to be determined. The methods of the 
previous section therefore apply. 


EXERCISES 


In the formulas below, consider all the quantities as given except the indicated 
quantity to be solved for. A hint as to the meaning of most of the formulas is 
given. If the reader is interested in a description of the exact physical meaning 
of the formula and the units involved, an appropriate textbook should be consulted. 


1 . 

2 . 

3. 

4. 
6 . 
6 . 

7. 


Given Solve for 


Rt = Ri “b R2 "b ^3* 

Rz. 

Lt “ Li + L2 ”h 2Af. 

M. 

Lt — Li 4” L 2 — 2M. 

Li. 

Lt = Li + L 2 . 

Lz. 

A(P. 

IgethA, 

M — Do — pc + 3Du>. 

, R 

DotP. 

/ = — 

R 

E. 


Physical Application 
Total resistance in a series circuit. 
Total inductance of two coils with in¬ 
ductive coupling. 

Total inductance of uncoupled coils. 
Rotational inertia. 

Ohm’s law. 
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Giyisn 

Solve for 

8. P - IE. 

/. 

9. P - PR. 

10. p = ei. 

U. Fd - TTA. 

io 

T2 Ti 

R. 

i. 

d,W, 

V2 

wP 


18. d «—• 

w. 

8d 


14. C « f (F - 32). 

F. 

18. + 2gh. 




16. H « r-T:r* 

w. 

33,000 


u; 


17. F = - a. 

ttyW. 

g 

IS. F » 2Wah. 

L 

19. d — vt. 

t. 

^ V - Vo 

20. a — 

Vo. 

t 

21. fd « 

m,d. 

kl 

1 

22. R « -• 

(T 

kl 


23. R « 

1 

24. Ft = mv 2 — mvt. 

m,F. 

... .... KbcP 

b. 

26. W « 

26. 0 = CF. 

F. 


D. 

28. L - r(P + r) + 2d. 

djf. 

29. B = -7- 

A 

0. 

^ , 8.94fl*il 

A. 

»/- • 

.. „ D*iV 


81. H “ rzr:- 

N. 

2.534 

1.6 

82. p- ■ 

n 1.6 

"max. . 

88.!:i-!2. 

ri. 

r, r« 


- JV* 


“ 10*t‘ 

0,N. 


Physical Application 
Electrical power. 

Electrical power. 

Instantaneous power in alternating cur¬ 
rent circuits. 

Work done on a falling body. 

Equation for perfect gas. 

Centigrade-Fahrenheit relationship. 
Initial-final speed relation. 

Horsepower. 

One of Newton^s laws. 

Distance traveled. 

Average acceleration. 

Work-kinetic energy relation. 
Resistance of wire. 

Reluctance (‘‘magnetic resistance”)* 
Mechanical impulse. 

Quantity of charge on a condenser. 

Length of a belt around two pulleys. 
Magnetic field intensity. 

Tractive force of electromagnets. 

The Steinmetz equation for hysteresis 
loss. 

Wheatstone bridge formula. 

Average electromotive force generated 
by cutting magnetic lines. 
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Given 

Solve for 

Physical Application 

22.5BII 

lO-' 


Force of magnetic field on a coil carry* 
ing a current. 


W. 


87. F = 

2ir2 

Fi. 


, 1.26iV*AM 

88. L.V. - • 

A. 

Self-inductance of long coils. 

„ -l.26NiNtA^ 

»•» - lOT • 

iVa. 

Mutual inductance. 

40.S-^. 

Sp 

w. 

Stretch of trolley wires. 

41. t = —• 

R 

h. 


42. y = ix(R — x). 

R, 


^ S.S4KA 

m ■ 

A. 

Calculation of capacitance. 

u-p--.- 

W. 


46. Xl = 27r/L. 

f.L, 

Inductive reactance. 

II 

V . 

Frequency of radio wave in terms of 
velocity and wavelength. 

47. L = 0.0251d*n*i. 

<e,i 

Inductance of a single-layer solenoid. 

IT 

N,Pc. 


49. tav. “ ^ f ' 

h — h 

e2yC. 

Current flowing into a condenser. 

60. eav, 

12 — h 

L,t2. 

Average induced voltage. 


2-16. Substitution of Particular Values in Formulas. The formulas 
given in the preceding section show how to solve for certain quantities 
if other quantities connected with them are given. By the statement, 
a quantity is given, it is understood that the following is true: 

1. A unit is known by which the particular quantity is measured. It 
must be explained, for instance, whether a certain length is measured 
in feet or in inches. 

2. The number of units of measurement in the given quantity is 
known. This number of units is often called the numerical value of the 
quantity. 

For instance, if an electromotive force of a certain battery is to be 
given, a unit of measurement has to be chosen first. In this case the 
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unit is the volt. Thus, if an experiment shows that the electromotive 
force of this battery is 6.2 volts, then 6.2 is the numerical value of the 
electromotive force when measured in volts. 

In almost all practical applications it is necessary to compute the 
numerical value of quantities which are given by mathematical formulas. 
For example, the heat produced in an electric circuit is computed by the 
formula 

(1) H = 

In every formula we suppose that the quantities involved in it are 
measured in certain definite units. As a rule the formula will change if 
the units of measurements on which it is based are replaced by other 
units. For example, in formula (1), it is supposed that H is measured in 
calories, / in amperes, R in ohms, and T in seconds. 

The numerical value of U can be computed if the numerical values of 
/, iZ, and T are known. To find H it is necessary only to replace the letter 
symbols /, 12, and T by their numerical values and to perform the opera¬ 
tions indicated by the formula. Thus, if it is known that / = 4 amperes, 
72 = 50 ohms and T = 5 minutes == 300 seconds, then 

H = 0.24 X 4^ X 50 X 300 calories = 67,600 calories. 

In this case we say that the numerical values I — 4, R = 50, T — SOO, 
have been substituted in the formula (1) or that II has been computed from 
formula (1) for the particular values I ^ 4, R = 50, T ^ SOO, 

It should be observed that the particular values which are substituted 
in a formula are, as a rule, results of measurements and are, therefore, 
numbers of limited accuracy, given only with a certain number of sig¬ 
nificant digits. It is therefore important to observe the rules developed 
in Chapter 1 for dealing with inaccurate numbers. The slide rule is often 
very useful for the evaluation of formulas and should be used whenever 
its precision is sufficient. 

Example 1, The resistance 72 of a wire, measured in ohms, is given by the formula 



where I is the length of the wire measured in feet, d its diameter measured in mils 
(1 mil « 0.001 in.), and k the resistance in ohms per mil-foot of a wire of the same 
material, that is, a wire of length 1 ft. and diameter 1 mil. Compute the resistance 
of a wire of length 5 miles and diameter 80.8 mils when k = 10.4 ohms per mil-foot. 

Since the formula requires that the length be expressed in feet, the value I = 5 miles 
has to be changed to feet, giving 


Z = 5 X 5280 = 26,400 ft. 



2-16] SUBSTITUTION OF PARTICULAR VALUES 

The substitution of the given data in the formula gives 


69 


10.4 X 26,400 
80.82 


10.4 X 26,400 
6530 


42.0 ohms, 


the computations being performed on a slide rule. 

Example 2. The resonance frequency in cycles per second of a circuit is given by 
the formula 

f = —L_ 

2ir VLC ’ 

where L is the inductance in henries and C the capacitance in farads. Find the 
value of / for 

L = 4 X 10“® and C = 3 X 10“^®. 


Substitution of the given values in the formula for / gives 

y = ^ ^ _ 5 — 

27rV4 X 10-« X 3 X 10-‘« 2rrV'l2 X 10-*® 2irVl2 • 10-® 

=0.0469 X 10® = 4.59 X 10®, 
where the computations were performed on a slide rule. 


EXERCISES 


In the following problems observe the rules about significant figures given in 
Sec. 1-13. 


1. Given P = find the value of P in watts when I = 15.4 amperes and 
R = 25.7 ohms. 

2. Given H — 0.24/2/2, find the value of H in calories when I = 0.56 amperes 
and R = 195 ohms. 

3. Given P = ^ , find the value of P in watts when - 115 volts and /2 = 75 

R 


ohms. 

4. Given v = V vd^ + 2ghj find v in feet per second, when vo = 20 ft. per sec., 
^ = 32 ft. per sec. per sec., and h = 500 ft. 

6. Given s = voi — ^ ^ find s in feet when vq — 850 ft. per sec., t = 23 sec., 

and ^ = 32 ft. per sec. per sec* 

6. Given a - -—- , find a in feet per second per second when v = 85 ft. per 

t 

sec., Vq = 17 ft. per sec., and t = 7.2 sec. 

7. The watts of power P dissipated in a resistor R ohms is given by the relation 
Bp 

p B= — , where E is the voltage drop across the resistor in volts. What power is 
R 

dissipated in a 1.37 megohm resistor, across which the voltage is 3.1 microvolts? 

8. The volume of a sphere of radius r is -firr®, where v = 3.1416. What is the 
volume of a sphere 2 ft. in diameter? 
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9. How many cubic inches of rubber are required to make a hollow rubber ball 
having an outer radius of 2^ in. and an inner radius of if in.? 

10. The distance s in feet through which an object falls owing to the action of 
gravity is s * where g is the acceleration due to gravity and t is the time of 
fall in seconds. If the acceleration due to gravity is 32 ft. per sec. per sec., how 
far will an object fall in 8 sec.? 

11. If two point electric charges of magnitude q and q' are separated by a distance 
r centimeters, Couiomb^s law states that the force F in dynes which one charge 
exerts on the other is given by 


where A; is a constant. Given two point charges of 5 and 10 electrostatic units re¬ 
spectively, separated by a distance of 4 cm., what is the force acting between them, 
if it is assumed that A; ~ 1? 

12. The tractive force / in pounds of an electromagnet is given by 

^ “ 10 » ’ 

where B is measured in gausses and A in square centimeters. Compute / when 
B = 1.87 X 10^ A = 21,3 sq. cm. 

13. The impedance Z, measured in ohms, of a circuit is given by 

Compute Z when R = 145 ohms, / = 5.4 X 10® cycles per sec., L = 3.2 X 10~® 
henry, and C = 2.5 X 10~^® farad. 

14. The self-inductance L in henries of a certain type of coil is given by 

, 1 . 26 A^Am 

^ “ lo*; ■ 

Compute L when N = 450, A = 320 sq. cm., I = 210 cm., and m ~ 3200. 

16. The acceleration a in feet per second per second which the gravitational at¬ 
traction of the earth would produce at the distance of the moon is given by 

4x2/2 

where R is measured in miles and T in seconds. Find the value of a when R *= 2.4 
X 10® mdes, T - 27.3 days. 

16. The reactance Xc in ohms of a condenser is given by 



where / is the frequency of the impressed voltage in cycles per second and C is the 
capacity of the condenser in farads. What is the reactance of a 115-micromicrofarad 
condense at a frequency of 3.289 megacycles? 
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The resonant frequency/r in cycles per second of a condenser and coil in series 
is given by 

f =—i— 

where L is the inductance of the coil in henries and C is the capacitance of the con¬ 
denser in farads. What is the resonant frequency of a 2.1374 millihenry coil and 
a 12-micromicrofarad condenser in series? What value of tt should be used in this 
problem? Why? 

2-16. Systems of Two Linear Equations in Two Unknowns. Con¬ 
sider the equation 

(1) x-2y = 5, 

where x and y are both unknown. This equation is satisfied when 
® = 7 and y = I, also when x — 5 and y = 0. There are many such 
pairs of values which satisfy (1). To find pairs other than those given, 
choose a value of one letter, say y, arbitrarily, and then from (1) find 
the corresponding value of x. For example, let y = Z. Then from (1) 

(2) a: = 5 + 2y, 
whence 

X = 5 + 2 • 3, 
a; = 5 + 6= 11, 

and the pair of values x = 11, j/ = 3 satisfies the equation (1). 

Consider now a second equation in two unknowns. 

(3) x + y = 2. 

As before, this equation is satisfied by many pairs of values. 

Is there a pair of values, one for x and one for y, which satisfies both 
(1) and (3)? The x-value satisfying (3) must also satisfy (2). Sub¬ 
stituting (2) in (3), 

(5 + 2y) + 2/ = 2, 

5 + 3y = 2, 

Zy — —3, 
y = -1. 

Using this value in (2), 

x = 6 + 2(-l), 

X = 6 — 2, 

X = 3. 

The reader may verify that x = 3, y = —1 satisfies both (1) and (3). 
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The method for finding the pair of values satisfying both equations 
indicated above usually applies to pairs of equations of the form 

aix + biy = Cl 

(4) 

a2X + b2y = C2, 

where ai, a 2 , 6i, ci, C 2 are known, and x and y are unknown. A more 
complete discussion is given in Chapter 13. The equations (4) are 
termed linear because the unknowns x and y enter to the first power only. 
To solve a system of two linear equations in two unknowns, solve for one 
unknown in one equation and substitute this result in the other equation, 
thus obtaining one equation in one unknown. 

An alternative way of solving a system of two linear equations, which 
is usually more convenient, is given by the following rule. 

Multiply the two equations with numerical factors which are chosen so 
that the coefficients of one of the two unknowns have the same numerical 
values in both equations. By adding or subtracting the two equations, a 
new equation with only one unknown quantity is obtained. Solve this 
equation. In order to find the second unknown quantity, substitute the 
value which has been found and solve for the remaining unknown quantity. 
An alternative methcd for finding the second unknown is to repeat the above 
process of forming equal coefficients for the other unknown. 

From the following example the reader will see that this method works 
in a very convenient way. 

Example, Find the values of Ii and 1 2 which satisfy 

7/1 - 3/2 = 26, 

2/1 + 11/2 = 43. 

Multiply the first equation by 2, the second by 7: 

14/i - 6 J 2 = 62, 

14/i + 77/2 = 301. 

Subtract the first of these equations from the second: 

83/2 = 249, 

I2 = 3. 

Substituting this value for h in the first equation, we obtain 

7/1 - 9 = 26, 

7/1 « 36, 

/i»6. 

The two values give the desired solution. 
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Check: Substituting 5 for /i and 3 for 1 2 in the given equations, we obtam 

35 - 9 * 26 , 

26 = 26 . 

10 + 33 = 43 , 

43 - 43 . 


EXERCISES 


Solve the following systems of equations by either of the methods described 
above and check your answers. 


1. X + y = 3, 

3a; 4- 22/ = 1. 

3. h - 3/2 = 0, 

5/1 - 4/2 = 11. 

5. /i 4 /2 = 7, 

2/1 4 5/2 = 20. 

7. 7Zi - 5Z2 = 1, 

5Zi 4 Z2 = 19. 

9. 64^1 — 5Z2 = —3, 
4Zi 4 2Z2 = 14. 

11. 4Xi - 2X2 = 2, 
3Xi 4 X2 = 14. 

13. 3Xi 4 4X2 - 17, 
Xi 4 2X2 = 7. 

15. 3Ri - 2 R 2 = 28, 

Ri — 3E2 = 7. 

17. 7El 4 3X2 = 1, 

AE'i - E2 = 13. 

19. 37i - 9/2 = 15, 

6/1 - 7/2 = 41. 

21. 2Ei - 3 E 2 = 6 , 

2Ei 4 4F2 ~ —6. 

23. 4Xi 4 7^2 = 26, 
3Zi — 4^2 ~ 1* 

26. 5L -6C ^ 2, 

4L ~ 7C = -5. 

27. Zi — 2*^2 — 5, 

2Zi 4 ^2 “ 4. 

29. 2Ei 4 3X2 = 13, 
6 E 1 — 2 E 2 = 7. 

31. 2L 4 60 = 6 , 

6L 4 2C « 20. 

33. 15/i - 17/2 * 100, 

I6/1 - 7/2 == 100 . 

35. 3Ri 4 21^2 = 19, 
2Ri - 6R2 * 20. 


2 . /i 4 /2 = 0, 

3/1 4 5/.2 = 60 . 

4. SEi — 4 E 2 ~ 0, 

3Ei — E 2 = 2. 

6 . 4s 4 3^ = 10,* 
s 4 5< = 11. 

8 . 3L 4 90 = 15, 

6 L - 40 = 6. 

10. Zi 4 3 Z 2 = 14, 

32^1 — 4J^2 ~ 3. 

12. 3j; — 4?/ * 15, 

X 4 22/ = 6 . 

14. 47i;i - 3 R 2 = 3, 

2Ri -R2^3. 

16. 6^1 4 2^2 = 8, 

Zi — 2 Z 2 ~ —3. 

18. -2x 4 2/ = 3, 
a; 4 22/ = 4. 

20. a; 4 62 / = 4, 

2x — 2 / = —3. 

22. 2Ei - 3 R 2 = 6, 

3Ei - 47^2 - 6. 

24. 3Ei - 7^2 = 9, 
bRi - 6 E 2 = 2 . 

26. 4Xi 4 5 X 2 - 6, 

2Ei 4 3 X 2 * 4. 

28. 2x 4 42/ = 3, 

4x — 22/ = —9. 

30. 5x 4 42/ - 6 = 0, 
3x 4 22/ — 4 « 0. 

32. 47i - 1072 = 0, 

77i - 1172 « 2. 

34. 6x — 42/ 4 42 =* 0, 
7x — 6y 4 50 = 0. 

36. 3a: 4 22 / = 60, 

2a: - 32/ « -24. 
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87. 


39. 


El Ei ^ 1 > 
2Ei ZEi 

— + -j- = 6. 

L +C , L-C 

L -f C L-C 
4 3 


5 

10.^ 


Ri E2 

¥ “T 


6 , 


4 . ^2 ^ 7 

8 3 

t — 2 

40. 23 + = 21 

5 

4* + = 29. 

o 


2-17. Applications of Linear Equations in One Unknown to Solution 
of Problems. In arithmetic, problems are solved by direct computation 
with the given numbers. In algebra, the method of solving a problem is 
quite different. 

The fundamental idea of algebra is to denote numbers by letter 
symbols. We can extend this and also denote by letter symbols quan¬ 
tities which are not known and have to be computed in a problem. Thus 
in solving a problem by the algebraic method, a letter is chosen to repre¬ 
sent the unknown quantity. Using this letter the statements in the 
problem are translated into algebraic expressions and equations to which 
the various processes of algebra can be applied. 

The algebraic method of solving problems is much more powerful 
than the arithmetic method. To appreciate this statement, the reader 
need only try to solve arithmetically almost any problem in this section. 

Example 1. A city consumes 28,000,000 kilowatts of electric power which is sup¬ 
plied by four sources. The first source supplies twice as much as the second, and 
each of the third and fourth sources supplies 1,000,000 kilowatts less than the second. 
How much power comes from each source? 

To form an algebraic solution, we let x represent an unknown quantity. 

X == Number of kilowatts supplied by the second source. 

Then according to the statement of the problem, the first source supplies twice as 
much as the second source, whence 

2x = Number of kilowatts supplied by the first source. 

Since each of the third and fourth sources supplies 1,000,000 kilowatts less than the 
second, we have 

X — 1,000,000 = Number of kilowatts supplied by the third source, 

and 

X — 1,000,000 - Number of kilowatts supplied by the fourth source. 

The sum of all these is 28,000,000: 

, a; 4* 2a; -f (a; ~ 1,000,000) -f (« - 1,000,000) * 28,000,000. 
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We may now dismiss the requirements of the problem and apply the formal processes 
of algebra to the equation which has been obtained. Then it becomes 

X+2X+X- 1,000,000 +x- 1,000,000 « 28,000,000, 

5x - 2,000,000 * 28,000,000, 

5a; - 30,000,000, 
x = 6,000,000. 

Recalling the question asked in the problem and using th^ expressions previously 
stated, we have the following: 

6,000,000 = Number of kilowatts supplied by the second source, 
12,000,000 = Number of kilowatts supplied by the first source, 

6,000,000 — Number of kilowatts supplied by the third source, 

6,000,000 = Number of kilowatts supplied by the fourth source. 

Checking the correctness of the result, 

6,000,000 + 12,000,000 + 5,000,000 -f 5,000,000 = 28,000,000. 

The importance of a clear statement of the relation between the con¬ 
ditions of the problem and the algebraic expressions used in its solution 
cannot be overemphasized. Such a statement, which may be regarded 
as the English-Algebra dictionary for the problem under consideration, is 
essential for a clear understanding of the solution and will aid very 
materially in the construction of this solution. 

In connection with the algebraic solution of problems the student 
should note the following two facts. 

1. Any one of the unknown quantities may be denoted by the letter. 

2. Any letter symbol may be used to denote the unknown. 

Example 2. Find a number such that the sum of i, and i of the number is 
equal to 47. 

Let X be the number sought. Therefore 


X 

3 


Third part of the number, 


X 

4 


Fourth part of the number, 


X 

5 


Fifth part of the number. 


Thus the sum of the third, fourth, and hfth parts of the number is equal to 
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and we have the equation 

XXX 

- + -+- = 47. 

which when solved gives us 

20x + 15a; + 12a; = 2820, 

47a; = 2820, 

X = 60, 

the number sought. 

To check the correctness of the result we see that the third, fourth, and fifth parts 
of 60 are 20, 15, and 12, which when added give 47. 


In applying algebra to the solution of problems the student should 
proceed as follows. 

1. Denote the unknown quantity by any symbol Usually x or y is used. 
If there are several quantities whose values are not known^ denote any one 
of them by a symbol If the equation can be solved by the methods of this 
paragraph, the other unknown quantities can be expressed in terms of this 
symbol 

2. Write down in algebraic language every statement of the given problem 
or any inference which can possibly be made from it. This should be done 
by short steps requiring only a few words at a time. 

3. Using the results of the preceding step, frame an equation by expressing 
the conditions of the problem in algebraic language. 

4. Solve the equation resulting from the preceding step. 

5. Check whether the values found are the true solutions of the problem. 

Example 3. A number is composed of two digits whose sum is 6. If the order of 
the digits is reversed, we obtain a number which is 36 greater than the first number. 
Find the number. 

Both digits of the number are unknown. We decide to denote one of them, for 
instance the digit in the ten's place, by the symbol x. Then 

6 — a; = Digit in unit's place. 

Hence the number is 

(6 — a;) H- 10a;. 

Reversing the order of the digits, we have for the new number, 

10(6 ~ a;) + a;. 

Hence we have the equation 

10(6 - a;) -ha; - (6 - a;) + lOx + 36, 

60 - 10a; + a; « 6 - a; + 10a; -h 36, 
a; = 1, 

6 - a; » 5. 

The number is 16. 
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Checking, we have 


51 - 16 = 36. 


Example 4^ A milling machine M can face a certain number of castings in 8 days. 
Machine N can face them in 10 days. In how many days can the castings be faced 
by both machines working together? 

Let 

X = Number of days required if M and N work together. 


We note that 
Hence 
Likewise 
and 

Therefore 


^ = Part of work done by M in one day. 

X • i' — Part of the work done by M in x days. 

= Part of the work done by N' in one day, 
X • “ Part of the work done by in x days. 


ic • I + ^ * iV == of the work done by M and JV in x days. 

But the work is done in x days, hence 

^ • 8 + ^ • tV = 1* 

The number 1 on the right refers to the whole piece of work. Solving the equation 
we get 

X = 4|. 


Therefore Af and JV working together will do the piece of work in 4^ days. The 
student should check this solution by substitution. 


EXERCISES 

1. The sum of two numbers is 30 and their difference is 2. Find the numbers. 

2. The sum of the seventh and eighth parts of a number is 15. Find the number. 

3. A tungsten steel drill will last 3 times as long as a carbon steel drill, and a 
high-speed steel drill will last 6 times as long as a tungsten steel drill. The average 
number of hours of operation for the three drills together is 665 hours. What is the 
life of each? 

4. If a number is multiplied by 3, the product is equal to twice the sum of the 
number and 2. What is the number? 

6. Manganin, an alloy which has an extremely low temperature coefficient of 
resistance and which is used in the manufacture of standard resistance boxes, con¬ 
tains 5 times as much manganese as nickel, and 27^ times as much copper as nickel. 
How much of each element is required to make 1 kg. of manganin wire? 

6 . Find the numbers whose sum is 21 if 4 times the smaller number is equal to 
twice the larger. 

7. Three machine guns fire 43.5 kg. of bullets in 3 minutes. Machine gun B 
fires twice the weight of bullets that machine gun A fires, and 6 times the weight 
of bullets that C fires. What is the weight of bullets fired by each machine gun? 
What is the rate per minute for each gun? 

8. A, who is 40 years older than B, is 6 times as old as B, Find their respective 
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9. One hundred grams of phosphor bronze, a metal used in bearings, contains 
3,7 grams more of copper than 8 times the amount of antimony. It contains 0.5 
gram more tin than antimony and 0.003 gram less of phosphorus than xiir 
amount of copper. How much of each metal is present? 

10. A is 3 times as old as R, and in 12 years A will be twice as old as R will then be. 
How old is A? 

11. A truss is loaded 6 times as much as another; together they carry a load of 
216 lb.. How much load is there on each truss? 

12. The current from a battery is divided among three circuits. Circuit 1 draws 
20 milliamx>eres more than circuit 2, and circuit 2 draws 20 milliamperes more than 
circuit 3. If the total current drawn is 240 milliamperes, what is the current in each 
circuit? 

13.. A and R have equal amounts of money. A gives R $16 and then has one- 
fourth as much as R. How much did each have at first? 

14. Find three consecutive integers whose sum is 27. 

16. A tank is filled by two pipes; the first can fill it in 4 hours and the second in 
3 hours. How long will it take both together to fill it? 

16. Of four pipes, the first fills a tank in 1 day, the second in 2 days, the third in 
3 days, and the fourth in 4 days. How long will it take all the pipes together to 
fill the tank? 

17. A battery is charged by three chargers; the first can charge it in 1 hour and 20 
minutes, the second in 200 minutes, and the third in 5 hours. How long will it take 
all three together to charge it? 

18. A code operator can send 1000 messages in 8 days. A machine can send 1600 
messages in 2 days. How long will it take both working together to send 300 mes¬ 
sages? 

19. A can do a piece of work in 18 days which R can do in 21 days. In how many 
days can it be done by both working together? 

20. A does an amount of work in 4^ hours; R does the same task in 4f hours; and 
C does the same amount in 4|- hours. In how many hours can it be done by all 
working together? 

21. A can do a piece of work in 16 hours which R can do in 26 hours. After A 
has worked a certain time, R completes the job, working 9 hours longer than A. 
How many hours did A work? 

22. A number is composed of two digits whose sum is 9. Reversing the order of 
the digits, we obtain a number which is 27 greater than the number in its original 
form. What is the number? 

23. A number is composed of two digits, the digit in the unit's place being 4 less 
than the digit in the ten's place. If the number is increased by two and the result 
multiplied by two, a number equal to fifteen times the sum of the digits is obtained. 
What is the number? 

24. A number is composed of two digits, the digit in the ten's place being 3 greater 
than the digit in the unit's place. The number is 3 more than 7 times the sum of 
the digits. What is the number? 

25. A number is composed of two digits whose sum is 9. The number formed by 
reversing the digits is 2 greater than 6 times the remainder when the unit's digit is 
taken from the ten's digit. What is the munber? 

26. The digit in the unit's place is 6 less than 3 times the digit in the ten's place. 
The number has the same value if the order of the digits is reversed. What is the 
number? 
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27. A number is composed of three digits. The digit in the unit’s place is 1 greater 
than the digit in the ten’s place, which in turn is 3 greater than the digit in the 
hundred’s place. The number is 9 greater than 19 times the sum of the digits. 
What is the number? 

28. How many gallons of a mixture containing 70% alcohol should be added to 
6 gallons of a 20% solution to give a 30% solution? 

29. What percentage of a 30% solution of hydrochloric acid should be drawn off 
and replaced by water to give a 15% solution? 

30. A washer is to be made with the radius of the hole equal to r. What will the 
radius of the washer be if the area of the metal part is equal to the area of the hole? 

31. A square court has the same area as a rectangular court whose length is 8 yd. 
greater and whose width is 6 yd. less than the side of the square. What is the area 
of the court? 

2-18. Applications of Linear Equations to the Solution of Engineering 
Problems. Very often the relationships in a problem which are to be 
translated into algebraic notation are those of physical laws. A few ex¬ 
amples of such physical situations are given below. 

The speed t; of a body which travels a distance d in a time t is given by 

d 

r 

and is expressed in units of distance per unit time. Thus a man driving 
60 miles in 2 hours has a speed of ^ = 30 miles per hour. Also from 

(1) , the distance traveled is the speed multiplied by the time of travel, or 

(2) d = vt. 

The speed of a body is uniform if t; is the same regardless of the interval 
of time during which the distance traveled is measured. 

Example 1. A freight and passenger train travel toward each other from towns 
390 miles apart, the freight at 30 miles an hour, the passenger train at 46 miles an 
hour. If the freight train starts lialf an hour sooner than the passenger train, how 
many hours will the passenger train travel until it meets the freight train? 

Let 

X = Hours the passenger train travels to meet the freight train, 
a; 4- i = Hours the freight train travels to meet the passenger train, 

45a; « Miles the passenger train travels, 

30(a; + -|) = Miles the freight train travels. 

Hence, since together they traverse the entire 390 miles, 

46a; + 30(x + 5 ) =" 390, 

45x + 30a; + 15 = 390, 

76a; - 390 - 15, 

75a; * 376, 

. a; « 5 hours the passenger train travels. 
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The lever is a bar upon which force may be applied to overcome a 
resistance. The bar pivoted at some point (called the fulcrum) around 
which it turns. The teeter-totter, the crowbar, the wheelbarrow, and 
pliers are examples of levers. 

When a lever, which is assumed to be weightless, is in equilibrium 
(or balanced) on a fulcrum by weights Wi and W 2 at distances ai and 

a 2 from the fulcrum, respectively (see 
Fig. 2-1), it is known that 

(3) TFiai - 17202. 

The product of a force and the distance 
of a point from the line in which the force 
is acting is called the moment or torque 
of the force with respect to the point. Equation (3) then states that the 
moments with respect to the fulcrum are equal. More generally, if several 
weights are placed on either side of the fulcrum, the lever is in equilibrium 
if the sum of the moments with respect to the fulcrum on one side of the 
fulcrum is equal to the sum of the moments on the other. 

Example 2. A weight of 180 lb. is placed 6 ft. from a fulcrum, and a weight of 
73 lb. 5 ft. from the fulcrum on the other side. Considering the lever to be weightless, 
where should a weight of 55 lb. be added to balance the lever? 



Fig. 2-^1. 



The moment on the left in Fig, 2-2 is greater than that on the right, so that the 
55-lb. weight must be placed at an unknown distance to the right, which we will 
call X . 

Then 

180 • 6 = 73 • 6 + 55a:, 

1080 = 365 + 55x, 

55x = 1080 - 365, 

55a: = 715, 
a; « 13 ft. 

Thus the weight should be placed 13 ft. to the right of the fulcrum and 8 ft. to the 
right of the 73-lb. weight. 
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If jS is the voltage across an electrical device D of resistance R ohms, 
the following formulas are valid when a direct current of I amperes is 


flowing. 


(4) 

E = IR (Ohm’s law) 

(5) 

E^ 

P=- IE ^ PR=^ ~ 

R 

(6) 

H = 0.24PRT = 0.24PT 

where 

E = voltage (potential drop) across 7), 
I = current in amperes, 

H = heat in calories developed in D, 

R = resistance in ohms, 

P = power in watts developed in D, 

T = time in seconds, 


and 0.24 is accurate to two significant figures. 

If these formulas are to he applied to a closed circuit like Fig. 2-3 the 
total resistance of the circuit consists of the external resistance Re and 



the internal resistance Ri of the battery B, If £' is the electromotive 
force developed by the battery the following formulas are valid 

E = I(Ri + Re), 

P = PRe, 

H = 0,2U^ReT = 0.24Pr, 

where P is the power developed in Re and H is the heat developed in Re. 

Example 3. A 6.0-volt battery supplies power to a 30-watt lamp. What is the 
resistance of the lamp, the current flowing, and how much heat is generated in 10 
minutes, if the internal resistance of the battery is neglected? 

From (5), 


30 = 6 • /, 
7*5 amperes. 
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6 = 5R, 


Finally from (6), 


R = 1.2 ohms. 


H « 0.24(30)60 X 10 = 0.24(18,000) - 4.3 X lO^ calories. 


EXERCISES 

1. Two columns of troops 90 miles apart, setting out at the same time, travel 
toward each other at the rates of 5 and 4 miles an hour, respectively. After how 
many hours will they meet? How far will each have traveled when they meet? 

2. The speed of a freight train is two-thirds that of an express train. The ex¬ 
press train covers 180 miles in 2 hours less time than the slower train. Find the 
speed of each train. 

3. An airplane leaves the deck of a carrier and travels north at the rate of 128 
miles an hour. The carrier travels north at the rate of 28 miles an hour. When 
will the airplane pass out of range of wireless communication with the ship if the 
plane’s radio has a range of 600 miles? 

4. A freight train with an average speed of 40 miles per hour leaves a certain 
point 6 hours before an express train traveling in the same direction with a speed of 
65 miles per hour. How long will it be before the express train overtakes the freight 
train? 

6 . An airplane can cover a distance in 4 hours with the wind, but can travel only 
two-thirds of the way back in the same time. If the airplane travels 110 miles per 
hour in still air, what is the wind velocity? 

6. From a place A a messenger goes to a place J5, 21 miles distant from A, and 
immediately returns, going at a rate of 4 miles an hour. Simultaneously with the 
messenger’s departure from A, another messenger starts from B at the rate of 3 
miles an hour, goes to A, and immediately returns. Find the distance between the 
two points at which they meet. 

7. Jones drove 3 hours and 20 minutes at a uniform speed. Engine trouble forced 
him to drive at two-fifths of this former speed for an hour. Upon reaching a garage 
at the end of this time he found that he had driven a distance of 168 miles. What 
was Jones’ original speed? 

8. A traveler sets out to walk at the rate of 4 miles an hour. Twenty hours 
later a second traveler sets out on a bicycle at 18 miles an hour. How long has the 
marathon walker been walking when the bicyclist passes him if they travel the same 
route? 

9. What voltage is required for a current of 0.6 ampere to flow through a resist¬ 
ance of 10 ohms? 

10. An electric heater takes 6 amperes when the voltage across its terminals is 
120 volts. What is the resistance? 

IL The voltage across a street car heater is 220 volts. If the resistance is 5 ohms, 
what current will flow through the heater? 

12. A flashlight operates from a battery of two cells in series, each having an 
electromotive force of 1.6 volts. If a current of 1.6 amperes flows through the bulb, 
what is the resistance of the entire circuit? Neglect internal resistance of batteries. 
{Note: If batteries are in series, the electromotive forces are additive.) 
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13. What is the resistance of an electric iron which takes a current of 8 amperes 
when used on a 120-volt circuit? 

14. What is the internal resistance of a battery of electromotive force 6.4 volts 
which sends a current of 8 amperes through a resistance of 0.7 ohm? 

16. What is the resistance in ohms of a bulb which uses 60 watts if operated at 
115 volts? 

16. What is the amount of heat developed in 1 minute in the street car heater de¬ 
scribed in Exercise 11? 

17. What is the current in amperes in an electric power line which transmits 100,000 
kilowatts at 60,000 volts? 

18. An electric heater has to be constructed which uses 600 watts if 120 volts are 
applied. What is the resistance of this heater? 

19. A battery of an electromotive force of 32 volts has an internal resistance of 
0.3 ohm. What is the external resistance required for a current of 20 amperes? 

20. If the current through a lamp is 0.75 ampere and the fall of potential between 
its terminals is 120 volts, at what rate is heat produced per second? 

21. If weights of 160 lb., 100 lb., and 130 lb. are placed 8 ft., 6 ft., and 4 ft., respec¬ 
tively, from the fulcrum and on the same side, where must a weight of 400 lb. be 
placed to balance them? 

22. How much force can be exerted on a body 3 ft. from the fulcrum by a force 
of 300 lb. acting 6 ft. from the fulcrum on the opposite side? 

23. A and B together weigh 299 lb. They balance when seated 5 ft. and 8 ft. 
respectively from the fulcrum on opposite sides. What is the weight of each? 

24. If weights of 400 lb. and 160 lb. are placed on a lever 14 ft. apart, where would 
the fulcrum have to be in order to balance them? 

26. Two weights of 250 lb. and 160 lb. are placed 8 ft. and 5 ft. respectively from 
the fulcrum of a lever and on the same side; a third weight of 200 lb. is placed 4 ft. 
at the other side of the fulcrum, and a fourth weight 6 ft. from the fulcrum on the 
same side as the third weight. What is the amount of the fourth weight if the 
lever is in equilibrium? 

26. A load is placed 8 ft. from the fulcrum of a lever and a second load, weighing 
600 lb. more, is placed 6 ft. of the fulcrum on the same side. What is the weight of 
the two loads if they are balanced by a weight of 6000 lb., placed 7 ft. from the 
fulcrum on the other side of the lever? 


PROGRESS REPORT 

While Chapter 1 was primarily devoted to computations with num¬ 
bers, the chapter just concluded is the first one to deal with algebra. 

At the beginning of the chapter, letter symbols were introduced to 
denote numbers. The introduction of letter symbols served the pur¬ 
pose of giving general rules for operating with numbers and also solving 
problems which are difficult to handle if particular numbers are used. 

The ideas and rules involved in. operating with numbers were all 
expressed in letter symbols. Thus the student has learned how to add, 
subtract, multiply, and divide various algebraic forms. Certain special 
products which occur frequently were introduced. The extension of 
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reserving integers into the products of prime factors in arithmetic led to 
the algebraic operation of factoring. Rules for factoring certain simple 
forms were given. This, in turn led to an extensive discussion of methods 
for handling fractional forms of algebra. 

These powerful methods were then applied first to various formulas 
and then to some problems arising in the engineering sciences. 



CHAPTER 3 


FUNCTIONS AND THEIR GRAPHS 

An old Chinese proverb states, ‘‘A picture is worth a thousand words/’ 
Numerical data taken from an experiment or calculations derived from 
a formula require interpretation. Frequently this can best be done by 
means of a picture, more commonly referred to in engineering work as a 
graph or a curve. Such a graph provides the engineer with a pictorial 
r6sum6 of the interrelationship of the data and points out at a glance 
in a graphical way how one factor depends on another. Various relation¬ 
ships can be plotted on the same graph, showing how two or more fac¬ 
tors may depend on any one. Since such graphs and curves are uni¬ 
versally used by engineers, it is, of course, important that the student 
follow a general scheme of plotting the data so that these graphs may be 
read as easily by other engineers as tables of data. 

3-1. Constants and Variables. In the discussions and formulas of 
mathematics, physics, engineering, and other branches of science, some 
of the symbols are intended to represent fixed numbers, while others 
may be assigned various values in the course of a single discussion. 

A symbol which represents a single number throughout a discussion is 
called a constant. 

A symbol which represents more than one number in the course of a dis¬ 
cussion is called a variable. These values may be assigned to the symbol 
arbitrarily, or they may be determined by some law. 

Example. In Sec. 2-18 it was stated that the heat H in calories generated in a 
light bulb of resistance R ohms, by a current / amperes, during a time T seconds is 
H = 0.24/^/2T. Suppose we ask how much heat is generated in a bulb having a 
resistance of 1.2 ohms in 10, 20, and 30 seconds for 5, 10, and 15 amperes of current. 
During this discussion 0.24 and R do not change and therefore are constants. I and 
T change arbitrarily, and therefore / and T are variables. H also changes as / 
and T vary, and therefore H is also a variable. 

An absolute constant is a symbol which represents the same number 
in all discussions. The number 0.24 in the example is an absolute con¬ 
stant; 3, IT, &g- are absolute constants. 

An arbitrary constant is a symbol which represents the same number 
throughout a given discussion, but which may represent another number 
in another discussion. JfJ is an arbitrary constant in the example; its 
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value may differ in the next discussion, for instance, if a lamp with a 
different resistance is substituted. 

In mathematics the first letters of the alphabet are used more often 
to represent constants, whereas the letters at the end of the alphabet 
are used to represent variables, especially the letters x, y, and z. How¬ 
ever, this practice is not uniform; in the other sciences and occasionally 
in mathematics, the symbol is often the first letter of the name of the 
quantity, making it easier to remember the meaning of the symbol. 

3-2. Functions. The formula for the volume F of a sphere in terms 
of its radius r is F = In this formula r and F are variables, since 

each may assume different values. Further, the formula gives a definite 
relationship between F and r, since, for any specified value of r, the 
value of F is determined. For instance, if r = 3 in., then F = 36ir 
cu. in. Thus the value of F may be thought of as depending on r. To 
express this idea, we say that F is a function of r. 

If two variables are so related that for each value which may he assigned 
to one of the variables^ there correspond one or more values of the other 
variable^ then the second variable is said to he a function of the first. 

The first variable to which values are assigned arbitrarily is called 
the independent variable; the second variable, whose values are deter¬ 
mined, is called the dependent variable. 

If a specific formula is known which expresses the relation between 
one variable and another, the formula is spoken of as the function. How¬ 
ever, a functional relation need not be given by means of an algebraic 
formula; it may be given by a table of corresponding values or by other 
information. The set of values which may be assigned to the inde¬ 
pendent variable, called its range of values, may include all numbers, 
or it may be limited in some way by physical or mathematical consider¬ 
ations. The following examples will illustrate. 


V Example 1. Given v = — 6 x + 6 . Here x may be construed as the independ¬ 

ent variable, and y is then a function of a?, making y the dependent variable. We 
speak of X* — 5a; + 6 as the function of x. In this example we may assign any num¬ 
ber to X, and the corresponding value of y is determined by the* given function. 

X* - 2 

Example 2. Given y =* - 7 ; • Construing x as the independent vari¬ 


able, the function of x is 


(X + l)(x - 1) 
x^ - 2 

(x + l)(x - 1 ) 


The value of the dependent variable y 


is specified by this function for any number x except x = 1 and x « — 1 . In 
these two cases the denominator is zero, leaving the value of the function undefined 
for these two values of x. 

Example 8. A grid bias of —2.8 volts is placed on a 6J5 triode radio tube, and while^ 
this bias is held fixed the plate voltage Ep is changed, and the resulting changed in 
plate current Ip are observed. The following data are obtained. 
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Ep (in volts) 

2.6 

66 

70 







166 

Ip (in milliamperes) 

0.2 

1 

2 




1 

8 

9 

10 


For each value of Ep a value of Ip can be found, and hence Ip may be considered 
a function of Ep, However, the knowledge of the values of Ip is limited to the ten 
values of Ep given in the table. Hence this function is defined for only ten values 
of the independent variable Ep, Some knowledge of the behavior of the triode may 
enable us to predict the approximate values that Ip may have for values of Ep other 
than those given, but from a mathematical point of view Ip simply remains undefined 
for values of Ep other than those given in the table. We may, on the other hand, 
consider Ip as the independent variable, for the table may be construed as giving 
the values of Ep for ten values of Ip, 

Example 4 - Given y = x^. Here for any value of x, which we consider the inde¬ 
pendent variable, the value of the dependent variable y is determined. However, 
it is possible to consider y as the independent variable and x as the dependent vari¬ 
able. Then if y is given, the values of x are given by the formula x = d= Vy- We 
note that two values of x are possible, +\/y This function is thus 

called a double-valued function. If the reader will reexamine the definition of func¬ 
tion, he will find this case included in the definition. The range of values of y is 
limited, for there is no real value of x for negative values of y since there is no real 
square root of a negative number. 

The preceding example shows a double-valued function. In general, 
functions which have three, four, and more values of the dependent 
variable for each value of the independent variable are possible, but 
v^e shall deal most frequently with single-valued functions in this 
book. 

The last two examples show also that, if only the formula or table of 
values relating the two variables is given, we may often choose the de¬ 
pendent and independent variables at our pleasure, keeping in mind 
only the requirements of the definitions. 

3-3. Functional Notation. Since the volume F of a sphere in terms 
of its radius is -g-Trr^, we may regard F as a function of r. This state¬ 
ment is conveniently abbreviated by the functional notation F = /(r). 
This equation is read F equals the/-function of r, or more briefly, F equals 
f of r. It states simply that F depends upon r. The reader should note 
carefully that f{r) does not mean f times r. 

Thus, in general, the statement that y is a function of x is abbreviated 
byy = fix). 

When, in a given discussion, an algebraic formula for the dependent 
variable in terms of the independent variable is known, the fimctional 
notation is used to represent this formula. Thus, in the example above, 
since V = fir) and F = we may use fir) interchangeably with 
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In discussions where complicated expressions are involved this 
convention is very convenient. 

The introduction of the functional notation is an extension of the idea 
of algebra; not only an arbitrary number is denoted by a letter but also 
an arbitrary function. 

The notation y = f{x) can be used conveniently to indicate that the 
values of y are to be considered which correspond to a particular value 
of X, For example, suppose that 2 / = — 5a: + 6. Then we may write 


y = f{x) = — 5a: + 6. 


If we wish to find the value of y corresponding to a: = 2, we may replace 
X by 2. Then we have 


y = /(2) = 4 - 10 + 6 = 0 . 


In the same way, we obtain 


m = 12, 

m - 6 , 



f { f ) == (^2)2 _ 5(^2) + 6 ^ ^4 __ 5^2 ^ 


In a single discussion, a functional symbol such as f{x) refers to the 
same function or law of dependence throughout the discussion. If other 
functional relationships occur in the same discussion, different prefixed 
letters are used to distinguish the functions. Other letters often used 
in this way are: g, F, G, <t> (phi), B (theta), ^ (psi), /z (mu). However, 
any letter may be used. In different discussions f{x) may represent 
different functions of x. Further, the functional notation is used whether 
an algebraic formula is known for the law of dependence or not. Thus 
in Example 3 of the preceding section, we may write Ip = J{Ep), or Ep 
s= ^(/p), even though no algebraic formula is known for the law of de¬ 
pendence. This functional notation is used for multiple-valued as well 
as single-valued functions. Its use is as general as the definition of the 
functional relationship itself. 

Example 1 , The area A of the surface of a sphere as a function of its radius r is 
A » gir) « 4 «'r 2 . 
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Example 2, Given /(x) = x® — 8 x -f 10. 

Then 

/( 2 ) = 8 - 8-2 + 10 = 8-16 4-10 = 2 , 

/(-3) = (-3)® - 8(-3) + 10 = -27 -f 24 + 10 = 7, 

/(O) = 0 - 8 • 0 + 10 - 10, 

/(a + 6 ) = (o + h)^ — 8 (a + 6 ) + 10 , 

/(a5) = (a6)3 - S{ab) + 10 = - 8 a 6 + 10. 

^ 3-4. Functions of Several Variables. A dependent variable may be 
a function of more than one independent variable. Thus in the formula 
for the volume V of a right circular cylinder, V = irr^hj where h is the 
altitude, and r is the radius of the base. The volume F is a function of 
the two independent variables r and A. In functional notation we write 
V = /(r. A), which is read, V equals the f-function of r and A, or V equals 
f of r and A. The formula for the area A of a trapezoid is A == ^A( 6 i + 
62 ), where A is the height and bi and 62 are the lengths of the bases. 
Here A is a function of three independent variables, A, 61 , and 62 * We 
may state this fact by writing A = g{ky 61 , 62 ). 

Example. Given /(x, y) = xt/ — x^ + t/. 

Then 

/(0,1) = 0 • F - 02 + 1 = 1, 

/(3, -2) =3(-2)2-32 + (-2) 

= 12 - 9 - 2 = 1, 

/(a, b) = + 6 , 

/(O, a + 6 ) = 0(a + 6)2 _ o2 + (a + 6 ) 

= 0 + 6 . 

EXERCISES 

Express each of the following statements in functional notation, and then give 
the exact formula for the function. 

1 . The circumference C of a circle is a function of its radius r. 

2 . The area A of a circle is a function of its radius r. 

3 . The area A of a square is a function of the length d of one side. 

4. The volume V of a cube is a function of the length e of one edge. 

6 . The volume V of a right circular cone is a function of its altitude A and the 
radius r of its base. 

6 . The area A of a rectangle is a function of its width w and length L. 

7. The volume V of a rectangular parallelepiped Is a function of its width w, 
height hy and thickness t. 

8. The area A of the surface of a cube is a function of the length e of one edge. 
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9. The area A of a triangle is a function of its base h and altitude h, 

10 . The area A of the surface of a right circular cylinder is a function of its alti¬ 
tude h and the radius r of its base. 

11. The volume T of a pyramid is a function of the area A of its base and its 
altitude h. 

12. The lateral area of a regular pyramid is a function of the perimeter p of its 
base and its slant height s. 

13. The total area A of the surface of a right circular cone is a function of the 
slant height s and the radius r of the base. 

14. The area A of an equilateral triangle is a function of the length s of one side. 

15. The simple interest I on $50 at 3 per cent per year is a function of the time t 
in years. 

16. The cost C of x oranges at 20 cents a dozen is a function of x. 

17. The cost C of riding q miles in a cab at 20 cents for the first half mile and 10 
cents for each additional one-third mile is a function of q, 

18. The power P in a direct current circuit is a function of the current I and 
resistance R. 

19. The heat ff generated in a circuit in a time T is a function of T, the current 7, 
and the resistance R. 

20 . The distance d traveled in a time f at a speed t; is a function of t and v. 

21. Given/(x) « x - 8. find/(2),/(O), and/(6). 

22. Given/(x) = x® — 8x 4“ 3, find/(0),/(—2), and/(I). 

28. Given/(x) = , find/(2),/(-3), and/(4). 

X — o 

24. Given G(Z) = ^ , find 0(16), G(^/2), and G(8). 

1 — z 


26. Given F(y) = — 8y 4- 10, find P(0), P(—3), and P(2). 

26. Given 0(x) = x(x — l)(x — 2), find 0(0), 0( —1), and 0(2). 

27. Given <f>(y) = (y — <i)(y — h), find <^»(a), 0(5), and 0(c). 


28. Given/(;,) = ^ , find/(i),/(-|), and/(0). 


29. Given ^(x) = (x — a)(x — 6), find ^(1), ^(a), 

30. Given/(x) = x — 6, find/(I) • /(6). 

31. Given /(x) “ ~ x) ’ ^ (y) ’ 


82. Given Q(x) 


1 +x* 


, find 


0(g) - Q(a + 1) 
0(3) 


33. Given 9(i) = 


l+t* 


, find 


e(0 • 9«^) 

«(«*) 


84. Given g(y) - , find g(2), g(y^), [8r(y)]*, g ^ • fl'[i;(y)]. 

86. Given/(x) - x* + x + 1, find' ~ - -vf '• 

/(o - b) 


86. Given fl(x) = x* find 

ff(3) 

87. Given/(x) «= x* find/(x +h)- /(x). 
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88. Given/(*) = ——■ 

h 

N » .= J /(* + *) - /(*) 

39. Given/(x) = nr, find-r-• 

h 

40. Given /(x) = — 2x, find — 

n 

41. Given/(x) - x® +x, find/[/(3)]. 

42. Given ^(x) ~ 3x 4- 5, find 9[^(4)1. 

43. Given/(x) = x^ 4- a:, find/[/(x)]. 

44. Given g(x) — 3x + 6, find ^[g(x)]. 

w s ^2 o £ j ~ ^(o) 

46. Given h(x) « 4x^ — 8, find-;- 

k 

46. Given/(x, y) = x + i/, find/(0, l),/(0, 0),/(l, 1) and/(3, 4). 

47. Given/(i,y) =xV,find/(l, -2),/(0, -3),/(I, 6), and/(I, 4). 

48. Given /(X, x) = x* + find/(I, -6),/(3, 2),/(0, 6), and/(I, 2). 

49. Given g(p, q) = pq, find g(,3, -1), j(0,16), ^(l, -1), and g(a, b). 

80. Given/(x, y) = x* + 2xj/ + y*, find/(0, 0),/(0, l),/(3, 4), and/(I, 2). 

81. Given f(x, y) = x* - 4y* + 20, find /(0,1), /(3, 4), /(5,6), and /(o, 6). 

82. Given/(x, y) = i-ii', and/(l, -2),/(2, 2),/(5, -6), and/(0,1). 

xy 

63. Given/(r, /i) = r\ find/(8, -l),/(-2,2),/(2, 3), and/(1,5). 

64. Given/(A, 6) = ^*6, find/(I, -3),/(2,3|), and/(9, 6.2). 

66 . Given/(x, y) = xy, find/0, -l),/(3, -4),/(jr, -1), and/(ir, ir). 

66 . Given/(x, y, x) = xyx, find/(I, 1, 1),/(1, 2, 3),/(-I, -5, 3),/(-I, -2, 3), 
and/(0, 1, 2). 

67. Given /(x, y, x) = x* + y* + x=, find /(1,1,1), /(-I, -1, -1), /(2, 3, -2), 
and/(-I, -2, -3). 

68 . Given /(x, y, x) = x* + 2xyx — x*, find /(I, 2, 3), /(O, 0, 1), /(I, 0, 4), and 
/(5.0,7). 

69. Given g{p, q,r) = — , find y(l, 1, 1), y(l, -1, 2), y(4, - 3, 8), and y(—5, 2, 3). 

r 

60. The altitude h of & triangle is half the length of its base. Find the area A as 
a function of h. 

61. Find the perimeter p of a square as a function of its area A, 

62. An isosceles triangle whose equal sides are 5 in. long has a third side of x units. 
Find the area A of the triangle as a function of x. 

63. A right triangle with hypotenuse of 10 in. has one leg of length x. Find the 
area A of the triangle as a function of x. 

64. An open box is to be made from a square of cardboard 12 in. on a. side by 
cutting out equal squares of side x inches in length from each of the four corners 
and bending up the sides. Express the volume V of the box and its surface S as 
functions of x. 

66 . A rectangle has an area of 10 sq. in., and one side is of length x. Express the 
perimeter p as a function of x. 

66 . A rectangular garden of 400 sq. rods is to be laid out so that one side of the 
rectangle, of length x, is along a neighbor’s lot. Fencing costs $6 a rod, and the 
neighbor offers to pay half the cost of the fence along his lot. Express the cost C 
of fencing in the garden plot as a function of x. 
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67. A piece of wire 40 in. long is cut into two pieces, one of which is x inches long. 
The piece of length x inches is bent into the form of a circle, and the other into an 
equilateral triangle. Express the sum A of the areas of the two figures as a fimc- 
tion of X. 

68 . A theater is reserved for 100 persons at 35 cents per person. For each addi¬ 
tional person the management agrees to charge 5 cents less per person. If x addi¬ 
tional persons attend the show’, how much does the management receive? 

69. John and James leave a given point at the same time on foot, John walking 
west and James east. If John walks at 3 miles per hour and James at 4 miles per 
hour, find their distance apart d at the end of i hours as a function of t. (Assume 
that the surface of the earth where they are is level, and that this surface is a plane.) 

70. A coast guard patrol plane flies over a buoy at 285 m.p.h. at an altitude of 
600 ft. above the buoy. If the plane is flying in a straight line, find the distance d 
of the plane from the buoy t seconds after being directly above it as a function of t, 

71. A rectangle of sides x and y inches is inscribed in a circle having a diameter 
of 10 in. Express y as b, function of x. Express the area A of the rectangle as a 
function of x. Express the perimeter P of the rectangle as a function of x. 

72. A rectangular box having a volume of 50 cu. in. is open at the top and stands 
on a square base with sides of x inches. Find the total area A of the four sides and 
the base as a function of x. 

73. A tin can which is a right circular cylinder has a volume of 100 cu. in. If its 
base has a radius r, find its height h & function of r. State the number of square 
inches of metal in the can as a function of r. 

74. A right circular cylinder is inscribed in a sphere of radius 10 in. If the alti¬ 
tude of the cylinder is y and its radius is a:, express j/ as a function of x. Express 
the volume V of the cylinder as a function of x. Express the total area S of the 
cylinder as a function of x. 

76. A right circular cone, with a base radius r inches and altitude h inches, is in¬ 
scribed in a sphere 36 cu. in. in volume. Express r and the volume of the cone 
as functions of h. 

76. A rectangular sheet of galvanized iron of wddth 5 ft. and length 20 ft. is bent 
to form a trough along lines parallel to its sides. If the bottom of the trough is 2 ft. 
wide and each side is 1^ ft. wide, express the cross-sectional area A of the trough 
as a function of its depth d. Express the volume V of the trough as a function of 
its depth d. 

3~6. Inverse Functions. As we have seen, the functional relationship 
expressed in the equation y == can also be expressed in the equation 
X = ±:\/2/. In general, when an equation of the form y == f{x), which 
defines y as a function of x, is solved for x in terms of y, taking the form 
X == g{y)^ the function g^y) is called the inverse function of /(:r). Thus 
in the inverse function g^y)^ the independent variable y was formerly 
the dependent variable. 

Example 1, Given y = /(a;) = 3x — 5. To find the inverse function: 

= y 4- 6, 


y±l. 


X * g{y) 


3 
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Example 2. Express the volume V* of a sphere as a function of its surface area S, 
We know that V — and S == 4irr^ where r is the radius of the sphere. From 


the formula S = 47rr^ we obtain and r = 

4ir 



Since the radius of a 


sphere is considered to be positive, we choose r 



Substituting this value in 


the formula for volume, we have 


=r(l 

3\4t 6\ir 


4ir 


EXERCISES 

1. Given y = f{x) = 3x — 18. Find the formula for the inverse function x 
giv)- 

2. Given 2 / = /(x) = 6x — 12. Find the formula for the inverse function z = 

g(y)- 

3 . Given 2 / = fix) = — 9. Find the formula for the inverse function x = g(y). 

4. Given y = Fix) = 18 — x^. Find the formula for the inverse function x ~ 
Giy), 

6. Given y = fix) = x^. Find the formula for the inverse function x ~ 0 ( 2 /). 

6. Given y = eix) = x® + 8. Find the formula for the inverse function x « 
<>iy)- 

7 . Given w = HiZ) = 48 + Z^. Find the formula for the inverse function Z = 
Giw). 

8 . Given Z = qix) = 1 — x^. Find the formula for the inverse function x = 
riZ), 

9. Express the radius r of a circle as a function of its circumference C. 

10. Express the radius r of a circle as a fimction of its area A, 

11. Express the diameter d of a circle as a function of its area A, 

12. Express the radius r of a sphere as a function of its volume V. 

13. Express the diameter d of a sphere as a function of its volume V, 

14. Express the diameter d of a sphere as a function of the area A of its surface. 

16. Express the edge e of a cube as a function of its volume F. 

16. Express the edge e of a cube as a function of the area of its surface A. 

17. Express the current / in a simple direct-current circuit of resistance 10 ohms 
as a function of the electromotive force E. 

18. Express the current 7 in a simple direct-current circuit of resistance 10 ohms 
as a function of the power P. 

19. Express the speed t; of a car which travels for 3 hours as a function of the 
distance d which the car travels. 

20. Express the base 6 of a triangle of height 10 in. as a function of the area of 
the triangle. 

3-6. The Number Line. In Sec. 1-2 we indicated how to represent 
numbers on a straight line. On a straight line XX' (see Fig. 3-1) of 
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tinlimited length choose a point 0, called the origin, from which to meas¬ 
ure distances. Choose a positive direction on the line. The usual choice 
on a horizontal line is shown by the arrow in Fig. 3-1. Also choose a 
unit of measurement. Now consider a number x as corresponding to the 
point a distance of x units from 0, in the direction of the arrow from O if 


V.-7 -6 -5 -4 
X-H-1—4-(- 


-J -2 -I 
■H-1-h 


O *1 *2 *3 *4 *5 *6 *7 

-4-l-r-l-1-1-l-r-)-►►X 


WUm 

UNIT SCALE 
Fia. 3-1. 


X is positive, in the opposite direction from 0 if x is negative. It is cus¬ 
tomary to mark and label the points corresponding to the positive and 
negative integers as shown in Fig. 3-1. 

Example. On the number line in Fig. 3-1, Pi corresponds to —5, P 2 corresponds 
to 5^, O corresponds to zero, and Ps corresponds to \/2. P 3 can be found exactly 
by geometrical methods by constructing the diagonal of a square whose side length 
is the unit used on the number line. Then the length of the diagonal of this square 
is the distance of P 3 from 0. 

The relative size of two numbers is indicated graphically by the rela¬ 
tive positions of the points corresponding to these numbers. If a > 6, 
then the point corresponding to a is to the right of the point correspond¬ 
ing to b; if a < b, the point corresponding to a is to the left of the point 
corresponding to b. 

The absolute value of a number can be thought of as the number of 
units that the point representing it is from the origin, regardless of 
direction. 


EXERCISES 

Locate the numbers given on a number line and insert the proper inequality sign, 
> or <, between the pairs. 

1 « 3 and 5. 2. 6 and 2. 3.-5 and 2. 

4. —3 and —6. 5. 8 and —3. 6, 1.2 and —3.6. 

7 . Sand —1.2. 8. y/v and — 18 and —6. 

10. -6 and 14. 


Locate the numbers in each exercise on a number line and arrange the numbers 
in each set in the order of increasing magnitude. 


11. 4 , -8, f, V2. 

18. 7, B, -3i 6.7, -5. 
IS. 4, -6, 6, 7, -8. 

17. 18,12, -6, 1.6, 4.7. 


12 . —8, 6, 4f, —\fS, \/v. 

14. 8, 10, -6, 0, -4. 

16. 1.6, -8.5, -10, -3.7, -18. 
18. 1,4,3, -5,6.7, -18. 



3-7] BECJTANGULAR COORDINATES 95 

3-7. Rectangular Coordinates. In the preceding section a corre¬ 
spondence was found between numbers and points on a straight line. 
In this section it will be shown how a correspondence can be set up- 
between points on a plane and pairs of numbers. 

Let XX' be a number line drawn horizontally with its positive direc¬ 
tion to the right. Let YY' be another number line drawn perpendicular 
to XX' so that the point of intersection is the origin on both lines. As 
a rule, we use the same unit on both lines, but sometimes the choice of 



different units is advantageous. Let the positive direction of YY' be 
upward (see Fig. 3-2). The line XX' is called the x-axis and the line 
YY' is called the y-ecds; the two lines together are called the coordinate 
axes. The point of intersection 0 of the two lines is called the origin. 

Let P be any point in the plane. From P drop a perpendicular to 
the x-axis and another to the y-axis. The perpendicular to the x-axis 
cuts this axis in the point M which corresponds to the number x, called 
the abscissa of P. The perpendicular to the y-axis cuts this axis in a 
point N which corresponds to the number y, called the ordinate of P. 
With P we associate the numbers x and y, called the rectangular coor¬ 
dinates of P. Then to indicate that P has coordinates x and y, we 
write P(x, y), and we refer to the point P as the point P(x, p) or, briefly, 
the point (x, y). 

Given a pair of nximbers (x, y), the point corresponding to this pair 
of numbers can be found as follows. Erect a perpendicular to the x-axis 
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at the point corresponding to the number x. Erect a perpendicular to 
the 2 /-axis at the point corresponding to y. The point of intersection of 
these two perpendiculars is P(x, y). The process of locating the point 
with given coordinates is called plotting the point. 

Instead of erecting the two perpendiculars as just described, it is 
often more convenient to erect only the perpendicular to the a:-axis and 
to measure the distance y directly on this line instead of on the ^-axis. 

The coordinate axes divide the plane into four parts called quadrantSi 
numbered I, II, III, and IV as shown in Fig. 3-2. 

The system of coordinates with equal units on both axes, as described 
above, is called the Cartesian system of rectangular coordinates, after 
the distinguished French mathematician and philosopher Descartes 
(1596-1650), who was the first man to make extensive use of this system 
of coordinates. Although the rectangular system is not the only coordi¬ 
nate system in the plane, it is the most convenient one for most purposes 
in this book and the one most frequently used in practical work. Other 
systems may be constructed, for instance, by reversing the positive direc¬ 
tion on the axes, by using different units on the two axes, or by allowing 
them to intersect at an angle not a right angle. Later we shall make use 
of a system of polar coordinates. 

Example. Given Pi(2, 4), P2(-3, 5), P3(-4, -6), P4(3, -2), P5(5, 0). 

These points are plotted in Fig. 3~3. l^oints are customarily labeled as shown in 
Fig. 3-3. 

Y 



Fig. 3—3. 
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EXERCISES 


Plot each of the following points on rectangular Cartesian coordinates, and state 
the quadrant, if any, in which each lies. 


1. (6, 3). 

4. (-2, -4). 
7. (3, 0). 

10. (3j, 4f). 


2. (5, ~4). 

6 . ( 6 , - 2 ). 

8. (^5,0). 

11. (5.6, -6.5). 


3. (-3, 6). 

6. (0, 5). 

9. (0, -4). 

12. (-1.4, -27). 


13. In what two quadrants do the points have positive abscissas? negative ordi¬ 
nates? 

14. In what two quadrants do the points have positive ordinates? negative abscissas? 

16. In what quadrant are the abscissas and ordinates both positive? 

16. In what quadrant are the abscissas and ordinates both negative? 

17. In what two quadrants do the abscissas and ordinates have opposite signs? 

18. What is the abscissa of all points on the y~B.xis? 

19. What is the ordinate of all points on the x-axis? 

20. Where are all the points for which x = 5? 

21 . Where are all the points for which x = 15? 

22. Where are all the points for which x = — 5? 

23. WTiere are all the points for which x = 0? 

24. Where are all the points for which y = 0? 

26. Where are all the points for which 2 / == — 8? 

26. Where are all the points for which x = 2.5? 

y 

27. In what quadrants is the ratio - positive? negative? 

X 

28. Draw the triangle whose vertices are (3, 1), ( — 4, 4), and (—3, —5). 

29. Draw the triangle whose vertices are (—2, 6), (3, 2), and (0, —3). 

30. Draw the quadrilateral whose vertices, connected in the order given, are 
(-3, -4), (-1, -8), (3, 0), and (0, 5). 

31. Draw the quadrilateral whose vertices, connected in the order given, are 
(1, 3), (-3, 4), (-2, -5), and (3, -2). 

32. Plot the points in the following table and connect them by straight segments 
in the order of increasing values of x. 


X 

-3 

-2 

B 

0 

I 

2 


B 

y 

18 

8 

2 




18 

32 


33. Plot the points in the table of Exercise 32 and sketch a smooth curve passing 
through them in the order of increasing values of x. 

34. Plot the points in the following table and sketch a smooth curve passing 
through them in the order of increasing values of x. 


Bi 








y 

-37 

-8 

5 

8 

1 

g 

17 
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3-8. Graphs of Functions Given by Tables of Data. The single-valued 
function y = J{x) gives a number y for each number a; in a given range 
of values for x. The function/(a?) may therefore be regarded as specify¬ 
ing a set of number pairs (a;, y), one for each x in the given range. The 
Cartesian coordinate system provides a geometrical interpretation of a 
number pair as a point. The set of points in the plane corresponding 
to the number pairs given by the function y = f{x) is called the graph 
of the function y = f{x). We thus arrive at a very useful geometrical 
interpretation of the idea of a function. 

Example 1. Plot the graph of the function defined by the following table. 


X 

-5 

-3 

-1 

0 

1 

3 

4 

6 



■ 

0 


2 



-6 


The graph is shown in Fig. 3-4. As an aid to the eye, the points are 
sometimes connected by straight segments as shown in Fig. 3-5 or by 

Y 


Fio. 3-4. 

some convenient smooth curve as shown in Fig. 3-6. A smooth curve 
is one without comers, drawn in such a way that its curving is as even 
as possible. Most of the quantities which are observed in physics and 
engineering change in such a manner that the corresponding graph is a 
smooth curve. 

This procedure does not imply that the fxmction is defined for other 
values of *, nor is it intended to extend the definition; it simply serves 
as a helpfxd, artistic aid in reading the graph. 
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a~8] 

Many practical considerations in physical experiments, engineering 
work, and business involve relations between two variables which fall 
under the definition of a function given in Sec. 3-2. One of the most 


Y 



forceful ways to present such data is to plot them on a Cartesian coordi¬ 
nate system. The x~axis is replaced by one on which the units of the indc’- 
pendent variable are measured; the y-^axis is replaced by an axis on which 
the units of the dependent variable are measured. It is often convenient 



to use a different scale on the horizontal axis from that used on the 
vertical axis. Sometimes data obtained in connection with practical 
work involve only positive numbers; it is then sufficient to use only the 
first quadrant in plotting such data. 
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Example 2. A body falling in a vacuum attracted by gravity will fall distance s 
in feet in time t in seconds as given by the table. 


t 

0 

0.6 

1.0 

1.5 

2.0 

2.5 

3.0 

s 

0 

4.0 

16.1 

36.2 

64.4 

100.6 

144.9 


We may interpret s as a function of t and plot the function on Cartesian coordi¬ 
nates, replacing the a:-axis by a i-axis, the y-axis by an s-axis. This procedure is 
often called, plotting the curve of the distance s against the lime tj or simply, plotting 
8 against L It is also convenient to use a much smaller unit on the s-axis than on 



the ^-axis. In this example, our intuition suggests that the value of s could be found 
by experiment tor any positive value of t not given in the tables, and we may surmise 
that the proper values would be approximately represented by the smooth curve 
drawn in Fig. 3-7 through the points given by the table. 

Example 3. The hourly temperatures, in degrees Fahrenheit, in Chicago, Illinois, 
on a certain date are given in the table. 


A.M. P.M. 


H 

5 

6 

7 

8 

9 

10 

11 

12 

Noon 

1 

2 

■ 




4.0 


m 

12.5 

17.5 
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P.M. 


■ 




6 

1 

8 


10 

11 

12 

Mid¬ 

night 

■ 












The function is plotted in Fig. 3-8. As in the preceding example, we may surmise 
that the temperatures for times not given in the table can be approximated fairly 
closely by drawing a smooth curve through the points given in the table. 



Example 4- Mr. Sam Jones had in his bank account during 1942 the amounts 
designated in the table. 


Date 

Jan. 15 

Feb.15 

Mar. 15 

Apr. 15 

May 15 

June 15 

Amount A 

$187 

$125 

$100 

$205 

$186 

$142 


Date 





Nov. 15, 

Dec. 16 

Amount A 

$217 




$50 

' $19 
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A graph of this function is given in Fig. 3-9. The x-oxin is replaced by one on 
which the dates are given, and the 2 /-axis by one on which the amount A is given. 
The table of values given does not indicate in any way what Mr. Jones had in his 
account on other days than the fifteenth of each month. Since this is so, we con¬ 
nect the points plotted on the graph by straight lines, to aid the eye in reading the 
graph. However, we note carefully that we cannot infer from them what Mr. 
Jones’ bank account was on days other than those given. 



Strictly speaking, the functions in the preceding examples are defined 
only for the values of the independent variable given in the tables. 
However, Example 4 is different from Examples 2 and 3 in one important 
respect: in Example 4 the given data yield no information about what 
values the function might have if its definition were extended, whereas 
in Examples 2 and 3 we can guess rather accurately what the other 
values of the function might be in an extended definition. In Example 
4 we join the points with straight lines merely as an aid in reading the 
graph; in Examples 2 and 3 we draw a smooth curve through the points 
as an indication of our conviction that the points plotted are indications 
of a general trend which might be discovered if the function were defined 
more fully. 

Certain suggestions about the details of plotting a graph will be useful. 

1. Use graph paper (cross-section paper) whenever possible, 

2. The coordinate axes shovld he made heavier than the other lines of the 
networkf especially if cross-section paper is used. 
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3. The axes should he properly labeled by the qaantities measured on 
them. If these labels are omitted, the graph is meaningless. 

4. The scales on the axes should be as large as possible while at the same 
time keeping the graphs or the parts in which we are interested^ unthin the 
space available. It may be convenient to choose a unit length for the 
ordinates differing from the unit length for the abscissas. Before choos¬ 
ing the units on the axes, it is well to examine the table for the maximum 
and minimum values of the variables and then to choose the units on 
the axes so as to fit these values into the space available for the graph. 
The scales should be indicated by numbering points at uniform intervals 
along the entire length of each axis. Without these labels the graph is 
meaningless. 

6. In joining the plotted points, proceed from one point to another in 
order of increasing (or decreasing) values of x. When a smooth curve 
through the plotted points is called for by the nature of the problem, 
first sketch a curve through the points lightly, and then trace it heavily 
when it appears satisfactory. 

3-9, Reading a Graph. Graphs are widely used in engineering and 
science to indicate the behavior of related physical quantities. Many 
properties of these functions can then be inferred directly from the 
graph. The process of finding properties of a function by inspection of 
the graph representing it is called reading the graph. 

Example 1, An object is thrown upwards with an initial speed of 100 ft. per sec. 
It is known that its distance S from the starting point after t seconds is approxi¬ 
mately given by this table. 


t 

0 

1 

2 

3 

4 

5 

6 

7 

s 

0 

84 

136 

156 

144 

105 

34 

-74 


The graph corresponding to this table is shown in Fig. 3-10. From this graph, 
we can read the following information. The object moves up for approximately 
3 seconds and then begins to move down. The highest point reached by the object 
is about 156 ft. The object returns to its starting point after approximatdy 6.26 
seconds. 

Studying the graph in Fig. 3-10, we can now answer some questions about the 
motion of this object. 

(a) What height is reached by the object after 4.50 seconds? To answer this 
question, draw a perpendicular to the ^-axis at the point i ~ 4.50. Its length, 
measured with the unit of the s-axis, is approximately 130. Thus, 130 ft. is roughly 
the height of the object after 4.50 seconds. 

(&) After how many seconds is the object 100 ft. above the starting point? To 
answer this question, draw a line perpendicular to the s-axis through the point s » 
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100. It intersects the graph in two points, whose abscissas are measured to be 1.30 
and 6.06. We can state, therefore, that the object is 100 ft. above the starting point 
after 1.30 seconds and again after 6.05 seconds. 



Example 2. When two coils are arranged so that a change in current in one coil 
causes a voltage to be induced in the other, the two coils are said to possess mutual 



Fig, 3—11. 

inductance. The table gives the mutual inductance M in henries of two coils for 
several distances of separation s in centimeters. Plot the curve of the mutual induct- 





READING A GRAPH 


3-0] 


105 


ance against the distance of separation between the coils. Determine the mutual 
inductance when the two coils are separated a distance of 7 cm. 


8 

0 

2 

4 

6 

8 

10 

12 

14 

M 





0.025 

0.017 




The corresponding graph is plotted in Fig. 3-11. If the mutual inductance for 
the separation of 7 cm. is to be found, draw a vertical line from the point 7 to the 
curve. We note that the corresponding mutual inductance is 0.028 henry. 

From the curve we can also read the following information. The mutual induct¬ 
ance does not change rapidly for the first 2 cm. of separation. From 2 cm. to 10 
cm. the mutual inductance decreases more rapidly with separation, after which the 
mutual inductance changes more gradually as the distance is increased. 

Example 3. The following table shows the values of current I in milliamperes 
obtained by applying E volts to a selenium rectifier plate. Plot I against E and 
determine the current when the voltage is 0.8 volt. 


E 

1.5 

1.3 

1.1 

0.9 

0.7 

0 

-2 

-4 

-6 

-8 

-10 

I 

100 

80 

60 

40 

20 

0 

-0.05 

-1 

-2 

-3 

1 

-4 


The curve is plotted in Fig. 3-12. To find the value of current corresponding to 
0.8 volt, we draw a vertical line at 0.8 on the E axis and find that the corresponding 



value of current is 33 milliamperes. From this curve we note that the current rises 
abruptly when positive voltages between 0 and 1.5 volts are applied. When negative 
voltages between zero and —2 are applied, the negative or reverse current is ex¬ 
tremely small; when voltages between —2 and —10 are applied, the negative current 
remains comparatively small. 
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Example 4. Prom electrical engineering, it is known that, when a condenser is 
charged through a resistance, the current I rises to a maximum value in an extremely 
short time after the circuit is closed and then decreases toward zero as the time T 
increases. An experiment was set up to prove this, and the data given below were 
obtained, / being measured in amperes and T in seconds. Plot a graph of / against 
T. After how many seconds does the current reach a value which is 36.8 per cent 
of its maximum value as indicated in the table? 


I 


T 

0 

0.01 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

0.90 

I 

0 

0.80 

0.65 

0.53 

0.42 

0.34 

j 

0.28 

0.23 

0.19 

0.16 

0.13 


The curve is plotted in Fig. 3-13. The maximum value of current as given in 
the data is 0.80 ampere. Of this 36.8 per cent is 0.29 ampere. By drawing a hori¬ 
zontal line at the point 0.29 ampere to the curve, we note that the corresponding 
time value is 0.48 second. 



Fia. 3-13. 


From the developments in the preceding paragraphs it may be seen 
that a function y = f{x) can be given in three different ways. 

By a formulaj from wliich the values of y corresponding to given 
values of x may be computed. For example, 1 / = — 3x + 5. 

2. By a table, which gives values of y for certain values of x. The 
functions of Sec. 3~8 are examples of this kind. 

3. By a gmph. If in Example 1 only the graph in Fig. 3-10 were 
given, it would describe the distance s traveled by the object as a func- 
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tion of time tj for we can find from the graph the value of 8 corresponding 
to a given value of t 

EXERCISES 


Plot the following functions on Cartesian coordinate systems, connecting the suc¬ 
cessive points by straight segments. 
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X 

0 

2 

3 

4 

5 

7 

8 

9 

y 

5 

-1 

2 

10 

6 

-2 

0 

5 


X 

-3 

-1 

0 

1 

2 

3 

5 

7 

8 

y 

6 

14 

8 

6 

-2 

-4 

-6 

0 

6 


X 

-4 

-2 

0 

1 

4 

5 

6 

7 

8 

y 

-4 

0 

5 

2 

-8 

-10 

-6 

0 

10 


Plot the functions given in Exercises 11-23 on Cartesian coordinate systems, con¬ 
necting the‘successive points by a smooth curve. 


X 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

y 

-8 

-7 

-6 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 


12. The function of Exercise 1. 

13. The function of Exercise 2. 


X 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

y 

-20 

-11 

-4 

1 

4 

5 

4 

1 

-4 

-11 

-20 


16. The function of Exercise 3. 

16. The function of Exercise 4. 

17. The function of Exercise 5. 

18. The function of Exercise 6. 

19. The function of Exercise 7. 


X 

-3 

-2 

-1 


1 

2 

3 

4 

y 

16 

-36 

-28 

-8 


-4 

D 

72 
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The data in the exercises below were obtained by various experiments. In each 
case plot the graph of the data on a Cartesian coordinate system, connecting the 
points by a smooth curve. 

24. The hourly temperatures in Chicago, Illinois, on a certain day in January are 
given in the following table. Plot T against H, 


A.M. P.M. 


Hour 

H 

5 

6 

7 

8 

9 

10 

11 

Noon 

1 

2 

Temp. 

T 

6 

6 

6 

5 

5 

7 

10 

14 

15 

17 


P.M. 


Hour 

H 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Mid¬ 

night 

Temp. 

T 


21 

21 


19 

19 

18 

19 

19 

19 


26. With a grid bias of —6 volts on a 6J5 triode tube, the values of plate current 
Ip in milliamperes for various values of plate voltage Ep in volts are found by experi¬ 
ment to be: 


Ef 


140 

158 

170 

m 




218 

225 

235 

h 

0.5 

1 

2 

3 

4 

5 

6 

7 

8 

9 



Plot Ip against Ep, Find by reading the graph approximately what plate voltage is 
required if the plate current is to be (o) 1.5 milliamperes, (6) 8.6 milliamperes. 
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26* The experiment of Exercise 25 is performed again with a grid bias of —10 
volts, and the following data are obtained. 


Ep 

215 

250 

275 

295 

310 

320 

325 

Ip 

0.5 

1 

2 

3 

4 

5 

5.5 


Plot Ip against Ep on the same sheet used for the graph of Exercise 25. Compare 
the two graphs. What plate voltage is required if the plate current is to be (a) 1.5 
milliamperes, (5) 4.5 milliamperes? 

27. With the plate voltage fixed at 47 volts on a 6J5 triode tube, the values of 
plate current Ip in milliamperes for various values of grid voltage Eg are found by 
experiment to be: 



-9.0 

-6.0 

-3.0 

-2.5 

-2.0 

-1.5 

Ip 

0.4 

0.4 

0.4 

0.6 

1.0 

1.9 


E, 

-1.0 

0.0 

0.5 

1.0 

1.5 

2.0 

Ip 

2.8 

4.8 

6.0 

7.3 

8.4 

9.8 


Plot Ip against Eg. What is the plate current when the grid voltage is —1.2 volts? 
What grid voltage is required for a plate current of 0.5 milliampere? 

28. The experiment of Exercise 27 is performed again with a plate voltage of 100 
volts, and the following data are obtained. 


E. 

-6 

-5 

-4 

-3 

-2 

-1 

Ip 

0.7 

0.8 

1 

1.7 

1 

3.4 

5.8 

8.7 


Plot Ip against Eg on the same sheet used for the graph of Exercise 27 and compare 
the two graphs. 

29. When testing the brake horsepower P of an engine, a number of readings are 
taken at various speeds. One set of experimental data is given below, the speed S 
being given in revolutions per minute. Plot P against S. What is the range of 
speed for which the horsepower is above 55? Describe in general terms the results 
of this experiment which you can read from the graph. 


S 










P 

14 

22 

31 

39 

47 

52 

56 

57 

54 


r 
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80. The subject of grounding is very important in an electrical distribution sys¬ 
tem. The following data concerning the variation of the resistance R in ohms of 
the ground connection against the number of rods N in parallel were obtained. 
Plot the curve. 


N 

1 

2 

3 

4 

R 

100 

55 

35 

28 


31. As the output current lo in milliamperes was varied for a full-wave rectifier 
voltage quadrupler, the output voltage Eo in volts changed in accordance with the 
following data. Plot the curve and determine the current at a voltage of 380 volts. 


■ 

45.5 


39.5 


32.5 

28.5 


19.5 



4.0 

Eo 

292 


317 

330 

350 

370 

390 

415 

448 

488 

515 


32. In determining the volt-ampere characteristic of a tungsten lamp, the follow¬ 
ing data were obtained, the current 7 being measured in milliamperes and the voltage 
E being measured in volts. Plot 7 against E. What is the change in current in 
milliamperes as the voltage varies between 45 and 75 volts? 


E 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

B 

150 

195 

235 

270 

305 

340 

365 

410 

425 

450 

485 


33. The deflection on the screen of a cathode-ray tube is a function of the voltage 
applied to the plates. From the following data, plot a curve of deflection d in 
inches against the applied voltage E. When the voltage changes from 15 to 25 
volts, what is the corresponding change in deflection? 


E 

52 

40 

26 

13 

0 

-13 

-26 

-40 

-52 

d 


0.6 




-0.2 

-0.4 

-0.6 

-0.8 


34. In determining the dynamic characteristic of 6J5 triode tube, the following 
relations were found to exist between the grid voltage 6c in volts and the plate cur¬ 
rent ih in milliamperes with a fixed plate supply voltage. Plot ih against 6c. 


Cc 

-1 

-2 

-3 

-4 

-5 

-6 

-7 

-8 

-9 

-10 

ih 

13.5 

11.0 

7.4 

5.6 

4.9 

2.3 

1.0 



0 
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36. The rectified current I in microamperes of a crystal detector is a function of 
the impressed signal voltage From the following experimental data, plot the 
curve. Determine the change in current when the voltage changes from 0.26 to 
0.35 volt; also when the voltage changes from 0.75 to 0.85 volt. 


E, 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

I 

0 

9 

13 

18 

21 

24 

26 

28 

30 

31 

31 


36. The output voltage Co in volts of a superheterodyne radio receiver varies with 
the frequency setting F in kilocycles per second as shown in the following table. 
Plot the curve, using F as the independent variable. The curve is called a selectivity 
curve. 


F 


1408 





1398 

1396 

1394 

1392 

1390 

Co 

1.2 

1.2 

1.6 

2.5 

4.5 

5.5 

4.5 

2.5 

1.6 

1.2 

1.2 


37. Upon setting the grid bias of a 884 Thyratron tube at zero, the following data 
were obtained for the plate voltage ei in volts and the plate current ib in milliamperes. 
Plot ib against eb. 



36 

56 

74 

94 

113 

132 

149 

167 

ib 

2 

4 

6 

8 

10 

12 

14 

16 


38. The following data were obtained in testing a 1000-kilowatt 500-volt alter¬ 
nator, where L is the percentage of full load, and E is the percentage of efficiency. 
L is the independent variable. Plot the curve and determine the range, within the 
limits of the test data, of L, where the efficiency will be 90 per cent or greater. 


L 

0 

20 

40 

60 

80 

100 

120 

E 

0 

80 

91 

94 

95 

96 

96 


39. In the design of power lines, the vertical sag S in the cable depends on the 
temperature T, The following set of data was obtained for a 400-ft. span, S being 
measured in feet and T in degrees Fahrenheit. Plot S against T, If the sag is not 
to exceed 8.1 ft., what is the maximum permissible temperature? 


T 

-40 

-20 

0 

20 

40 

60 

80 

100 

S 

6.8 


m 

B 
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40. In studying certain magnetic properties for Armco iron, the following data 
were obtained, the magnetization H being measured in gilberts per centimeter and 
the flux density B being measured in lines per square centimeter. Plot B against 
The curve is known as a magnetization, or B-H curve. 


H 

0 

0.9 

1.0 

1.06 

1.16 

1.4 

2.2 

4.6 

B 

0 

2000 

4000 

6000 

8000 

10,000 

12,000 

14,000 


41. The antenna resistance R in ohms varies as the height H in wavelengths of a 
horizontal half-wave antenna according to the values given in the table below. Plot 
the curve of antenna resistance against the antenna height. At what antenna 
height is the resistance a maximum? 


H 

0 

0.25 

0.50 

0.75 

1.00 

1.25 

1.50 

1.75 

2.00 

R 

\ 

0 

30 

87 

95 

68 

60 

77 

85 

68 


42. The mutual conductance gm in micromhos for a variable-mu pentode tube in 
radio-frequency amplifiers varies with the grid bias Be in volts. From the given data 
plot the curve. 


Ec 

-2 

-5 

-10 

-15 

-20 

-25 

-30 

Qm 

2000 

1000 

300 

125 

90 

60 

25 


43. As the setting of a field rheostat was varied on a shunt motor, the following 
set of data was obtained, the rheostat resistance Rf being measured in ohms and the 
speed S of the armature being measured in revolutions per minute. Plot S against 
Rf. At what resistance should the rheostat be set so that the motor will run at a 
rate of 1700 revolutions per minute? of 1400 revolutions per minute? 


R, 

53.2 

58.0 

68.0 

76.5 

82.7 

93.0 

96.0 

s 









44. As zinc is added to aluminum, the tensile strength of the alloy is increased. 
For various percentages P of zinc alloyed with aluminum, the corresponding tensile 
strengths S in pounds per square inch were found to be as follows. 


P 

0 

1 

2 

3 

4 

5 

6 

■ 

8 

S 




14,000 

14,800 

16,700 


18,000 

19,200 


Plot S against P. 
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46. A venturi meter is an apparatus designed to measure the flow of water. For 
various heights H of water in a certain tank, the rates of discharge D were measured 
by a venturi meter. For H in feet and D in cubic feet per second, the following 
data were obtained. Plot D against H. What is the effect of the height of the 
water on the discharge? 


// 

0 



2.0 

3.5 

5.5 



D 

0 

5 

10 

15 

20 

25 

30 

35 


46. When a load is placed on a timber beam, the beam is compressed. The fol¬ 
lowing data were obtained by applying various loads L to a beam and measuring 
the compression d parallel to the grain of the timber, L being measured in thousands 
of pounds and d in inches. Plot d against L. What will be the compression for a 
load of 50 tons? This curve is called a stress-deformation diagram. 


L 

0 

30 

67 

90 

114 

124 

126 

d 

0 

0.01 

0.02 

0.03 

0.04 

0.05 

0.055 


47. In determining the relative merit of timber, it is necessary to dry or season 
the wood. The weights W in pounds of a red tie w'ere measured after various times 
T in months during which the tie was being seasoned, and the following data were 
obtained. Plot W against T. After what length of seasoning will the loss in weight 
be 5 per cent of the original weight? 


T 

0 

2 

4 

6 

8 

10 

12 

14 

16 

W 

215 

199 

184 

174 


168 

168 

168 

167 


48. The valve lift L of a tangential cam was found to vary with the rotation 6 of 
the shaft as shown in the table, L being measured in thousandths of an inch and d 
in degrees. Plot L against 0. At what values of 6 is the valve lift one-half of the 
maximum value? 


0 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

no 

m 

0 













49. In the expansion of a gas at constant temperature, the pressure p times the 
volume V is equal to a constant. To verify this relationship known as Boyle's law, 









GRAPHS OF FUNCTIONS 


3~10] 


116 


the following experimental data were obtained, p being measured in pounds per 
square inch and v in cubic inches. Plot v against p. 


V 

14.7 

16 

17.5 

21 

25 


37 

50 

76 

V 

10 

9 

8 

7 

6 

5 

4 

3 

2 


60. An important factor in the treatment of carbon steel is the rate at which the 
furnace heats and cools. In a typical case, the temperatures T for various times t 
were found to be as follows. 


t 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

T 

550 



1460 








The time t is measured in minutes, and the temperature T in degrees Fahrenheit. 
Plot T against t. For how long is the temperature of the sample above 1000®? 

61. The load voltage variations in a trolley system were studied by measuring 
the voltage drops V from the generator to various points on the track where a car 
was connected. Measuring V in volts and the distances D from the generator in 
miles, the following data were obtained. Plot V against D. 




2 



5 

6 

■ 


H 










62. An experiment was made to determine the elongation e of machine steel due 
to a tensile stress S, Measuring S in thousands of pounds per square inch and c in 
0.001 in. per in., the following data were obtained. Plot e against S, The graph 
is called a stress-strain diagram. 


S 

0 

30 

35 

35 

36 

37 

37.5 

e 

0 

1 

2 

3' 

4 

5 

6 


3-10. Graphs of Ftmetions Given by Formulas. When a function 
y = /(a:) is given by an algebraic formula for/(a;), we must first construct 
from the given formula a table of number pairs from which the points 
on the plane may be plotted. However, most fimctions defined by for¬ 
mulas are defined for many more values of the independent variable 
than it would be feasible to use in finding number pairs from which 
to plot points. In fact, most of the functions considered in this chapter 
which are given by formulas are defined for all values of the independent 
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variable. What we do, therefore, is to select a few convenient number 
pairs and plot the corresponding points. Then the smooth curve through 
these points is approximately the graph of the function. This curve is 
sketched by proceeding from one point to another so that the values 
of X are taken in order of increasing or decreasing magnitude. How 
accurately this curve represents the function depends on how closely 
together the points are chosen: the closer together the points are chosen, 
the more accurately the curve can be drawn. 

There is an essential difference between the graphs of the functions of 
this section and those of the functions in the preceding section: in the 
preceding section, the curve is drawn simply for convenience in reading 
the graph, whereas here all the points on the curve are points on the 
graph of the function. 

Since most of the functions we consider in this section are defined for 
all values of the independent variable, it is convenient to plot only that 
portion of the graph which is required for the particular problem to be 
investigated by use of the graph. If nothing is known about the range 
within which the graph will be used, usually a portion of the graph near 
the origin of the coordinate system is plotted. It is then understood 
that the graph extends much further than is shown. 

Example 1. Plot the graph of 3x — 4. 

We construct a table of sample values of the function as follows: Let y = f{x) == 
3a: — 4. Then /(O) = — 4, /(3) = 5, etc. Values found in this way, by giving x 



X 

y 

-4 

-16 

-3 

-13 

-2 

-10 

-1 

-7 

0 

-4 

1 

-1 

. 

2 

2 

3 

1 

5 

4 

8 

5 

11 

6 

14 


Fia. 3~14. 
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values and finding the corresponding values of fill out the table from which the 
graph of Fig. 3-14 is plotted. 

Joining the points by a smooth curve in order of increasing or decreasing values 
of Xy we see that the graph is a straight line. Although the line extends indefinitely 
in both directions, only a portion of it is shown in Fig. 3-14. 

Example Plot the graph of 2a:® — 5x + 7. 

Setting y = f(x) = 2x® — fix + 7, we find for various values of x the correspond¬ 
ing values of the function as given in the table. 



X 

y 

-2 

25 

-1 

14 

0 

7 

1 

4 

2 

5 

3 

10 

4 

19 

5 

32 


We plot as many of these points as can be located in the space available. Con¬ 
necting them in the order of increasing values of x by a smooth curve, we have the 
graph of Fig. 3-15. 

If the graph of the function y = f(x) is plotted, its intersections with 
the ?/-axis give the values of f{x) for x = 0. These values, the lengths 
of the segments from the origin to the points where the graph meets the 
2 /-axis, are often called the y-intercepts. 

The intersections of the graph with the x-axis define x-values for which 
the corresponding i/-value is zero. These values are sometimes called 
the x-intercepts. In order to find x-values so that y = /(x) = 0, look 
for the points where the graph of fix) intersects the x-axis. 

The values of x for which an equation fix) = 0 is satisfied are called 
the roots of the equation fix) = 0. The inspection of the graph of the 
function y = fix) gives a very convenient method for estimating the 
roots of fix) == 0. 

Example S. Estimate the roots of x® — fix + 3 * 0 by plotting the correspond¬ 
ing graph. 

Setting y *= X® — fix + 3 we obtain the following table of values. 
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X 

y 

-2 

17 

-1 

9 

0 

3 

1 

-1 

2 

-3 

3 

-3 

4 

-1 

6 

3 

6 

9 

7 

17 


The function is plotted in Fig. 3~16, and from where the graph crosses the x-axis 
we infer that the roots of the function are approximately 4.3 and 0.7. We also 
observe that the y-intercept is 3. 

In addition to the suggestions about the details of plotting functions 
given in Sec. 3-8, the following suggestions will be useful in plotting 
the graphs of functions given by algebraic formulas. 

1. Intercepts. The intercepts on the axes are usually of special interest 
and should be found and plotted whenever possible. 

2. Choosing points to plot. We can usually obtain a satisfactory graph 
of the function by choosing the integral values of x near the origin from 
which to construct the table of values. Any sharp turn in the curve is 
usually important and may require that points be plotted more thickly. 
When there is doubt about the nature of a curve between two points, 
other points in the neighborhood should be found until its behavior is 
well established. In these matters, however, experience is the best 
teacher. 

EXERCISES 

Plot the graph of each of the following functions: 

1. 3x. 2. —Tx. 

8. a? + 5. 4. 35 — 3. 

6. 235 — 3. 6. 4x + 8. 
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7. 8 - ar, 

0 . ** - 6 . 

11 . 1 + 

18. 3 - 2* + X* 

16. X*. 

17. X* - 6x. 

19. X* + X. 

21. 3x* + 4x + 1. 
as. 4x - 4 - X*. 

26. X* + X - 10. 

27. 2 - X + 3x*. 

29. 3x* - 8x - 2. 

81. X* + X. 

88. X* + X*. 

86. 2x - X*. 

87. X* + * + 1. 

89. X* - 6x + 6. 

41. X* - 3x* + 3x - 1. 

48. ±x._ 

46. ±V 25 - x^ . 

47. iVie - X*. 

49. Vx^ + 2 5. 

61. ± V 2x + 4. 

68. ±VxH-12. 


8. x*. 

10. 3 - 2x*. 

12. 1+ X + X*. 



16. -ix». 

18. 3x* + 2x. 

20. X* - 6x + 0. 

22. X* - 4x + 4. 

24. 2x* + X - 5. 

26. 3 - 2i - 2x*. 

28. 18 - 3x - 2x*. 
80. 14 - 7x + X*. 

82. 8x - x». 

84. 3x» - 2x* 

86. 4x* - 3x*. 

38. x« - X* + 1. 

40. 8 + X — X*. 

42. X® — X* + 35 — 1. 
44. ±4^/®. 

46. ±V9 - X*. 

48. ±§\/26 - X*. 
60. ± Vx®.+ 4 . 

62. dbVx - 6. 


Find the roots of the following 
the corresponding graphs. 

64. X® + X - 4 = 0. 

66. X® - 6x + 1 = 0. 

68 . 1+ X - X® = 0. 

60. 2x® - X - 5 = 0. 

62. 2x® - lOx + 3' = 0. 


to the nearest tenth of a unit by plotting 


66. X® + X - 8 = 0. 

67. X® - 4x + 2 = 0. 
69. 1 - 2x - 2x® = 0. 
61. X® - X - 10 = 0. 
63. 10 - 3x - X® = 0. 


equations 


By plotting the corresponding graphs show that the following equations have no 
roots. 


64. X® + X + 1 = 0. 
66. 2x® - 2x + 1 = 0. 
6ai. 6x + X® + 10 = 0. 
70. X - X® - 1 = 0. 


66. X® - X + 1 = 0. 

67. X® + 2x + 2 = 0. 
69. 6x - X® - 10 = 0. 
71. 2i - 2x® - 1 - 0. 


3-11. Variation. A variable y is said to vary as x or to be propor¬ 
tional to X if 

(1) y = kx. 

The constant number k is called the factor or constant of proportionality. 
The quotient or ratio y/x has the constant value k when x and y vary 
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so as to satisfy (1)* The word ratio is used as a synonym for quotient. 
The statement that two ratios are equal is sometimes called a proportion* 

From (1) it follows that x — Since \ is also a constant, it follows 

k k 

that X is proportional to 2 / if y is proportional to x. To emphasize this 
fact, it is often said that the variables x and y are proportional to one 
another. 

Example 1. If E is an electromotive force, measured in volts, applied across a 

E 

resistance of 5 ohms, the current measured in amperes in this resistance is / = ~ • 

o 

I varies as E or is proportional to E^ the factor of proportionality being i. If E 

E 

changes, / varies so that the ratio — has always the same value 6. 

A variable y is said to vary inversely as another variable x or to be 
inversely proportional to x if 

(2) » = *• 

As before the constant number k is called the factor of proportionality. 
From (2) it follows that 

xy = k. 

Thus, the statement that y varies inversely as x, or a; varies inversely 
as y, is equivalent to the statement that the variables x and y vary 
in such a way that their product is constant. 

Example 2, If a constant electromotive force of 6 volts is working across a resist¬ 
ance Ri, the current produced is inversely proportional to the resistance and is given 
6 

by the formula / = “• I varies inversely as R; the product IR is constant, equal 
R 

to 6. 

A variable u is said to vary jointly as the variables xi, X 2 , X 3 and to 
vary inversely as the variables yi, y 2 , ya, if 


(3) 


, X1X2X3 

u = k -, 

ymvd 


k being the factor of proportionality. 


Example S. The force F between two small conductors varies jointly as their 
electricai charges Qi and Q 2 and inversely as the square of their distance r. This 
statement is equivalent to the formula 


F 


Q 1 Q 2 


» 


where A; is a constant quantity. 
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In applications, it sometimes happens that quantities are connected 
by a relation like (1), (2), or (3), but the factor of proportionality is 
unknown. In order to find this unknown value, it is sufficient to know 
the value of the dependent variable for one set of values of the inde¬ 
pendent variables. Such a value, if not known, can often be found by 
an experiment. 


Example 4- The electrical resistance of a wire varies directly as its length and 
inversely as the square of its diameter. 

This statement is equivalent to the formula 


R 



If k were known, this formula could be used to find the resistance R for given values 
of I and d. The value of k depends on the units which are used to measure the quan¬ 
tities Rf I, d. We suppose that R is measured in ohms, I in feet, and d in mils (1 mil 

I 

= 0.001 in.). In order to find k, the formula R = k-^ is applied to a particular 

dr 

case in which the values of R^l^ d are known. Suppose that an experiment with 
a copper wire of length I = 500 ft. and diameter d = 40 mils 3 rields a resistance of 
R = 3.3 ohms. By substituting these values, the following equation for k is obtained 


3.3 


500 

* 1600’ 


k = 


3.3 X 1600 
500 


10.56. 


Using this value we obtain the result that the resistance of a copper wire can be 
found by the formula 

R = 10.66 4- 


This formula can be used to find the resistance for any given values of I and d. 

Example 6. The time t required for an elevator to lift a weight varies jointly as 
the weight W and the distance d through which it is to be lifted and inversely as the 
power P of the motor. If it requires 20 seconds for a 5-horsepower motor to lift 
500 lb. through 40 ft., what power is necessary to lift 1200 lb. 120 ft. in 30 seconds? 
The first part of this problem states that 


t — k 


Wd 


In order to find A;, the data is used that f = 20 when W = 500, d » 40, and P * 5. 


500 • 40 

20 = k --- = 4000ifc, 
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The complete formula, therefore, is 

1 Wd 
“ 200 ‘ P * 

In order to answer the question of the problem, the substitution W * 1200, d = 120, 
f » 30 is made. 

1 1200 X 120 

30 = — --, 

200 P ' 


1200 X 120 
200 X 30 


24 hp. 


Example 6, If the rate of flow of water through a pipe varies as the square of 
the radius of the pipe, by how much would the rate of flow be increased if the diam¬ 
eter of the pipe were multiplied by |? 

If the rate of flow is denoted by V and the radius of the pipe by r, then 

V = fcrl 

If the new radius n = fr, then the new rate of flow is 

Vi = W = A; • f 7. 

The rate of flow, therefore, is multiplied by f. 


EXERCISES 

In the foDowing exercises make use of the conventions about significant figures 
treated in Sec. 1~13. 

1. The elongation E oi a spring balance varies as the applied weight W. If E 
= 3 when W = 40, find E when W = 65. 

2. T^he deflection Z> of a beam varies as the cube of the length L. If D = 0.003 
when L = 12, find the formula giving D for any L. Find D when L ~ 18. 

3. The acceleration g due to gravity in feet per second per second varies inversely 
as the square of the distance d from the center of the earth in miles. Write the 
formula for ^ if it is known that g is 32 when d is 4000 miles. Find the value of g 
when d is 6000 miles. 

4. The distance a body falls, starting from a position of rest in a vacuum near 
the earth^s surface, is proportional to the square of the number of seconds of fall. 
If a body falls 400 ft. in 6 seconds, how far will it fall in 9 seconds? 

6. If the illumination from a source of light varies inversely as the square of the 
distance, how much farther from a candle must a book which is now 20 in. off be 
removed so as to receive just one-third as much light? 

6. The number of revolutions per minute of a ball governor required to keep the 
balls h inches below the point of suspension varies inversely as the square root of h. 
If the balls are 8 in. below for 30 revolutions per minute, at what speed will they be 

in. below the point of suspension? 

7. JThe rate of vibration of a string under constant tension varies inversely as 
the length of the string. If a string 36 in. long vibrates 256 times per second, what 
must be the length of a string which vibrates 768 times per second? 

8. The absolute temperature of a certain quantity of gas varies jointly as the 
pressure and the volume. The temperature of some gas in a cylinder is 300^ and 
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its pressure is 20. What will the temperature become if the volume is doubled and 
the pressure is changed to 8? 

9. The force of water p on the bottom of a containing vessel varies jointly as the 
area A of the bottom and depth d of the water. When the water is 1 ft. deep, the 
force on 1 sq. ft. of the bottom is 62.4 lb. Find the force, correct to the nearest pound, 
on the bottom of a circular tank which is 10 ft. in diameter and has water in it to 
a depth of 12 ft. 

10. The approximate velocity of a stream of water necessary to move a round 
object is proportional to the product of the square roots of the object^s diameter 
and its specific gravity. If a velocity of 12 ft. per sec. is needed to move a stone 
with a diameter of 1 ft. and specific gravity of 4, how large a stone with specific 
gravity 3 can be moved by a stream whose velocity is 20 ft. per sec.? 

11. The force p of wind on a plane surface varies jointly as the area A of the sur¬ 
face and the square of the wind velocity v. If the force on 5 sq. ft. is 11 lb. when 
the wind velocity is 22 miles per hour, find (a) an equation connecting p, A, and v; 
(6) the force on a surface 9 ft. by 15 ft. when the wind velocity is 50 miles per hour. 

12. The horsepower that a shaft can safely transmit varies as its speed and the 
cube of its diameter. If a 2-in. shaft making 100 r.p.m. can transmit 30 horsepower, 
what size shaft of the same material is needed to transmit 200 horsepower at 150 
r.p.m.? 

13. The quantity Q of electricity that will flow into a radio condenser varies 
jointly as the capacity C and the voltage E. The factor of proportionality is 10~® 
if Q is in coulombs, C in microfarads, and E in volts. If C = 20 microfarads and 
E - 110 volts, find Q. 

14. The stress in the material of a pipe subject to internal pressure varies jointly 
as the pressure and the internal diameter of the pipe and inversely as the thickness. 
If the stress is 150 lb. per sq. in. when the diameter is 5 in., the thickness f in., and 
the internal pressure 20 lb. per sq. in., find the stress when the pressure is 40 lb. 
per sq. in. if the diameter is increased to 6 in. and the thickness is reduced to ^ in. 

15. The weight W which a beam of uniform rectangular cross section, supported 
at both ends, will sustain varies jointly as the breadth b of the cross section and the 
square of the depth d and inversely as the distance between supports. If a beam 
18 ft. long, 10 in. deep, and 6 in. in breadth will support a weight of 1200 lb., find 
the breadth of a beam of the same material, of the same depth, and 15 ft. long, that 
will support a weight of 1500 lb. 

16. The electrical resistance of a wire varies directly as its length and inversely 
as the square of its diameter. If a wire 450 ft. long and 4 mm. in diameter has a 
resistance of 1.06 ohms, find the length of a wire of the same material whose resist¬ 
ance is 0.71 ohm and diameter is 3 mm. 

17. The amount of energy in joules stored by a condenser varies jointly as the 
capacity and the square of the voltage. The constant of variation is ^(10)"“® if C 
is in microfarads and E in volts. What is the energy stored in a 2-microfarad con¬ 
denser with 1200 volts applied? 

18. The weight of a body above the surface of the earth varies inversely as the 
square of the distance from the center of the earth. If a certain body weighs 25 lb. 
when it is 4000 miles from the center of the earth, how much will it weigh at a distance 
of 4100 miles from the center? 

19. The distance of a body falling freely from rest varies as the square of the num¬ 
ber of seconds required in falling. If a body falls 257.6 ft. in 4 seconds, how far will 
it fall in 15 seconds? 
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20. The electrical resistance of a substance varies directly as the length L and 
inversely as the area A of the cross section. If the resistance of a bar of annealed 
aluminum 1 in. long and 1 sq. in. in cross section is 0.000,001,144 ohm, find the 
resistance of a wire of the same material 1^ ft. long and 0.003 in. in diameter. 

21. The illumination received from a source of light varies inversely as the square 
of the distance from the source and directly as its candlepower. At what distance 
from a 60-candlepower light would the illumination be one-half that received at 25 
ft. from a 50-candlepower light? 

22. An electric power company figures that the cost C per kilowatt hour for sup¬ 

plying electric current to small consumers is equal to a fixed charge a plus an amount 
that varies inversely as the number m of kilowatt hours supplied, (a) Find the 
law connecting C, o, and m, if the company charges 4 cents per kilowatt hour at 
m = 60, and 3 cents per kilowatt hour at m = 150. (?>) On this basis, what should 

be the charge at m = 400? (c) Find the value of m for which C = 2 cents. 

23. The electrical resistance of a cable varies directly as its length and inversely 
as the square of its diameter. If a cable 4250 ft. long and ^ in. in diameter has a 
resistance of 0.2 ohm, what resistance has a cable 7500 ft. long and f in. in diameter? 

24. Newton^s law of gravitation states that the force of attraction between two 
masses of m\ and m 2 pounds varies directly as the product of the masses and inversely 
as the square of the distance between the masses. Find the ratio of the force of 
attraction when two masses are 8000 miles apart to the force when they are 2000 
miles apart. 

26. The current in an electric circuit varies directly as the electromotive force 
and inversely as the resistance. In a certain circuit the electromotive force is E 
volts, the resistance is R ohms, and the current is / amperes. If the resistance is 
increased by 25 per cent, what per cent of increase must occur in the voltage to 
increase the current by 40 per cent? 

3-12. The Straight Line. Consider the equation 

(1) Ax + By + C 0 

where A, B, and C are constants, and A and B are not both zero, and 
X and y are variables. Any equation which can be reduced by ordinary 
algebraic operations (those given in Chapter 2) to the form (1) is said 
to be linear. 

Example 1. Given a; — 8 t/ + 32 = 18 — (2a; + y). 

From this equation we obtain: 

a; — 82 / + 32 ~ 18 — 2a; — t/, 
a; -j- 2x + 2 / — 82 / 32 — 18 = 0, 

3a; - 72 / + 14 = 0. 

This last equation is of the form ( 1 ) where A = 3, J5 = —7, and C = 14. Thus 
the given equation is linear. 

If the equation 

(2) 3x ~ 72/ + 14 = 0 
is solved for y, the result is the formula 

(3) y = ^z +2 
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by which y is defined as a function of x. The equations (2) and (3) are 
equivalent; that is, each pair of values {x^ y) satisfying (3) also satisfies 
(2). If for instance x = 7, then we have from (3) y — 5, These two 
values also satisfy equation 2, for 3 • 7 — 7 • 5 + 14 = 21 — 35 + 14 
- 0 . 

The graph corresponding to y — fx + 2 consists of all points whose 
coordinates satisfy the relation y = + 2. According to the former 

statement, the coordinates of all those points also satisfy the equation 
3x — 7^/ + 14 = 0, and the graph belonging to y = ^x + 2 consists of 
all points whose coordinates satisfy the equation 3x — 7y + 14 = 0. 

We shall, therefore, say that the graph corresponding to the function 
y — ^x 2 corresponds also to the equation 3x — 7^/ + 14 = 0. 

In this way we are able to construct a graph of each equation of the 
form (1). The graph consists of all points whose coordinates satisfy the 
equation Ax + jBy + C = 0, and we call it the graph of this equation. 

It will be shown in Chapter 15 that the following statements are true. 

The graph of every equation of the form {!) is a straight line. Conversely^ 
every straight line has an equation of the form (1). 

Equation (1) is therefore called the general linear equation. Since 
the variables enter only to the first power, it is said to be of first 
degree. 

Since two points determine a straight line, we need plot only two 
points to plot a linear equation. Practically, it is a good idea to plot 
one or two more to insure 


accuracy. When the line 
does not pass through the 
origin or is not parallel to 
either axis, the two sim¬ 
plest points to plot are the 
intercepts on the axes. 

Example 2. Plot the line 
ar 2i/ = 10. 

Setting 2 / = 0, we see that the 
x-intercept is and setting 
X = 0, we see that the 2 /-inter- 
cept is —5. When 2/ = 1, 
3x — 2 = 10, or 3x = 12, and 
X == 4. 

The line plotted in Fig. 3-17 
by drawing the straight line 
through the intercepts is seen 
to pass through (4,1), and we 
are insured against error. 



Fig. 3-17. 
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EXERCISES 

Find the intercepts of the following straight lines and plot the graphs of the lines. 


1. a: + y — 5 = 0. 

2. 

a; 4“ 2y — 7 = 0. 

3. 4x — 2y -|“ 6 = 0. 

4. 

2a; 4" 5y = 3. 

6. 3x + y — 1 = 0. 

6. 

3a; — 2y = 1. 

7. a; + y - 2 = 0. 

8. 

o 

tl 

CO 

1 

9. 5a; + 12y = 39. 

10. 

12a; - 6y 4- 66 = 0. 

11. 4a; + 3y - 16 = 0. 

12. 

a; 4“ 4y = 5. 

13. 2x 4“ y 4“ 4 = 0. 

14. 

4a; - 3y — 8 = 0. 

16. 8x 4“ y — 6 = 0. 

16. 

3a; — 4y 4- 6 = 0. 

17. 6a; - 15y 4- 28 = 0. 

18. 

2a; — 3y — 6 = 0. 

19. aj 4" 2y — 3 = 0. 

20. 

6a; 4“ lOy 4* 43 = 0. 


3-13. Graphical Solution of Simultaneous Linear Equations in Two 
Unknowns. In Sec. 2-16 we considered pairs of simultaneous linear 
equations of the form 


( 1 ) 


aix 4- hiy = ci, 

02® + — C2. 


The graph of each of these equations is a straight line. For these two 
straight lines there are three possibilities. 

1. They may intersect in one point. The coordinates (x, y) of the point 
of intersection give the numbers which satisfy the two equations. 

2. They may be parallel. Since parallel lines do not have a point in 
common, there is no pair of numbers (x, y) which satisfies both equations. 

3. They may coincide. In this case every number pair satisfying one 
equation satisfies the other. 

The algebraic method of Sec. 2-16 yields the number pair in the first 
case. What happens in the other two cases will be indicated in the 
examples below. 

It is possible to find the pair of numbers satisfying (1) approximately 
by plotting the two lines and reading the coordinates of their point of 
intersection from the graph. 


Example 1, Find algebraically and graphically the values of x and y satisfying 

2x — y = 3, 
a: + y = 3. 
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The graph is shown in Fig. 3-18. From the graph it appears that the solution is 

( 2 , !)• 



Fig. 3-18. 


To verify this result algebraically, substituting y = 3 — a: from the second equa¬ 
tion into the first, we obtain 

2a; — (3 — a;) = 3, 

2a; — 3 -f- a; == 3, 

3ar = 6, 


and 


a; = 2, 
= 3 - 2 = 1. 


Thus the correct solution is (2,1). 

Example 2. Given: 

2x + y = 4, 
2a; 4- y = 8. 


From Fig. 3-19 on which these two lines are plotted, we see that they are parallel, 
and hence there is no pair of numbers satisfying both. 

Subtracting the first equation from the second we obtain 0 = 4, which is absurd. 
When this algebraic process is performed, it is assumed that there is a solution, and 
since this assumption leads to a contradiction, the assumption is incorrect, and 
there is no solution. 
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Y 



Fia 3-19. 

Example S, Given: 

x + 2j/ = 6, 

2x + 42/ = 12. 

The student may verify that these two equations give the same line; consequently 
every pair of values satisfying one satisfies the other. 


EXERCISES 


Plot the lines in the following pairs of equations and from the graph state whether 
the lines intersect, are parallel, or coincide. If they intersect, estimate the coordi¬ 
nates of the point of intersection from the graph, and then verify your estimate by 
solving the equations algebraically. 


1. 4a; - 22/ = 2, 

2a; + J/ - 7. 

8. 4x ~ 22/ = 2, 

2x — y - I, 

6. 3x -f 22/ = 15, 

3a; + 22/ = -2. 

7. 3a; — 62/ — 1 = 0, 

8a; + 62/ “ 9. 

9. 4a; + 32/ = 2, 

3a; - 22/ = -7. 

11. a; + 2/ « 3, 

3a; + 32/ « 9. 

18. 35 + 2/ 1 

8x ^ —Zy — 3. 


2. 4a; — 22 / = 2, 

2x — y = —3. 

4. 2a; 4- 32/ = 13, 

6a> — 22/ = 4. 

6. 6a; + 32/ - 11 = 0, 
2 / = 2a; - 11. 

8 . 2a; — 2 / = 1, 

3a; + 22/ = 12. 

10. 3a; 4- 22/ = 12, 

3a; 4“ 2y = 24, 

12. a; 4- 2 / + 1 = 0, 

2a; — 2 / =* 10. 

14. 2a; — 2 / = 3, 

4a; — 22/ == 11. 
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16. 2x += li 
ac - 1/ + 7 = 0. 
n.3x+y= -2, 

—2 + 6j/ = 22. 

19. X — 2j/ =« 1, 
y = 1 + x. 


16. X + y = 6, 

3x - 6y + 10 = 0. 
18. 3x + y = -2, 

3x + y = 8. 

20. 2x + y = 1, 

3x — 4y = 29. 


PROGRESS REPORT 

The numbers and B 3 mibols involved in the discussions and problems 
of the first two chapters were constants. But the quantities which 
appear in very many engineering problems are variables, and it is there¬ 
fore of fundamental importance to investigate such quantities. 

Mathematics, therefore, has to develop special methods in order to 
deal with these problems, methods for which a basis was laid by intro¬ 
ducing the concept of a function to describe the relation between an 
independent and a dependent variable. Then methods were developed 
by which a function may be defined and examined. Tables, graphs, and 
mathematical formulas were used for this purpose. A large part of the 
chapter was devoted to the study of graphs; further it was shown how 
a number of problems concerning functions could be solved by graphs. 

It should be pointed out that the corresponding values of any two 
variables can be used in order to construct a graph, even though there 
is no direct connection between the variables. Such graphs are fre¬ 
quently used in statistics. In engineering problems, however, there is a 
connection, described by some physical law, between the quantities 
which are plotted or given in a table. 

Particular functions were studied in the sections about variation and 
about linear functions. Simultaneous systems of linear equations were 
studied, and the graphical method was used in their discussion. 



CHAPTER 4 


TRIGONOMETRIC FUNCTIONS 

Trigonometry is the set of methods and procedures required to solve 
problems concerning triangles when angles of the triangles are involved. 
Since triangle problems occur in almost all branches of engineering and 
in much practical work, the scientist or engineer should have a working 
knowledge of trigonometry. The carpenter with his steel square makes 
use of trigonometric relations to find the length of one side of a hip roof. 
The modem stmctura! engineer uses trigonometry to determine the 
stresses which will be applied to floor beams and to determine the 
dimensions of steel girders in a skyscraper. The civil engineer depends 
on it in measuring areas, in finding distances, and in other surveys. 
The mechanical engineer uses trigonometry in the design of crankshafts 
and engine sections; the electrical en^neer uses it in the design of electric 
generators and alternators. Many problems about alternating current 
can be solved by using trigonometry. In guimery and aerial bombing, 
we find trigonometry used in the location of targets and the design of 
gunsights. In meteorology, the height of a balloon above the surface 
of the earth is determined by the use of trigonometry. 

4-1. Angles. We introduce the following definition of an angle. 

If a line starting from a position OX is revolved, in one plane, about 
the point 0 to the position OA, we say that the line generates an angle 




XOA (see Mg. 4-1). The original position OX of the generating line 
is. called the initial side of the angle, the final position OA is called the 
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terminal side of the an^e. If the generating line is rotated in a counter¬ 
clockwise direction to position OA, the resulting angle XOA is called 
positive, and if the generating line is rotated in a clockwise direction to 
position OA the angle XOA is called negative. The positive angle in 
Fig. 4-1 is indicated by a + sign, the negative angle by a — sign. 

From this definition the size of an angle is determined by the amount 
and direction of the generation used in constructing the angle. The 
definition can be used to compare any two angles with respect to their 
size. For example, the angle XOA, or (1) of Fig. 4-2 formed by revolv¬ 
ing a line from position OX through one-quarter of a complete revolu¬ 
tion about 0 in a counterclockwise direction to position OA is a different 
and smaller angle than the angle XOA or (2) formed by revolving a line 
from the position OX through one and one-quarter revolutions about 0 
in a counterclockwise direction to position OA. 

4-2. The Measurement of Angles: Degrees. There are two common 
systems used for the measurement of angles. In one the degree is the 
unit of measure; in the other, the radian is the unit of measure. 

The angle of one degree is the angle which requires of the rotation 
needed to obtain one complete revolution. Thus a complete revolution is 
divided into 360 equal parts called degrees. Each degree is divided 
into 60 equal parts called minutes, and each minute into sixty equal 
parts called seconds. The symbols, " are used to denote degrees, 
minutes, and seconds respectively. Thus an angle of 31 degrees, 16 
minutes, and 10 seconds may be written 31° 15' 10". A frequent prac¬ 
tice in engineering, especially in electrical engineering, is to use decimal 
parts of degrees rather than minutes and seconds, replacing, for example, 
17° 30' by 17.5°. 

The computations in this book will be performed with the decimal 
parts of degrees almost exclusively. 

Occasionally it is necessary to change from minutes and seconds to 
decimal parts of a degree, or vice versa. To express an angle in decimal 
parts of a degree when it is given in minutes and seconds, first convert the 
seconds into a decimal part of a minute, and then the minutes into a decimal 
part of a degree. 

Example 1. 

54 ' 

3^46'64" =31°46'-f — 

= 3r 45'-h (0.9)' 

= 31® 46.9' 

( 46.9\® 

—j -31.785-. 
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To perform the inverse operationy multiply the decimal part of the given 
angle by 60 to obtain the number of minutes, and multiply the decimal part 
of the minutes so obtained by 60 to get the seconds. 

Example 2. 

31.765® = 31® 4- 0.765® 

= 31® 45.9' (since 0.765® = 0.765 X 60' = 45.9') 

= 31® 45' +0.9' 

= 31° 45' 54" (since 0.9' - 0.9 X 60" = 54"). 

At times it may be desirable to examine the accuracy of these con¬ 
versions. It can be shown that: 

(1) Angles measured to the nearest minute are accurate, in decimal nota’- 
iion, to two decimal places. 

(2) Angles measured to the nearest second are accurate to three decimal 
places. 

Example 3. Express 11® 10' 13" in decimal parts of a degree to the number of 
decimal places permitted by the given data. 

The angle 11® 10' 13" has evidently been read to the nearest second. According 
to the preceding paragraph, the result will be significant to three decimal places. 
Hence, the computations are carried out to four places and rounded off to three 
places: 

11“ 10' 13" = ll'lO' 

60 

= 11° 10.2167' 

_ 10.2167® 

60 

= 11.1703® = 11.170®. 

A positive angle is measured by a positive number of degrees; a negative 
angle is measured by a negative number of degrees. Thus the positive 
angle in Fig. 4-1 is 150®, and the negative angle in Fig. 4-1 is —210®. 

EXERCISES 

Convert to decimal parts of a degree, carrying out computations to the number of 
places permitted by the data given. 

1. 21® 12'. 2. 21® 18'. 3. 173® 42'. 

4. 763® 61'. 6. 173® 85'. 6. -71® 2". 

7.22'. 8.28". 9. 13® 11'47". 

10. 92® 58' 19". 11. 127® 0' 14". 12. 845® 37' 14". 

IS. 1'12". 14. 215® 20'18". 16. -52® 16'17". 
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16. -763® 11' 61". 17, 21® 13'. 18. 21® 13' 0". 

19. 32® O'. 20. 32® 1'. 21. 142® 17' 24". 

22. -52® 16' 16". 23. 41® 68' 3". 24. 12® 0' 1". 

Change to degrees, minutes, and seconds, writing the results as accurately as the 
given data will permit. 

26. 13.1®. 

28. 8.2®. 

31. 16.50®. 

34. -91.01®. 

37. 42.13®. 

40. 7.6296®. 

Using a protractor, construct the following angles and indicate the corresponding 
rotation with an arrow (as in Sec. 4-1). 

41. 30®. 42. 75®. 

44. 120®. 46. 190®. 

47. 345®. 48. -70®. 

60. -240®. 

4-3. The Measurement of Angles: Radians. In the second system 
used for the measurement of angles, the radian is the unit of measure. 

A radian is the measure of an angle which y ^placed with its vertex at the 
center of any circle, subtends on the circumference an arc equal in length 
to the radius of the circle. 

Thus, if we take a circle with center at 0 and radius r (Fig. 4-3), and 
from a point A on the circumference measure an arc AB ol length r, 
the angle AOB is by definition an angle of 1 radian. 


43. 90®. 

46. 275®. 
49. -120®. 


26. 13.11®. 
29. 465.273®. 
32. 288.898®. 
36. 42.10®. 
38. 118.796®. 


27. 75.79®. 

30. 38.712®. 
33. -16.555®. 
36. 42.10®. 

39. -0.01®. 



We are now faced with the problem of expressing the measure of any 
given angle, say B, in radians. If we place B with its vertex at the center 
0 of the circle, and its initial side on the initial side OA of angle AOB 



134 


TRIGONOMETRIC FUNCTIONS 


[4-3 


(Pig. 4--4), then angle 0 will intercept on the circumference of the circle 
an arc whose length we shall call s. Then from the theorem in geometry 



which states that on the same circle, central angles are proportional to their 
intercepted arcs, we may write 

Angle d (measured in radians) ^ Arc AC 
Angle AOB (measured in radians) Arc AB 

However, since angle AOB equals 1 radian and since the arcs AC and 
AB are of lengths s and r respectively, we obtain 

B (in radians) 5 s 

- ^ ~ or e = — 

1 r r 

Usually this is written 

(1) 5 = re. 

In words, formula (1) states that the length of an arc of a circle is equal 
to the radius of the circle multiplied by the measure in radians of the angle 
subtended by the arc at the center of the circle. 

Example 1. In a circle having a radius of 6.0 ft., how long is the arc intercepted 
by a central angle of 1.6 radians? 

Since the angle is given in radians, formula (1) may be applied directly.’ Since 
r » 6.0, B ** 1.6, 

« == « 5 X 1.6 = 7.5 ft. 

Since r is, measured in feet, s is measured in feet also. 
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Example 2, If a point on the circumference of a rotating wheel is moving at the 
rate of 400 ft. per sec. and the radius of the wheel is 2 ft., at what angular velocity 
is the wheel rotating? 

By the angular velocity of the wheel is meant the rate, in this case measured in 
radians per second, at which a spoke of the wheel is rotating. Taking one second 
as a basis, s = 400, r = 2, and formula (1) gives 400 = B- (2), or ^ = 200 

radians/second. 

It is often necessary to convert an angle from degrees to radians or 
from radians to degrees. Since the circumference of a circle is equal to 
27rr (where ir = 3.1416 approximately), one complete revolution con¬ 
sidered as an angle measured in radians is found by formula (1) to be 

0 (1 revolution) = = 27r radians. 

T 


Similarly, one complete 
given by 


Hence 


e 


revolution as an angle measured in degrees is 
(1 revolution) = 360°. 


2ir radians = 360°. 


From this equation 
( 2 ) 


180° 

1 radian =- = 67.2958 • • • degrees. 

TT 


(3) 


I** = —- radians = 0.0174533 • • • radians. 
180 


These expressions may be used for converting an angle from one system 
of measurement to the other, as stated in the following rules. 


1. To convert degrees to radians, divide the number of degrees by 


180 


TT 

or multiply by 

180 

2. To convert radians to degrees, multiply the number of radians by — • 

TT 

Note that the approximations — = 57.2958 and = 0.0174533 

TT 180 

may be used, the desired accuracy determining the number of decimal 
places. 


Example 3. Convert to radians: (a) 60® (6) 76.24®. 
Using Rule 1 in both cases, 

180® IT r 

(а) 60® -« 60 X — *= ~ radians. 

IT 180 o 

(б) 76.24® -5- 57.30® « 1.330 radians. 
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Example 4- Convert to degrees: (o) ^ radians (ft) 6.716 radians. 

A 

Using Rule 2 in both cases, 


, , «• 180* 

w-,x— 


90 ^ 


(b) 6.716 X 67.3® = 327.6®. 


Occasionally it may be desirable to maintain a certain accuracy of 
measurement in converting from one system of angle measurements to 
the other. From equality (2) of this section, 0.01 radian is approxi¬ 
mately 0.5^. Hence, as far as relative accuracy is concerned, it can be 
shown that: 


If an angle is measured in de¬ 
grees to the nearest degree 1 decimal 2 decimals etc. 

Then the radian measure of 

the angle is accurate to 2 decimals 3 decimals 4 decimals etc. 

From the discussions of Chapter 1, it follows that computations in¬ 
volving radians are accurate to no more than the number of significant 

180 

digits used in the approximation — = 57.2958- • 

TT 


Example 6. Convert 76.24® to radians as accurately as is justifiable. 

Since the angle is given in degrees to two decimal places^ the result may be given 
in radians accurate to four places. Hence using 67.2958, we obtain by Rule 1, 

= 1.33064 = 1.3306 radians. 

57.2958 

Example 6. Convert 5.716 radians to degrees as accurately as the given data in 
radians permit. 

Since the angle is given in radians to three decimal places, the transformation to 
degrees is accurate, according to the table, to one decimal place. Thus, 

5.716 X 57.2958® - 327.5027928® = 327.5®. 

Converting angles from degrees to radians or from radians to degrees 
is greatly simplified by the use of conversion tables which are printed in 
many logarithmic and trigonometric tables. Table 6 in the Appendix 
is such a table. 


EXERCISES 


Convert the following angles to radians, assuming the given numbers to be exact. 
Give the results in terms of tt. 


1. 30®, 60®. 

4 . 360®, 720®. 
7. 60®, 140®. 
10. 1260®. 

13. -17P®. 


2. 45®, 135®. 
6. 150®, 330°. 
8. 450®. 

11 . - 120 ®. 


14. 6®, -5®. 


3 . 90®, 180®, 270®. 
6. 300®, 210®. 

9 . 480®. 

12. -216®. 

16. 99®, -99®. 
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Convert from radians to degrees; give answers 

to the nearest hundredth of a 

degree. 




1 C ir 

TT 3ir 

Sir IT 


16. - , -• 

17. 7 , -r* 

13- IT » «• 


6'3 

4' 4 

2 2 



5ir 7 t 

2ir 4x 5ir 


19. Ctt, 3Tr. 

20. 

21. TT 



4 4 

3 3 3 


267r 


11t 


22. — • 

23. — • 

24. — • 


3 

18 

6 


23l7r 


... —7‘7r 


26. • 

26. —• 

27. 


72 

9 

6 


2ir 


_ * — ISir 18‘3r 


28.- 

29. — Stt, 5ir, 

30. ——- ,- 


360 

1 QO 

40 40 



Express as radians, using — ~ 57.3; give results to two decimal places. 

ir 


31. 62°. 

32. 127°. 

33. 435". 

34. -213°. 

36. 18°. 

36. 2222.2°. 

37. 32.8°. 

38. 67.9°. 

39. -3.7". 

40. 3.12°. 

41. 84.70°. 

42. 167.8°. 

43. 28.65°. 

44. 0.67°. 

46. 0.78". 

. 1. , . 

Change from radians to degrees, using — = 57.3; 

ir 

carry out the work to one 

decimal place. 

46. 10.21. 

47. 6.33. 

48. 172.05. 

49. 5.1. 

60. 3. 

61. -0.01. 

62. 0.20. 

63. 1.259. 

64. 0.07. 

66. 0.071. 

66. 1.0001. 

67. 0.009. 

68. 6.2832. 

69. 100. 

60. 1000.12. 

Change from degrees to radians, or vice versa; give 

answers to the number of 

decimal places permitted by the data. Choose the proper approximation of — 

for the desired accuracy. 

Check your results by using Table 6 in the Appendix. 

61. 88.7°. 

62. 88.70°. 

63. 88.700°. 

64. 47°. 

66. 47.01°. 

66. 0.40°. 

67. 72.6°. 

68. 1651.0°. 

69. 10.210 radians. 

70. 10.2100 radians. 

71. 102.10 radians. 

72. 6.23 radians. 

73. 41.4 radians. 

74. 57.2958 radians. 

76. 0.1619267 radian. 


Solve the following problems, using — = 67.3 or the conversion table; give 
answers to one decimal place. ^ 

76. In a circle having a radius of 6 in., what is the length of the arc intercepted 
by an angle of 7.26 radians? 

77. If a central angle intercepts an arc of 14 in. on the circumference of a circle 
with a 5-in. diameter, what is the size of the angle in radians? in degrees? 

78. A meter has a scale 7.8 in. long which forms an arc of a circle with a 3-in. 
radius. Through how many degrees must a needle pivoted at the center of the circle 
be free to move in order to cover all parts of the scale? 
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79. Ten amperes o! current cause an ammeter needle to deflect 38^ from the posi¬ 
tion it takes when no current flows. If the needle is 4.5 in. long and a circtdar 
scale is to be placed at the tip of the needle, how long must the scale be in order to 
read a maximum current of 10 amperes? 

80 . A truck trailer has front and rear wheels of 3 and 2 ft. in diameter respectively. 
In traveling 100 ft. how many complete revolutions does each wheel make? What 
angle in radians does a spoke of the front wheel generate in that distance? a spoke 
of the rear wheel? If the distance of 100 ft. is covered in 6 seconds, what is the 
angular velocity of each wheel? 

81 . Using the diameter of the earth as 7930.0 miles, find the distance from New 
York to the equator if the latitude of New York is 40.72° north. 

82 . Find the distance from Moscow, 55.75° north latitude, to the equator; to the 
north geographic pole. 

83 . Find the distance from Paris, 48.83° north latitude, to the south geographic 
pole. 

84 . How far apart are two points on the same meridian of longitude, one at 37.68° 
north latitude, the other at 62.71° south latitude? 

86. Find the velocity in miles per hour and feet per second of a point on the 
equator due to the revolution of the earth about its axis (the earth revolves about 
its axis once in 24 hours). Find the angular velocity of a line from the center of 
the earth to the equator. (In this problem give an answer to two significant 
figures.) 

86. The angular velocity of a revolving wheel is ^ radian per second. Find the 
number of revolutions per minute. If the radius of the wheel is 18.7 in., what is 
the velocity in feet per minute of a point on the circumference? 

87 . If the maximum cutting speed of a lathe is to be 450 ft. per minute, find the 
maximum diameter of a cylindrical piece that may be cut at 200 revolutions per 
minute. 

88. Two pulleys of diameters 8.2 and 10.4 in. are belted together. If the first 
pulley is driven with an angular velocity of 100 radians per second, find the linear 
velocity of the belt and the angular velocity of the second pulley. 

89 . If ilf is the speed of a locomotive in miles per hour and d is the diameter of 
the drive wheels in inches, find a formula for expressing /?, the revolutions per second, 
in terms of M and d. Express A, the angular velocity in radians per second, in terms 
of M and d. Find R and A for a locomotive with drive wheels 70 in. in diameter, 
traveling at 70 m.p.h. 

90 . Prove that is the formula for the area of a sector of a circle of radius r 
if the sector is formed by a central angle B measured in radians. (Use the theorem 
that the area of a sector is half the product of the length of its arc and the radius of 
the circle.) 


Use the formula developed in Exercise 90 for Exercises 91-93. 


91 . In a circle of radius 5 in. find the area of a sector formed by an angle of - 

3ir ^ 

radians. An angle of radians. An angle of 162°. An angle of 43.7°. 


92 . A beam of light from a flashlight sweeps an angle of 18°. If the range of the 
light is 100 ft., how large an area is illiuninated by the flashlight? 

93 . A sector whose central angle is 217° is cut from a circular piece of al uminum 
of diameter 10 in. The radii bounding the sector are then brought together. The 
sector then forms a cone. What is the radius of the base of this cone? 



4-4] TRIGONOMETRIC FUNCTIONS 139 

In the following problems, maintain as much accuracy as is possible according to 

180 

the data, using the conversion table or the proper approximation of — in each 

ir 

problem. When giving results, give also the number of significant figures or correct 
decimal places. 

94 . A generator rotor is found to make 62.74 revolutions per second. Find the 
angular velocity in radians per second. Through how many degrees does the rotor 
turn in 1 second? What is the period, that is. the number of seconds required for 
one revolution? 

96. A certain t3rpe of camera shutter consists of a circular disc with a sector cut 
out, which revolves in front of or behind the lens and allows light to pass through 
only when the open part of the disc is passing by the lens. A manufacturer wishes 
to build a movie camera which will make sixteen exposures a second, each exposure 
lasting 0.03 second. What will be the size in radians of the angle of the sector cut 
from the disc? in degrees? 

96. If the diameter of the earth is 7030 miles (measured to the nearest 10 miles), 
find the distance between two points on the equator whose longitude differs by 1.000®; 
by 1® measured to the nearest second. 

97. A flywheel 14.83 in. in diameter is revolving at an angular velocity of 626.30 
radians per second. Find the velocity of a point on the circumference. 

4-4. The Definitions of the Trigonometric Functions. The concepts 
of the Cartesian coordinate system, of the function, and of the angle have 
been discussed as separate topics earlier in this text. Combining these 
three ideas in a convenient manner, we now introduce the trigonometric 
fimctions upon which the whole subject of trigonometry is based. 

Any angle may be superimposed 
on a rectangular coordinate system 
with its vertex at the origin and its 
initial side lying along the positive 
x-axis. An angle so located is said 
to be in standard position. Angles 
in standard position, with certain 
exceptions, maybe classified accord¬ 
ing to the quadrants in which their 
terminal sides lie. For example, a 
positive angle of 205® is said to lie 
in the third quadrant, for in stand¬ 
ard position its terminal side lies in 
the third quadrant (Fig. 4-5). We 
cannot classify in this way angles 
such as 0®, 90®, 180®, whose terminal sides lie upon one of the coordi¬ 
nate axes. These angles are called quadrantal angles. 

Now consider any angle B, This angle, in standard position, might 
lie in any one of the four quadrants (Fig. 4-6). Regardless of the 



Fig. 4-5. 
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location of the angle, we select P, any point on the terminal side of the 
an^e, and denote the coordinates of P by (a;, y). From P draw a line per¬ 
pendicular to the x-axis. In each case this gives us what we call a right 
triangle of reference associated wdth 6. This triangle does not neces¬ 
sarily include the angle d with which it is associated. The hypotenuse 
(denoted by r) of this right triangle of reference is the distance of P from 




the origin, and this distance is always considered 'positive. The other 
two sides of the triangle are in every case the coordinates of the point P, 
and these sides are positive or negative according as x and y are positive 
or negative. It should be noted that for the quadrantal angles, a point 
P can still be chosen, but the right triangle of reference will degenerate 
into a triangle which has one side of length zero and the other two sides 
equal in length but possibly opposite in sign. 

From the three quantities or lengths, x, y, and r which we have intro¬ 
duced, six different ratios may be defined. Regardless of the quadrant 
in which the angle lies, and even if it is a quadrantal angle, these defi¬ 
nitions are the same. 
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Given any angle 0 in standard position, we define: 
sine 6 

cosine 6 

tangent 6 

where a:, and r are the sides of any right triangle of reference associ¬ 
ated with 6. These six names are usually abbreviated to sin 0, cos 6, 
tan Of CSC 0, sec 0, cot 0, These are the trigonometric functions of 0, 
For any given angle 0 the values of the trigonometric functions are 
the same regardless of the position of P on the terminal side of the 
reference triangle, for different choices of P result in similar triangles 
of reference, and from plane geometry, the ratios of corresponding sides 
of similar triangles are equal. 

For example, let 0 be an angle in the second quadrant (Fig. 4-7). 
Choose any two points. Pi and P 2 , on the terminal side of 0 and form 



r 

X 

7’ 

y 


cosecant 6 = -, 

y 


secant 0 = -, 

X 


cotangent 8 = -, 

y 


the right triangles of reference, OPiAi and OP 2 A 2 , associated with these 
points. Since these triangles are similar 


( 1 ) 

Now, 


and 


n 


r2 ’ n 


X2 . 
—, etc. 
r2 


Vi 

sin 0 (determined from A OPiAi) = — , 

^1 

sin 6 (determined from A OP 2 A 2 ) — — • 

^2 
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Therefore, substituting in relation (1), 

sin 6 (from A OPiAi) = sin (from A OP 2 A 2 ). 

In like manner for the other functions, 

cos $ (from A OPiAi) = — = — — cos 9 (from A OP 2 A 2 ), 

ri r2 

tan 9 (from A OPiAi) = “• = — = tan 9 (from A OP 2 A 2 ), etc. 

Thus, for a given angle the value of the trigonometric function is inde¬ 
pendent of the triangle of reference which is used. However, for different 
angles, it is easy to see that, except for certain special cases which will 
be discussed later, the triangles of reference are not similar and hence 
the trigonometric ratios are not the same. Since for every value of the 
angle 6 there corresponds one value for each of the trigonometric ratios, 
these ratios are called the trigonometric functions of the angle. 

4-6. Signs of the Trigonometric Functions in the Various Quadrants. 
On the basis of the definitions of the trigonometric functions it is easy 
to determine whether a given function of an angle is positive or negative. 

X 

For example, if 6 is any angle in the second quadrant, cos ^ - is a 

r 

negative quantity because r is always positive and x, in this case the ab¬ 
scissa of a point in the second quadrant, is negative. In like manner 
the reader may verify the information summarized in the following 
table. 

Quadrant I Quadrant II Quadrant III Quadrant IV 


sin ^ - 

r 

+ 

+ 

- 

- 

cos 0 = - 
r 

+ 

- 

- 


1 

II 

+ 

- 

+ 

- 

X 

cot ^ - 

V 

+ 

- 

+ 

- 

sec 0 = - 

X 

+ 

- 

- 

+ 

CSC 0 ~ 

+ 

+ 


— 


y 


4^. Evaluation of the Trigonometric Functions When the Axigle Is 
Einown. Method 1. Construction. The six trigonometric functions of 
a given angle may be found approximately by the accurate construction 
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4-71 

of a right triangle of reference. Suppose it is desired to find one of or 
all the functions of 72®, Constructing the angle by means of a protractor 
and dropping a perpendicular to the x-axis from any point on the ter¬ 
minal side, we have a right triangle of reference (Fig. 4-8). Then after 
measuring the sides of this triangle and obtaining x = 1.25 in., y « 3.8 
in., r = 4.0 in., we can evaluate the ratios: 



Since the lengths measured vary with the accuracy of construction and 
the type of scale used, the values found by this method are very rough 
approximations. 

The above example furnishes an illustration of the fact that the trigo¬ 
nometric functions are pure numbers, that is, they are independent of 
the unit of measurement. No matter what unit of measurement is used 
the results are the same. 

Method 2. Tables. By methods which are beyond the scope of this 
book, the trigonometric functions for any angle may be found to any 
desired degree of accuracy. These results are usually compiled in the 
form of tables. The use of these tables is discussed later in the chapter. 

EXERCISES 

By construction, find the six trigonometric functions of the following angles. 
Carry out all work to one decimal place. 

1. 30^ 2. 45®. 3. 65®. 

4 . 123®. 6. 217®. 6. 345®. 

7. -15®. 8. 402®. 9. 42®. 

10 . - 210 ®, 

4-7. Evaluation of the Trigonometric Functions When One Function 
Is Known. This process can best be shown by the use of examples. 

Example I. Given sin ^ , where d is an angle in the first quadrant, find the 

other trigonometric functions of B, 

Since sin ^ ~ , then - = ^ for the particular angle in which we are interested, 

r r o 

Then for some particular triangle of reference, the lengths of two sides will hey ^ S, 
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Example S, Given cot 0 =* —-J-, where $ is between 0® and 360®, find the other 
trigonometric functions of 0. 

Since the cotangent is negative in the second and fourth quadrants, there are two 

X X — 1 

possible angles 0, Since cot ^ > then in the second quadrant - = — and x = 

— 1, 2 / = 3, making r = V(3)^ + (—1)* = V^9 -f-1 = whereas in the fourth 

quadrant - = —- and therefore x = 1, y = — 3, making r = V(—3)^ + 1* « 
y -3 

•v/TO. Thus, 




'For 0 IN THE Second Quadrant 
sin 0 


3 Sy/lO 

— 7 = or - 

^yT0 10 


-1 

or - — 

3 

tan 0 = —j or —3 

VTO /tt; 

sec ^ = - Y OT —y/lO 


CSC 0 = 


Vio 


For 0 IN the Fourth Quadrant 


-3 -3VI0 

sm 9 - —^ or —--— 

•v/IS 10 

1 Vio 

cos 9 = —;= or —— 

10 

-3 

tan 9 = -j- or —3 

\/I(5 

sec 9 = —j— or y/lO 

. Vio 

CSC 9 = „ ■ or —-— 

-3 3 


The work of this section further illustrates that the trigonometric 
functions are numbers. Hence we may treat them as numbers. That is, 
the trigonometric functions may be added, subtracted, multiplied, di¬ 
vided, etc., as niunbers. For example, (sin 6) • (sin $) = (sin tf)*, which 
is usually written sin^ 0. If sin = f-, then sin* 6 = (f)* = A* 
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Exatnjile 4- Using the results of Example 2, evaluate 


sintfcoetf 


sin 6 cos 9 
tan^ 0 


- 1 = 



EXERCISES 


Find the six trigonometric functions of 0; 0 is in the standard position and its 
terminal side passes through the given point. 


1. (3, 4). 

4. (-2, -2). 

7. (3, 1). 

10 . ( 6 , 2 ). 

18. (0. -6). 


2 . ( 6 , 1 ). 

6 . (17, 8). 

8. (-1, -3) 

11 . ( 2 , 0 ). 

14. (-2,0). 


3 . (- 1 , 2 ). 
6 . ( 1 , - 2 ). 

9. (2, -2). 
12. (3,0). 

16. (-75,40) 


List the six trigonometric functions of an angle 0 if: 


16 . sin d s= and 6 lies in the first quadrant. 

17 . cos d ^ and 6 lies in the third quadrant. 

18 . sec 0 and 9 lies in the second quadrant. 

19 . tan $ ^ and 9 lies in the first quadrant. 

20. CSC 9 = —and 9 lies in the fourth quadrant. 

21 . cot »= I, sin 9 positive. 

22. CSC 9 = cos 9 negative. 

23 . sin 9 = 3 ^, cos 9 negative. 

24 . tan 0 = 2, cos 9 negative. 

26 . CSC 9 = tan 9 negative. 

26 . sec 0 = —2, tan 0 positive. 

27 . sin 0 = f, sec 9 negative. 

28 . cos 0 = -I, sin 0 positive. 


List the six trigonometric functions for each angle 0 greater than or equal to 0^ 
and less than 360° if; 


29. CSC 0 = 

30. tan 0 

32* sec 0 = 

33. cos 0 

36. cot 0 = db-^. 

36. tan 0 

38. sec 0 = 4. 

39. cot 0 

41. tan0 = —1. 

42. sec 0 

44 . cos 0 « — 

2 

46. CSC 0 

47 . cot 0 « m. 

48. tan0 

60 . sin 0 » 1.0. 

61. sec 0 

63. an 0 « -0.2364. 

64. cot 0 

66. CSC 0 ^ — L124. 




31. 

CSC 0 = 

=t3. 

= A- 

34. 

cos 0 = 


= 0 . 3 . 

37. 

sin 0 = 

-0.5. 

= 5 . 

40. 

tan 0 = 

-1.2. 

= 0 . 

43. 

sin 0 = 

-1. 


46. 

sin 0 = 

m 




n 

VI 

49. 


a 


cos 0 = 


a 



““ 2* 

= -f. 

62. 

tan 0 = 

7600. 

= 1.0009. 

66. 

i 

II 

-6. 
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Compute the following expressions, assuming (7 is an angle in the first or second 
quadrant. 


57 . 


58 . 


sin 0 + cos $ . 


1 -f cot ^ 


if tan ^ 

3 


sin* d 4 - cos* 6 . 


if sec d = — 


1 — tan* 9 
59 . tan 9 — sin 6 sec 9 if sec 9 


11 
4 ‘ 


(1+tan*e)(cos*e) ,, „ 3 

60. -j—-j— u cos = -• 

tan* 0(1 + cot* 0) 7 

sin 9 cos 9 ^ ^ 18 

01.- ^ 2 cot 9 where sec 0 = — • 

1 — tan 9 7 


62 . 


63 . 


64 . 


sin 9 sec 9 cos 9 
3 — tan* 9 -f sec* 9 
sin 9 sec 9 cos 9 


tan 0 cot 0 * 1 — sin* 9 
1 4- sin 0 4- cos 9 


where cot d = -• 
4 


where sec 9 = — — 


1 4- sin d — cos 9 


sin 9 where cos 9 = 


13 
9* 

3 


Use 0 as an angle in the third or fourth quadrant. 

65 . i sin 9 — cos* 9 where tan 9 — 

66 . 


1 1 sin 0 4- /i cos 0 , ^ 5 

—7-where cot ^ 

tan 9 12 


67 . 

68 . 

69 . 

70 . 

71 . 

72 . 


2Ri tan 9 cos 9 
9 


4- 4J2i CSC 9 cos 9 where sin 0 = — 


4.9 3 , 5 

"7 o • ; H-^ ^ where cos 0 = -• 

sm* 9 cos* 9 tan* 9 6 


1 4- sin 0 1 — sin 9 

1 — sin 0 1 4- sin d 

tan ^ — sin ^ sec 9 


sin* 9 1 4“ cos 

3.7I6E1 cot* 9 


where sec ^ —5. 

where cot 9 — —1.7. 


(1 — cos* 0)sin 9 
4“ ^2 4- 6 sin 9 


7 cos* 9 


4" El where cos ^ = 0. 
where cot 0 = 0. 


6 

7’ 


4--8. Determination of the Trigonometric Functions of Special Angles. 

There are certain angles whose trigonometric functions can be found 
very easily with the aid of a few theorems from plane geometry. 

The Functions of SO^, Locating an angle of 30° in standard position 
on the coordinate axes and forming a triangle of reference, we find that 
we have a 30°, 60° right triangle. In plane geometry, it is shown that 
a 30°, 60° right triangle has a hypotenuse which is twice as long as the 
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side opposite the 30° angle. Since the triangle of reference is used only 
in forming ratios, we may conveniently assume that r = 2, y = 1. Then, 

X = ± Vr2 - = ±V4 - 1 = ±\/3. 

Thus the three sides of the triangle of reference are r = 2, y = 1, 
X = \/3> aiid the six trigonometric functions are: 


sin 30° = 

CSC 30° = f or 2 

) 

cos 30° = , 

2 

sec 30° = or 

V3 

2y/3 

3 

or 

o 

II 

o 

O 

CO 

o 

V3. 




The Functions of 60°. Locating an angle of 60° in standard position 
on the coordinate axes and forming a triangle of reference, we have a 
30°, 60° right triangle. However, now the side x is opposite the 30° 
angle, and hence it may be assumed that r = 2, x = 1. From the 
Pythagorean theorem we obtain y = \/3- The six trigonometric func¬ 
tions are: 


sin 60° 


2 ’ 


cos 60° = 

tan 60° = or \/3> 


CSC 60° 

sec 60° 


2 2V3 

“ V3 3 ’ 

= f or 2; 


cot 60° 


1 V3 

V3 " 3 ■ 


The Functions of 120°, etc. Any angle in standard position whose ter¬ 
minal side forms an angle of 30° or 60° with the x-axis may be treated 
in a similar fashion. For example, 120°, in standard position, forms an 
angle of 60° with the negative x-axis. Hence, the triangle of reference 
is a 30°, 60° right triangle. Since the side x in this triangle is opposite 
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the 30° angle, we may take r = 2, x — —1, a; being negative because 
the angle lies in the second quadrant. From the Pythagorean theorem 
y = \/3> making 


sin 120 ° = , 


2 

CSC 120° = — 7 = 
V3 

or 

2V3 

3 ’ 

cos 120 ° = , or - 

1 

2 

sec 120 ° = 

or 

- 2 ; 

tan 120 ° = or 

-V3, 

cot 120 ° = ^ 
\/3 

or 

-V3 

3 


It is easily seen that we can treat in this way any other angle which 
gives rise to a 30°, 60° right triangle of reference. 




The Functions of 45°, Locate an angle of 45° in standard position and 
form a triangle of reference. The acute angles of this triangle of refer¬ 
ence are each 45° in size, for the acute angles of right triangles are 
complementary. From plane geometry, then, the sides opposite these 
equal angles are of equal length. Thus for convenience, We may select 
a: = 1 , y = 1 , r = \/2- The functions are: 

1 a/2 _ 

sin 45° = or , --iSBtr45° = --- or \/2; 

V2 2 1 

cos 45° = or , sec 45° = or \/2; 

tan 45° = ^ or 1, cot 45° = ^ or 1. 

It is easily seen that the functions of any other angle whose terminal 
side forms an angle of 45° with the x-axis may be evaluated in this way. 

The Functions of 0°. When an angle of 0° is placed in standard posi¬ 
tion, the terminal side of the angle coincides with the positive x-axis 
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(Fig. 4-16). Thus any triangle of reference chosen has its side y = 0 , 
since the perpendicular distance from any point P on the terminal side 
to the x-axis is zero. Such a triangle is often called a degenerate tri¬ 
angle. The other two sides of this degenerate triangle are of equal 
length. For convenience we may select them as r = 1 , x = 1 . Thus 

sin 0 ° = ^ or 0 , esc 0 ® = ^ (which is undefined); 

cos 0 ° = or 1, sec 0 ° = y or 1; 

tan 0 ° = or 0 , cot 0 ° = ^ (which is undefined). 

The definition of esc 0° and cot 0 ° will be discussed further in Chapter 5. 



Fig. 4-16. Fia. 4-17. 

The Functions of 90°, When an angle of 90° is placed in standard 
position, the terminal side of the angle coincides with the positive 2 /-axis. 
Any triangle of reference is degenerate, with the side x = 0 . We may 
conveniently assume that the other two sides, being equal, are both of 
length 1 , that is, y = 1 , r = 1 (Fig. 4-17). Thus: 

sin 90° = ^ or 1, esc 90° = ^ or 1; 

cos 90° = ^ or 0, sec 90° = ^ (which is undefined); 

tan 90° = (which is undefined), cot 90° = or 0. 

The definition of sec 90° and tan 90° will be discussed further in Chap¬ 
ter 5. It is evident that the trigonometric functions of any other quad- 
xantal angle may be discussed and evaluated in the same manner. 

EXERCISES 

In the exercises of this section, assume 30®, 90®, etc,, to mean exactly 30®, 90®, etc. 
Find the six trigonometric ftmetions of each of the following angles. 

1. 150®. 2. 300®. 3. 120®. 4. 240®. 

6. 600®. 6. -210®. 7. -60®. 8. 136®. 

9. 226®. 10. 405®. 11. -45®. 12. 766®. 



4-9] 


FUNCTIONS OF COMPLEMENTAEY ANGLES 


151 


13. 

180®. 

14. 270®. 

16. 360®. 

16. 

1440®. 

17. 

-270®. 

18. 330®. 

19. -30®. 

20. 

^ radians. 

0 

21. 

4x 

—- radians. 

3 

22. radians. 

12 

23. radians. 

4 

24. 

^ radians. 

4 

26. 

—^ radians. 

4 

26. ~ radians. 

2 

27. 3ir radians. 

28. 

V radians. 

29. 

—TT radians. 

30. — radians. 

4 

—If 

31. — radians. 

32. 

—4ir radians. 


Simplify the following trigonometric expressions as much as possible. For example, 
Z . - . Z ■ 

Z sin 30° cos 30° 2 2 4 „ .^3 

l-8m30° 77T- 

2 2 

34. sin* 45° + cos* 45°. 36. sin* 210° + cos* 210°. 




4-9. Functions of Complementary Angles. In trigonometry it is occa¬ 
sionally convenient to speak of the cosine, the cotangent, and the co¬ 
secant as the complementary functions or the co-functions of the sine, 
the tangent, and the secant respectively. Conversely, the sine, the 
tangent, and the secant are called the co-functions of the cosine, the 
cotangent, and the cosecant. Recalling that two angles are said to be 
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complementary if their sum is 90°, we shall now prove the theorem that 
a trigonometric function of an angle is equal in value to the co-function of 
its complementary angle. 

We shall prove the theorem for complementaiy angles which are posi¬ 
tive and IcvSS than 90°. The proof for other angles is very similar and 
need not be taken up here. 

Let ai and a 2 be any two complementary angles which are positive 
and less than 90°. These angles may be placed in standard position, 
and equal distances r may be measured on the terminal side of each 
(Fig. 4-18). The two right triangles of reference formed by using r as 


X 

Fig. 4~18. 

hypotenuse are congruent, for the hypotenuse and an acute angle of one 
are equal respectively to the hypotenuse and an acute angle of the other. 
Since the corresponding sides of congruent triangles are equal, it follows 
that r = r,xi = 2 / 2 > and yi = X 2 . Hence, 


yi 

- 5? 


sm ai = “ 


= cos 0 : 2 ; 

r 

r 



- 2^ 


cos ai = — 


= sin a 2 ; 

r 

r 


. yi 

tan ai = ~ 

X2 

1 

g 

II 

Xi 

y2 


, Xi 

cot ai = — 


= tan 02 1 

yi 

X2 


r 

r 


sec «! = — 

= — 

= CSC 02 ; 

Xl 

2/2 


r 

r 


CSC «! = — 

ssz - 

= sec 02 . 

yi 

X2 





and the theorem is proved. 
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This theorem permits a coasiderable saving of space in compiling 
tables of trigonometric functions, for the functions of angles from 45° 
to 90° may be found by finding the functions of angles from 0° to 45°. 
For example, 

sin 72.3° = cos (90° - 72.3°) = cos 17.7°; 

cos 72.3° = sin (90° - 72.3°) = sin 17.7°; 

tan 72.3° = cot (90° - 72.3°) = cot 17.7°. 

A converse of this theorem is also true in some cases. We shall state 
this converse theorem without proof. 

If two positive, acute angles are known to have a trigonometric function 
of one angle equal to the trigonometric co-function of the other, then the 
angles are complementary. 

This theorem is sometimes used in solving equations. 

Example. Find an angle B for which 

CSC (100® — 40) = sec (20). 

By the above theorem, if 100® — 40 and 20 are acute angles, 

100® - 40 + 20 - 90®, 

-20 - - 10 ®, 

0 - 5®. 

We must check to see if 100® — 40 and 20 are acute angles. Substituting 

0 =- 5®. 

100® - 40 = 80®, 

20 = 10 ®, 

which are both acute and positive. Therefore 0 = 5® is the desir^ angle. 


EXERCISES 


Find a function of another positive angle less than or equal to 90® which has the 
same value as the given function. 


1. cos 66®. 

4 . cot 77®. 

7 . sec 72.36®. 
10 . CSC 69.8®. 
13 . cos 178®. 


2. sin 10®. 

6. tan 2®. 

8. cos 90®. 

11 . CSC 0.013®. 
14 . sin 178®. 


3 . sec 84®. 

6. tan 44.1®. 

9. sin 14.43®. 
12. cot 0®. 

16 . CSC 121®. 
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Detennine from each of the following equations, if possible, a value of $ which 
satisfies the equation. If 6 makes the angles under consideration larger than 90^ 

17. sin (0 + 10®) = cos 0. 

19. tan 36 » cot 2$, 

21. CSC {56 - 6®) = sec {6 - 56®). 

23. sec (30 + 18®) = esc 30. 

25. sec 0 = CSC 90®. 

40® 

27. cot — ~ tan 82®. 

0 

29. tan 89® = cot - . 

0 

31. sin (0 -I- 45®) = cos (70 — 16®). 

33. cos (20 + 31®) = sin (31® -h 20). 

36. cos (0 + 6°) = sin (15® - 0). 

4-10. Tables of Values of the Trigonometric Functions. We have 
already discussed several methods for obtaining the trigonometric func¬ 
tions of a given angle. However, all the methods taken up were either 
inaccurate or restricted to special angles. Consequently, the usual prac¬ 
tice is to compute the trigonometric functions for many angles between 
0 ° and 90® by more accurate methods, which are beyond the scope of 
this book, and to compile these results in the form of a table to which 
the student may conveniently refer. Table 3 in the Appendix is of this 
type. 

This table consists of angles from 0® to 45® listed by tenths of a degree 
in the left-hand column, reading downward, and of angles from 45® to 
90® listed by tenths of a degree in the right-hand column, reading up¬ 
ward. The angles horizontally opposite each other are complementary. 
For example, the angle 3® on the left has opposite it the angle 87®. In 
the four columns between are the sines, the cosines, the tangents, and 
the cotangents of these two angles. The same numbers have been used 
for the fimctiohs of each of the two complementary angles, for as was 
shown in a previous section the functions of an angle are equal to the 
co-functions of its complement. For the angles on the left, the trigono¬ 
metric headings at the top of the table indicate the colunm in which 
each function may be found; the labels at the bottom identify the func¬ 
tions for the angles at the right. 

In general, the tables of trigonometric functions are used for one of 
two purposes: 

1. To find the functional value when the angle is known. 

2. To find the angle when the functional value is known. 


verify the given equation by substitution. 

16. sin 0 = cos (0 + 10®). 

18. sec (50 - 12®) - CSC (2® - 20). 

20. tan 30 « cot (—^0). 

22. cos (0 + 5®) = sin 0. 

24. cot 90 = tan 0®. 

1 ® 

26. sin = cos 89®. 


28. sec 


(t+*>•)- 


CSC 40®. 


80. sin (e +100®) = cos (-106 + 60®). 
32. tan2fl = cot (6tf - 18®). 

34. cos (29 + 31®) = sin (31® - 29). 
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We shall illustrate these procedures separately, by the use of examples. 
1 . Finding the functional values of a given angle. 

Example 1. From the table, obtain cos 21.7®. 

Locate 21.7° at the left on page 692, and note that the cosine is found in the 
fourth column. We obtain 

cos 21.7° = 0.9291. 

Example 2. Find tan 63.6°. 

Since this angle is greater than 45°, it is found in the right-hand column on page 
692, and its tangent, according to the labels at the foot of the page, will be found 
in the third column, giving 

tan 63.6° = 2.014. 


If the angle is given to the nearest hundredth of a degree, as, for 
example, in sin 20.27®, the nearest angle to it in the tables, 20.3®, may 
be used as an approximation. However, if a more accurate approxima¬ 
tion is desired, we may use the process of interpolation. 

Interpolation, in tliis case, is the process of finding a function of an 
acute angle not listed in the table. We assume that for small differences 
in angles, the difference in their trigonometric functions are propor¬ 
tional. This assumption is not absolutely correct, but the subsequent 
error is negligible except for angles very close to 0® and 90®. 


Example 3, By interpolation, evaluate sin 41.74°. 

From the table, the angles between which 41.74° lies have the following sines: 


0 . 10 ° 


[ sin 41.70° = 0.66521 

\d 

sin 41.74°= J 

sin 41.80° = 0.6665 


0.0013 


From the differences of the angles and the functions as indicated by the brackets 
on the left and right respectively, we note that as the angle increases 0.10° the sine 
changes by 0.0013. Therefore, as the angle increases 0.04°, the sine changes by 

d = (0.0013) = 0.00052 units. 

0.10 

Interpolated values are not accurate to more decimal places than values given in 
the table. Therefore we shorten d to four places, that is, to d = 0.0005, and hence 

sin 41.74° = 0.6652 -f 0.0005 = 0.6657. 

To save time, the computation of d can be made by omitting the decimal points, as 
4 

in d = ““ X 13 = 5.2 or 6 units. Then the whole number 5 so obtained is added 

to the fourth decimal place of 0.6652. 

Example 4. Evaluate cos 17.23°. 

From the table 

r cos 17.20° = 0.95631 
3 d 

[cos 17.23° « J 

cos 17.30° » 0.9648 


10 


5 
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Therefore d = 0.3 X 5 = 1.6. The question here arises as to whether to make d = 
1 or 2. In all such cases, we shall adopt the convention of rounding off d to the nearest 
even number. In this case then, d = 2. Noting that the cosine decreases from 
0.9553 to 0.9548, we must in this case subtract d ~ 2 from 0.9553, obtaining 

cos 17.23° ^ 0.9553 - 0.0002 = 0.9551. 


EXERCISES 


From Table 3 in the Appendix find the values of the following functions; use inter¬ 
polation when necessary. 


1. sin 8.7°. 

4. cot 37.2°. 

7. sin 49.1°. 

10. tan 89.9°. 
13. sec 49.0°. 

16. sin 14.23°. 

19. cos 19.84°. 

22. sin 44.44°. 
26. sin 30.17°. 
28. sec 61.97°. 


2. cos 15.5°. 
6. sin 30.0°. 

8. c<xs85.4°. 

11. cos 60.0°. 
14. CSC 31.9°. 

17. sin 55.41°. 

20. cot 72.25°. 

23. cos 44.44°. 
26. cos 59.83°. 
29. CSC 30.17°. 


3. tan 0.9°. 

6. tan 45.0°. 

9. cot 72.2°. 

12. cot 65.7°. 
16. sin 125.2°. 

18. tan 45.00°. 

21. tan 72.25°. 

24. sin 20.05°. 
27. cos 61.97°. 
30. sin 243.13°. 


Evaluate the following expressions; give all results to four decimal places. 


31. sin 14.2° + sin 63.71°. 

33. 3.2 sin 49,84°. 

tan 21,7° 

36.- 

tan 43.1° 


32. 2(7.16) (4.3)(cos 21.26°). * 

3.2 sin 49.84° 

34.- 

sin 37.72° 

36. (sin 32.71°) (cos 77.75°) - 0.01276. 


37. (7.16)2 + (4.3)2 - 2(7,16)(4,3)(cos 21.26°). 


38. 14.71 tan 72.5°. 


39. 105.7 cos 66.72° + 105.7 sin 23.28°. 


40. 


(cot 46.2°)(sin 71.74°)(tan 35.4°) 
24.85(tan 35.4°) 


Evaluate, giving results to the proper number of significant figures. 


41. 2067.2 sin 41.2°. 
tan 43.1° 
tan 21.7° ‘ 

46. 2.0000(7.16)(4.3)(co821.26°). 


42. 9.81 tan 72° - 5.65. 

44. (17.654 cos 31.62°)(sin 17.77°). 

3.2 sin 49.54° 

’ sin 37.72° 


2. Finding the angle having a given functional value. 

Example 6, If tan 6 = 3.398 and B is in the first quadrant, find B, 

The tangents for angles between 0° and 90° are listed in the second and third 
columns of the table. Locating 3.398 in the third column on page 691, we know 
that for this column the label tm is at the bottom. Hence the angle is found in the 
right-hand column and is 73.6°. 
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If the angle cannot be read directly from the table, interpolation is 
frequently used. With four-place tables interpolation for more than 
hundredths of a degree is of no value. 

Example 6. Find 0 in the first quadrant if cos 6 = 0.4302. 

From the table, the cosines between which 0.4302 lies are 

("cos 64.50^ = 0.4305] 

10 "^Lcosi? = 0.4302] 16 

- cos 64.60*^ = 0.4289 _ 

Noting the differences denoted by the brackets, we find that as the cosine changes 
from 0.4305 to 0.4302, the change in the angle will be x = (^)(10) = 1.9. Actu¬ 
ally this change is 0.019° or to the nearest hundredth 0.02°. Thus 

e = 64.5° + 0.02° = 64.52°. 

Where the proportional part :c in a computation comes out to be half¬ 
way between two possible hundredths of a degree, the nearest even 
hundredth is used for x. To illustrate, suppose in a computation 

a; = I . 10 = 7.6 or 0.075®. 

Then the nearest even hundredth, namely, x = 8 or 0.08®, is used. 

EXERCISES 

From Table 3 in the Appendix find the positive acute angle 0 having the given 
functional value. Use interpolation when the given function is not found exactly 
in the table and give 9 to the nearest hundredth of a degree. 

1. sin 9 = 0.15471. 2. cos 9 = 0.9755. 3. tan 9 = 0.3779. 

4. cot 9 = 1.1067. 5. cot 9 = 0.7898. 6. sin 9 = 0.5548. 

7. tan 9 = 2.605. 8. cos 9 — 0.2957. 9. tan 9 = 6.940. 

10. cot 9 = 1.0000. 11. sin 9 = 0.7157. 12. cos 9 = 0.5105. 

13. cot 9 = 0.4899. 14. cos 9 = 0.8126. 16. cos 9 = 0.8128. 

16. cos 9 = 0.8124. 17. sin 9 = 0.8124. 18. cot 9 = 2.209. 

19. sin 9 = 0.4325. 20. tan 9 = 0.3909. 21. tan 9 = 0.3905. 

22. tan 9 = 0.3906. 23. cot 9 = 0.4812. 24. cot 9 = 0.4957. 

26. sin 9 — 0.9280. 26. cos 9 ~ 0.4430. 27. sin 9 = 0.9004. 

28. sec 9 = 6.4152. 29. sec 9 — 2.165. 30. esc 9 = 2.165. 

31. sin 9 = 2.165. 32. cos 9 = 0.0102. 33. cos 9 = 10.000. 

34. tan 6 ~ 10.000. 36. sec 9 = 0.9432. 36. esc 9 = 1.0495. 

4-11. The Functions of Angles not in the First Quadrant. As we 

have seen, tables of trigonometric functions are made up only for angles 
between 0® and 90®. The next problem which arises is the determination 
of the trigonometric ratios of angles which do not lie in the first quad¬ 
rant. It is convenient to develop a method for obtaining the functions 
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of any angle in terms of the fimctions of a positive, acute angle which 
can be found in the table. 

Consider any angle 0 in standard position [Fig. 4-19). In the reference 
triangle (A OP A) of 0, the acute angle a vrith vertex at the origin is called 
the acute angle associated with 0. This angle is always taken as positive. 



Thus, for example, the acute angles associated with 125°, 217°, 331°, 
and —47° are 55°, 37°, 29°, and 47° respectively. It is possible to 
demonstrate that the trigonometric functions of any angle 0 may be 
found in terms of the functions of this positive, acute angle a. 

Consider a second quadrant angle 0, with its reference triangle OPA, 
and the positive, acute angle a associated with 0 (Fig. 4-19). The trigo¬ 
nometric functions of 0 may be found by placing a in standard position 



and constructing its triangle of reference OP'A' with hypotenuse of 
length r. The two triangles of reference are therefore congruent, the 
hypotenuse and an acute angle of one being equal to the hypotenuse 
and an acute angle of the other. Hence the absolute value of each 
fimction of is equal to the corresponding function of a. For examp le, 
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since the sin 9 is positive and the sin a is positive, ^in 0 = sin a. Again, 
since cos 0 is negative and cos a is positive, cos 0 = —cos a. In short, 
if 0 is a second quadrant angle and a is the acute angle associated with 
0 , then: 

0 in Quadrant II 

sin 6 = sin a esc 6 = esc a 

COS0 = —cos a sec 6 = —sec a 

tan 6 = —tan a cot 6 = —cot a 



When 0 is a third or fourth quadrant angle (Figs. 4-20, 4-21), the 
same reasoning is followed, resulting in the relationships: 


0 in Quadrant III 
sin 0 = —sin a 
cos 0 = —cos a 
tan 0 = tana 
cot 0 = cot a 
sec 0 = —sec a 
CSC 0 = —CSC a 


0 in Quadrant IV 
sin 0 = —sin a 
cos 0 — cos a 
tan 0 = —tan a 
cot 0 = —cot a 
sec 0 = sec a 
CSC 0 = —CSC a 


In every case the function of the given angle 0 is equal to the same 
function of the acute angle a associated with 0 , and the proper sign is 
prefixed. 
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Thus we may state the following rule. 

To evaluate the trigonometric function of an angle 0 which is not a posi¬ 
tive acule angle: 

1 . Detd'mine the acute angle a associated with 0j a7id in the table find 
the value of the same function of a, 

2. From the function and quadrant of the given angle 0, determine the 
sign of the final result 

3. The desired trigonometric function of 0 is then given by the number 
found in (1) prefixed by the sign obtained in {2). 

Example 1. Evaluate sin 173.3°. 

Since the sine is positive in the second quadrant, and since the acute angle asso¬ 
ciated with 173.3° is a = 180° — 173.3° = 6.7°, then by the rule, 

sin 173.3° - +sin 6.7°. 

From the tables, sin 6.7° = 0.11667. Therefore, 

sin 173.3° - 0.11667. 


Example 2. Evaluate cos 233.1°. 

Since the cosine is negative in the third quadrant, and since a. = 53.1° is the 
acute angle associated with 233.1°, then by the rule, 

cos 233.1° = -cos 63.1°. 


Since cos 63.1° « 0.6004, cos 233.1° = —0.6004. 

Example 3, Evaluate cot — • 

4 


7x 

Since -7- radians is a fourth quadrant angle, the cotangent is negative. Also, 
4 


^ 77r TT . , - . , . 1 

a = 27r —is the acute angle associated with — 
4 4 4 


Therefore, from the rule, 


It t 

cot — — —cot - = — 1. 

4 4 

Example 4 . Evaluate sin 690°. 

Since 690° is in the third quadrant, and since a = 60°, 


sin 590° = -sin 50° = -0.7660. 


Example 5. Evaluate tan (—38.2) °. 

The angle 6 — (—38.2)° is in the fourth quadrant, and its associated angle a = 
38.2°. Hence, tan (-38.2)° = -tan 38.2° = -0.7869. 


EXERCISES 


Using Table 3 in the Appendix find the value of the following functions, interpo¬ 
lating when necessary. 


1. sin 178°. 

4. sec 166°. 

7. cot 266.2°. 


2. cos 132°. 

6. cos 144.7°. 

8. sin 197.4°. 


3. tan 147°. 
6. tan 211°. 

9. cos 234.4°. 
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10. CSC 200°. 

13. sin 286.9°. 

16. sin 400.1°. 

19. cos (—43.2°). 

22. cot 711.2°. 

26. tan 188.88°. 

28. cos (-416.12°), 


11. cot 311.1°. 

14. cos 359.1°. 

17. cos 511.6°. 

20. sin (-127.2°) 

23. sin 131.27°. 
26. cot 299.17°. 
29. cos 416.12°. 


12. tan 311.1°. 

16. sin 340°. 

18. cos 43.2°. 

21. tan 4691.7°. 

24. cos 188.88°. 

27. sin (-211.26°). 
30. CSC 370.15°. 


Evaluate the following trigonometric expressions to as many significant figures as 
is permissible. 

31. cos 147.21° • cos 214.2° - sin 147.21° • sin 214.2°. 

32. 2.00 • sin 311.71° • cos 311.71°. 33. 2.00 • sin (-75°) • cos (-75°). 

10.7 sin 131.29° 


34. 


sin 11.14° 


36. 13.2 • tan 411.72° 


36. El cos 142.7° - sin (-142.7°). 

37. cos X sin 344.42° -{- sin x cos 344.42°. 

38. 1765 CSC 247.2°. 39. 714.3 cos f^. 

sin - 3.76 cos 

cotW 


4-12. Angles for a Given Trigonometric Fimction. In the preceding 
section it was found that the trigonometric functions of angles not in 
the first quadrant have the same absolute value as the same functions 
of their associated acute angles. We now investigate the inveise pro¬ 
cedure, that is, the determination of all angles, particularly those be¬ 
tween 0° and 360®, having a given trigonometric function. 

If a is a given positive acute angle, then in each quadrant there is 
one angle for which a is the associated acute angle. For example, a 
== 35® is the acute angle associated with 35® (itself), 145®, 215®, and 
325® (Fig. 4-22). Since by the previous section the trigonometric func¬ 
tions of these angles are equal in absolute value to the same functions 
of a, it is obvious that if a is a positive acute angle, then in each quad¬ 
rant there is one and only one angle between 0® and 360® whose trigo¬ 
nometric functions are equal in absolute value to the corresponding 
functions of a. 

Hence, to find all positive angles between 0® and 360° having a giveUy 
signed value for a particular trigonoinetric function: 

1. Find the first quadrant angle a having the given functional value with* 
out regard to sign, 

2. From the sign of the given value and the given function determine the 
quadrants in which the angles may lie. 
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3. In each possible quadrant, find the angle for which a is the associated 
acute angle. 



Example 1, Find all angles 0 between 0° and 360® such that cos O - —0.4540. 

The angle in the first quadrant having 0.4540 as its cosine value is 63®. Since the 
cosine is negative only in the second and third quadrants, we must find the one 
angle in each of these quadrants having 63° as the associated acute angle. The 
desired angles are 

180® - 63® = 117® 

and 

180® -f 63® = 243®. 

If it is desired to find other angles, negative or greater than 360°, 
having cosines of —0.4540, it is merely necessary to find other angles 
having the same terminal sides as 117° and 243°. 

Example 2, Find four other angles satisfying the condition that cos B == —0.4540 
of Example 1. 

Four other angles having the same terminal sides as 117® and 243° are: 

(а) 117® + 360® = 477®. 

(б) 243® -f 360® - 603®. 

(c) 117® - 360® = -243®. 

(d) 243® - 360® = -117®. 

As an abbreviation for the expression is an angle between 0° and 
360°^' we often write 0° < ^ < 360°. If d can be equal to 0° as well, 
we write OP ^ d < 360°. The student may infer the similar meanings 
of the expressions (f <6 ^ 360° and 0° ^ 360°. 
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Example 3. Find 0® ^ < 360® such that sin $ = 0.4325. 

The first qiiadrant angle having a sine of 0.4325 is 25.62®. Since the sine is posi¬ 
tive in the first and second quadrants, the values of d are 

e = 25.62, d = 180 - 25.62® * 154.38®. 


EXERCISES 


In each case find all angles 5, where 0° ^ d < 360°, having the given functional 
value. Interpolate where necessary, giving angles to the nearest hundredth of a 
degree. 


1. sin 6 = 0.4179. 

4. sin 6 = —0.4179. 

7. cot e = -0.9896. 

10. tan d = 0. 

13. tan e = zbl.0686. 
16. sin e = -0.9327. 
19. sin 6 = ±0.4315. 


2. cos 0 = 0.7242. 

6. cos 0 = —0.7242. 



11. cos 0 = ±1. 

14. sin 0 = 0.8970. 
17. tan 0 = -3.436. 

20. CSC 0 = -1.7963. 


3. tan 0 - 1.3916. 

6. tand = -1.3916. 


9. cos 0 = 


V2 


12. sin 0 = ±0.4179. 
16. cos 0 = 0.8970. 
18. cos 0 - ±0.9080. 

21. CSC 0 = ±0.7142. 


22. cos 6 — —0.146. 23. sin 0 = 114.59. 


24. tan© = 114.59. 


In each case find six angles having the given functional value. 

26. sin 0 = 0.4909. 26. cos 0 = -0.8171. 27. tan © = 0.5961. 

28. sin© = —0.8114. 29. cot© ~ —0.6811. 30. cos© = —0.7270. 


Find all angles ©, 0® < © < 360®, which are possible, given that, 
4.62 sin 48.2° 


31. sin © 
Since 


10.72 


sm© = 


sin 48.2® = 0.74.55, 
4.62 X 0.7455 


Thus 


10.72 

© = 18.7® or 161.3® 


- 0.321. 


32. sin© 


7.15 sin 81.21° 
34.02 


1 347 

tan 9 tan 60.84". 


(10.2)* + (7.15)*-(3.76)* . 7.15 sin 81.21“ 

34. cos © = _ _:__ ■ . --36. sin © 


36. cot © 


(2.000) (10.2) (7.15) 
1 


tan 46.25® 


37. cot © 


1.312 

10.72 

71.62 tan 17.85® 


88- tan e - tan 17.85“ 
10.72 

. - tan © _ _ sin 35.4® 

“TTrr “ 6 . 80 - 

4.84 cos 84.77 


39. 17.61 cos © sin 44.1°. 

11.7 
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4-13. Functions of Negative Angles. In Sec. 4-11 we discussed a 
general method for evaluating the trigonometric functions of all angles, 
including those which are negative. In this section we shall develop a 
set of formulas which permit a slightly different approach to the same 
problem when the angles involved are negative. 



Let (—0) be a given negative angle whose terminal side lies in the 
fourth quadrant. Drawing a triangle of reference (Fig. 4-23) with sides, 
r, —a, 6, where r, a, b arc positive, we find 

d T 

sin {—9) =-, CSC i—O) --: 

r a 

(1) cos (-(?) = - , sec {-9) = ^ ; 

r 0 

tan (—9) = — 7 , cot (—9) — — 
b a 

Now, since (—^) is negative, 6 is positive. If 6 is placed in standard 
position and a length r is measured on its terminal side, then the triangle 
of reference for 6 is congruent to the triangle for (—6); and thus the 
sides of the new triangle have the lengths given in the figure. Hence 

sin 0 , CSC ; 

r a 
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( 2 ) 


cosd — -, 
r 

a 

tan 0 = -y 


seed = 


cote = 


r 

b 

a 


Equating the results from (1) and (2): 

sin (—0) = —sin 0 esc (-0) = —csc0 

(3) cos (— 0) = cos 0 sec (—0) = sec 0 

tan (—0) = —tan 0 cot (—0) = —cot 0 

The equations (3)*, which we have proved to hold when (—0) is a fourth 
quadrant angle, can be shown in the same manner to hold for (—^) in 
any other quadrant. 


Example 1. Evaluate the six trigonometric functions of —38.2®. 
Using the proper formulas from (3): 

sin (-38.2)® = -sin38.2®-0.6184. 

C.OS (-38.2)® = cos 38.2® = 0.7859. 

tan (-38.2)® = -tan 38.2® = -0.7869. 

cot (-38.2)® = -cot 38.2® - -1.2708. 


sec (-38.2)® = sec 38.2° = 


1 


1 


CSC (—38.2)® = —CSC 38.2® = 


cos 38.2® 0.7859 

1 1 


sin 38.2® 0.6184 


= 1.2725. 

= -1.6171. 


Example 2. Evaluate cos (—163.7) ®. 

From the proper formula in (3), cos ( — 163.7)® = cos 163.7®, and by Sec. 4-11, 
since the acute angle associated with 163.7® is 16.3®, cos 163.7® = —cos 16.3® = 
-0.9598. Therefore, cos (-163.7)® = -0.9598. 


EXERCISES 

Evaluate the following functions by the methods of this section. 


1. sin (-37.25®). 

4. cot (-142.7°). 

7. sin (-546.2®). 

10. cot (-75.76®). 

13. sin (-2<<> + 10®). 
16. sec (— r). 


2. cos (-37.25®). 

6. sec (-10.1°). 

8. cos (-330.7°). 

11. cos {-28 + 10°). 

14. tan (10® — 2<fr). 


3. tan (-37.25°). 

6. CSC (-90.0°). 

9. tan (-136°). 

12. sin (-29 + 10°). 

16. cot(-0. 
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Prove the following: 

17. 7i sin 0 + 7i sin ( —0) + f7i = -171. 

For example, since sin ( — 0) = —sin 0, the above becomes 
1 1 sin 0 — 7i sin 0 -f %I\ = 

18. 10[cos ( — 0) -f y sin ( — 0)] = 10(cos 0 — y sin 0). 

19. 10[cos 0 — y sin 0] = 10[cos 0 + y sin ( — 0)]. 

( ~ 0 +' ( " 0 ] = ^ I 

21. 5 cos^ = 5 cos (—</>) cos 4>. 

22. If cos (-0) = 0.7181, then ^ = 44.1° or 315.9°. 

23. If sin (-</>) - 0.7181, then 0 = 225.9° or 314.1°. 

24. If tan (-<^) - -0.8332, then <f> = 39.8° or 219.8°. 

25. If tan (-<f>) = 0.8332, then <t> = 140.2° or 320.2°. 



4-14. The Trigonometric Functions for an Acute Angle of a Right 
Triangle. In discussing the trigonometric functions of one of the acute 
angles of a right triangle, it is often advantageous to use a modification 
of the original definitions. 

If a is an acute angle of a right triangle, then 


Side opposite a 

Hypotenuse 

sm a Hypotenuse ’ 

Side opposite a 

Side adjacent a 

Hypotenuse 

cos a Hypotenuse ’ 

Side adjacent a 

Side opposite a 
tan OL — ., , 

Side adjacent a 
cot Ct = —;- 

Side adjacent a 

Side opposite a 


These statements are immediately obvious if the right triangle is placed 
on the coordinate axes with a in standard position, applying the original 
definitions (Fig. 4-24). 



Fia. 4-24. 
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In the following discussions, angles of a right triangle are denoted, as 
a rule, by a, /S, 7 , and the sides opposite these angles by a, 6 , c, respec¬ 
tively. 7 is always the right angle. 


EXERCISES 

Give the six trigonometric functions for each of the acute angles, a and /S, of a 
right triangle having sides: 


1. a == 3, 6 = 4, c = 5. 

3. o = 6, 6 = 8, c = 10. 

6 . a = 40, 6 = 9, c = 41. 

7. a = 6, 6 = 5. 

9. a = 6, c = 13. 

11. a - 2, c * 2v'2. 

13. 6 = 6, c = 6. 


2. o = 7, 6 = 4, c =* \/65. 
4. a = 8, 6 = 15, c = 17. 
6. a = 6, 6 = 6. 

8. a = 10, 6 = 11. 

10. 5 = 7, c = 10. 

12. b - y/7y c = V30- 

14. a = 10, c = 9. 


Obtain a and correct to the nearest hundredth of a degree for the right triangle 


15. Exercise 1. 

18. Exercise 8. 


16. Exercise 5. 

19. Exercise 10. 


17. Exercise 6. 

20. Exercise 12. 


23. 6 = 1, c = 1.6. 


Obtain a and /3 correct to the nearest hundredth of a degree for the right triangle 
having sides: 

21. a « 8, 5 = 7. 22. o = 9, c = 13. 

24. a - 2, 6 = 3. 26. 6 = 30, c = 50. 

26. a ~ 6, 6 = 5 (without finding c). 

27. 6 == 10, c = 14 (without finding a). 

28. a = 16, 6 = 23 (without finding c). 

29. a = 7.6, c = 69 (without finding 5). 

30. 6 == 12, c == 16 (without finding a). 

4-16. The Solution of Right Triangles. 

In plane geometry it is shown that if two 
sides, or one side and one acute angle, of a 
right triangle are given, the triangle can be 
constructed, and the unknown sides and 
angles found by measurement. The same 
results can be obtained much more accu¬ 
rately by means of the modified definitions 
of the trigonometric functions given in ( 1 ) 
of Sec. 4-14. Each of these expressions 
involves three parts of the triangle. By 
selecting an expression involving the two 

known parts and an unknown part which is to be found, an equation 
is obtained which can be solved for the unknown part. 
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Briefly, the following rules can be used in solving for an unknown part 
of a right triangle. 

1. To find the acute angle a, knowing the acute angle /3, use the formula 

a = 90° - iS. 

2. To find an unknown acute angle, knowing two sides but not the other 
acute angle, select from (1) of Sec. 4-14 the proper relation involving 
the unknown angle and the two known sides. 

3. To find an unknown side, knowing one side and one acute angle, from 
tfie relations below select the one most easily used. 

Unknown side = Hypotenuse • Sine of angle opposite unknown side, 

= Hypotenuse • Cosine of angle adjacent to unknown 
side; 

Unknown side = Known side • Tangent of angle opposite unknown side, 

= Known side • Cotangent of angle adjacent to unknown 
side; 

Hypotenuse = Known side -5- Sine of angle opposite known side, 

= Known side *4- Cosine of angle adjacent to known side. 

These relations are merely convenient restatements of those in (1) of 
Sec. 4-14. 


Example 1. Given a right triangle ABC in which a = 10, a = 30®, find c. 

Since the side a and a, the angle opposite, are known, the fifth relation in (3) is 
used, giving 

a 

c — —— 
sin a 


or 



Obviously, in solving a right triangle problem it is advisable to make 
a sketch and carry out the computations in an orderly fashion. Occa¬ 
sionally, it may be necessary to solve a right triangle completely. In 
such work, after all the parts have been found, the Pythagorean theorem 
may be used as a check. The form below is a convenient one to use in 
such problems. 
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Example 2. In the right triangle ARC, a = 7.32, c = 10.67. Find the other 
parts of the triangle. 


(1) Given 
a = 7.32 
c = 10.67 


To find 


Sketch 



Fig. 4-26. 

(2) Formulas: 

a 

(a) To find a, sin a — 

c 

(b) To find pf = 90 — 

(r) To find 6, b = c cos a. 

(3) Substitution and Computations: 

7 32 

(a) sin a = = 0.6860, a = 43.32®. 

(&) ^ = 90 - 43.32® = 46.68®, /3 = 46.68®. 

(c) b = 10.67 X cos 43.32®, b = 10.67 X 0.7276 = 7.763. 

(4) Check: Using the Pythagorean theorem and the rules for computation intro¬ 
duced in Chapter 1, 

a2 -f. 62 = c2. 

(7.32)2 ^ (7.763)2 = (10.67)2 
63.6 + 60.26 = 113.9, 

113.9 = 113.9. 

The check shows the results to be reasonably correct. 


The solution of right triangles has many practical applications, par¬ 
ticularly in obtaining the lengths of inaccessible distances by means of 
angles and other lengths which are more easily measured. In prepara¬ 
tion for these applications, it will be valuable to discuss some of the 
terminology which is frequently used. 
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The acute an^e between the line of sight from the observer 0 to the 
object P and the horizontal line which is in the same vertical plane as 
the line of sight is called the angle of elevation or the angle of depression 



of P from 0, according as P is at a higher or lower elevation (height 
above sea level) than 0. For example, if a man 0 at the top of a hill 
(Fig, 4-27) observes an enemy tank T in the valley below ^ enemy 
plane P in the skj'^ above: Z HOT is the angle of depression of T from 
0; Z HOP is the angle of elevation of P from 0; Z HiTO is the angle 
of elevation of 0 from T; Z H 2 TP is the angle of elevation of P from 
T, etc. 



Fia. 4-28. 


In navigation, if an observer at 0 sights an object W, and ON is the 
line from 0 directly north, then angle NOW, always measured in a clock¬ 
wise direction, is called the bearing of W from (at) 0. Thus (Fig. 4-28), 
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if from a lighthouse 0 the keeper spote a submarine S directly south¬ 
west, then at 0 the bearing of iS is 225°. Also, at 0, the bearings of a 
whale W and a transport T as shown would be 76.2° and 124.7° respec¬ 
tively. 

EXERCISES 


In the following exercises, find the desired parts of the right triangle, giving sides 
and angles to the nearest hundredth. 


1 . 

2 . 

3. 

4. 
6 . 
6 . 

7. 

8 . 
9 . 

10 . 


Given a — 15.76, c = 31.2, find a. 

Given h = 11.05, /3 = 42.3% find a. 

Given a = 762.14, b = 466.66, find a and 
Given a = 46.49, ot = 9.60°, find ^ and b. 
Given 6 = 0.265, a = 83.31 °, find c and a. 
Given a = 1.23, b = 0.076, find a. 

Given a = 76.214, b = 466.66, find a and /3. 
Given a — 145.6, /3 = 74°, find 6 and c. 
Given a = 362.2, c — 271.1 ^ find b and /3. 
Given a = 36.27°, /3 == 47.8°, find a and 6. 


Solve each of the following right triangles for the three unknown parts, giving 
results to two decimal places. It is suggested that the student follow an orderly 
procedure such as the one suggested in this section. 


11. a = 1.72, b = 3.66. 

13. b = 6146, c - 10,112. 

16. b = 21.13, ^ - 11.26% 

17. b = 0.9166, a = 44.78°. 
19. c = 7.426, ^ = 30.7°. 


12. o - 31.34, c « 44.723.* 
14. o = 10.021, « == 67.92°, 
16. a = 110.2, ^ - 17.34°. 

18. c = 7.426, a = 69.3°. 
20. a = 69.3°, /8 - 30.7°. 


By the use of right triangles, find the desired quantities in the following exercises 
to one decimal place. 

21. A 60-ft. ladder resting against a wall makes an angle of 62.7° with the ground. 
How far up the wall does the top of the ladder touch? 

22. A man wishes to measure the height of a tree. To do so, he first obtains the 
angle of elevation of the sun to be 42.7° and then measures the shadow of the tree 
as 126.7 ft. Find the height of the tree. 

23. An insurance company figures that the maximum safe angle which a ladder 
can make with the ground is 66°. What is the shortest ladder a painter should use 
to paint at a height of 60 ft.? 

24. According to Exercise 23, 'will an eloping couple have trouble in using a 30-ft. 
ladder to climb down from a window which is 27 ft. above the ground? 

26. Two buildings are 20 ft. apart. A ladder which is placed 6 ft. from the base 
of one building reaches a height of 42 ft. on that building. How far will the ladder 
reach up the other building if its foot is held in the same position? 

26. An observer in a balloon 900 ft. above a battery X observes that the angle of 
depression of an enemy battery is 21.34°. What is the distance from battery X to 
the enemy battery? 

27. A captive balloon is floating directly above a point A. At point R, which is 
626 ft. from A, the angle of elevation of the balloon is 37.3°. How high is the* 
balloon above Af 
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28. A captive balloon floats 1500 ft. above a point A. At a point B which is 
972 ft. from .4, what will be the angle of elevation of the balloon? What will be the 
angle of depression of B from the balloon? 

29. An observer A is 13,620 ft. due east of an observer B. Simultaneously, they 
observe an enemy bomber directly west. At A and B the angles of elevation of the 
bomber are 20.6° and 33.4°, respectively. What is the altitude of the bomber, and 
how far is it from each observation post? 

30. An engineer wishes to measure the width of a river without getting his feet 
wet. From a point A on the north bank, he sights a point B directly across the river, 
and then measures off on the north bank a distance AC of 500 ft., perpendicular to 
the line AB. He finds the angle ABC to be 67.32°. How wide is the river? 

31. From a 200-ft. tower on one side of a lake, the angle of depression of a boat¬ 
house on the opposite side of the lake is 12.7°. How far is the boathouse from the 
tower? 

32. A vertical antenna 320 ft. high is to be held in position on a level plain by 
guy wires e.x1,ending from the top of the antenna to the ground. If proper precau¬ 
tions against wind resistance require that the angle formed by the guy wire and the 
axis of the antenna be at least 42.5°, find the minimum length possible for each guy 
wire. Also, how far from the base of the antenna must these wires be secured? 

33. According to the mimmum angle of safety given in Exercise 32 as 42.5°, 
determine whether or not guy wires which are 212 ft. long will safely hold a 150-ft. 
antenna tower in place. 

34. What angle does a rafter 25 ft. long make with the horizontal if it attains a 
height of 7.2 ft. at its maximum point? 

36. A railroad track is built on a slope where the vertical rise is 2.4 ft. for a hori¬ 
zontal distance of 100 ft. At what angle with the horizontal is the track built? 

36. A boat .4 is 12 miles directly north of a lighthouse B and directly west of 
town C. If the lighthouse is 17.2 miles from the town, find the bearings of A and 
C from B, Of A and B from C; of C and B from A. 

37. If a boat travels west from a town for a distance of 7.2 miles and then turns 
and goes directly north for 1.16 miles, what is the bearing of the town from the 
boat? 

38. A boat at A finds that the bearing of two other boats S and C are 212.2° and 
252.4°. If the bearing of R at C is 162.4°, find the bearings of A and C from B. 
If BC = 8.6 miles, find the distance of A from B and C. 

39. Two P.T. boats set out from a dock at the same time. The first boat bears 
22.7°, traveling at 60 m.p.h. The second bears 112.7° at a rate of 40 m.p.h. After 
16 minutes, how far apart will the boats be? What will be the bearing of the first 
boat from the second? 

40. A boat is traveling due southwest at 20 m.p.h. At 9 a.m. the bearing of a 
lighthouse A is 168.8°. At 10:15 a.m. the bearing of the lighthouse is 78.8°. How 
far was the boat from the lighthouse at 9 a.m.? 

41. A Curtiss P-40, traveling on a straight line, climbs 1750 ft. while making an 
airline distance of 4 miles. Find the angle of climb. 

42. A flying fortress is approaching its home base at an altitude of 10,000 ft. 
When 12 miles away the plane begins to descend. If the plane flies in a straight 
line, what angle must its line of flight make with the horizontal in order to be at 
an altitude of 100 ft. when it reaches the field? 

• «43« A fighter plane can climb at an angle of 27° while making 210 m.p.h. How 
long will it take for the plane to reach an altitude of 16,000 ft.? 
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44. How much fence will a farmer need for a field which is in the shape of a right 
triangle if the shortest side is 300 yd. long and makes an angle of 52° with the longest 
side? 

46. Two men wish to climb to a hilltop which is 2050 ft. above the point from 
which they start. If one man takes a road which slopes upward at 21° and the 
other takes a road which has a slope of 34°, give the distance each will travel in 
reaching the top. 

46. An observation plane flying at 2000 ft. notes an enemy battery due south 
with an angle of depression of 42° and a friendly battery due north with an angle of 
depression of 22°. Assuming that the batteries are on the same horizontal plane, 
what is the distance between them? 

47. An observer is located at the top of a cliff 315 ft. above his battery on the 
beach below. He sights a group of enemy landing barges with an angle of depression 
of 11°. At what range should his battery start firing immediately? If 2 minutes 
later the angle of depression is 23°, how fast are the barges approaching the battery? 
How soon will they reach the shore? 

48. An observer sights a squadron of enemy planes coming directly toward him. 
He finds that the angle of elevation is 5.2° and that they are fljnng at 10,000 ft. 
Exactly 5 minutes later, their angle of elevation is 11.5° and altitude still 10,000 ft. 
How far have the planes come between observations? What is their speed in m.p.h. 
and in how many minutes will they be directly overhead? 

49. A radio tower stands on top of a building. From a point 2400 ft. from the 
base of the building, the angles of elevation of the top of the building and the top 
of the tower are 24.7° and 31.2° respectively. How high is the building? the tower? 

60. A P.T. boat sets out from a dock A, bearing 276.7° at 50 m.p.h. Ten minutes 
later a second P.T. boat sets out from dock A, bearing 310° at 45 m.p.h. What 
will be the distance between the boats half an hour after the second boat leaves 
the dock? 

61. An engineer wishes to build a bridge across a river. He has a choice of two 
bridge heads, A and R, on the south bank but only one point C on the north bank. 
To find the distances AC and R(7, he measures the distance AB - 655 ft., and the 
angles ABC = 90.0°, BAC = 32.7°. What will be the lengths of AC and BCf 

62. A navigator in a plane observes two cities A and B both directly south. The 
angles of depression of A and B are 32.7° and 45.3°. If A and B are known to be 
11.6 miles apart, how high is the plane and how far is the plane from each of the 
cities? 

63. An aircraft carrier sights a group of planes, bearing 172.3°, angle of elevation 
6.3°. Thirty seconds later the planes, still at the same altitude, are observed to 
have a hearing of 172.3® and angle of elevation of 26.2°. What is the apparent 
objective of the planes and how soon will they reach it? 

64. What will be the width, measured from one face to the opposite face of an 
octagonal machine nut, if each face is 0.425 in. long? What will be the width meas¬ 
ured from one corner to the opposite corner? 


PROGRESS REPORT 

In this chapter the trigonometric functions of an angle were intro¬ 
duced as certain ratios which were defined after placing the angle in 
standard position on a rectangular coordinate system. There are only 
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a few angles for which the trigonometric ratios can be found by geo¬ 
metrical considerations, and therefore tables must be used from which 
the values of the trigonometric functions can be taken. These tables 
^ve, as a rule, the functions for angles between 0° and 45°, but a few 
tlieorems about the trigonometric fimctions of complementary and re¬ 
lated angles permit us to find from these tables the functions of any 
angle. 

The last few sections of this chapter discussed the solution of right 
triangles, one of the most important applications of the trigonometric 
functions. 

Two other topics discussed in this chapter are particularly worth 
mentioning. The first is the possibility of measuring an angle in different 
units and the examination of the two most frequently used units: the 
degree and the radian. The second topic is the interpolation between 
two values given in a table, which is not only used for trigonometric 
tables but in all cases where numerical tables are used and values have 
to be found which are between two values in the table. 



CHAPTER 5 


THE GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 

In Chapter 3, the graphs of various types of functions were studied. 
It was shown there how useful the graphs are in revealing properties of 
functions. In the present chapter, we shall see that the trigonometric 
ratios are functions and we shall plot their graphs and study their prop¬ 
erties. We shall also study the graphs of various combinations of trigo¬ 
nometric functions. 

A knowledge of the trigonometric functions and their graphs is a very 
important basis and tool for much scientific and engineering work. Al¬ 
most all electric current is generated by rotating machines which pro¬ 
duce alternating voltages. These voltages alternate like the sine func¬ 
tion and are called sine wave voltages or sinusoidal alternating volt¬ 
ages. The pendulum of a clock swings back and forth sinusoidally. 
Sound waves can be analyzed as a combination of superimposed sine 
waves. Vibrating strings, reeds, and diaphragms execute motions which 
can be resolved into sine waves or combinations of sine waves super¬ 
imposed on each other. The sound track recorded at the edge of a 
motion picture film is a representation of a group of such superimposed 
sine waves. Radio stations send out electric waves composed of vary¬ 
ing combinations of sine waves. Receiving sets pick up and change 
these waves into the sound we hear from the loudspeaker. 

6-1. Introduction. The six trigonometric ratios were defined in the 
preceding chapter for every angle. Thus the sine ratio defines a corre¬ 
spondence between angles and numbers as follows. To every angle 
there corresponds a certain niunber, termed the sine of the angle. A 
similar correspondence between angles and numbers is defined by each 
of the other five trigonometric ratios. 

In order to measure an angle, a unit of measurement must be chosen. 
In Sec. 4-3, two different units were discussed, the degree and the 
radian, and the relation between them was given by the formula 

(1) 1 degree == radians. 

Thus if 0 is any number, 

(2) « degree.radian.. 
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When it is important that a given expression indicate the units of 
angular measure, we make use of the following agreement, which is 
adopted for the sake of convenience. 

Consider an angle which contains x units. 

(a) If the unit is the degreey the measure of the angle is written with the 
degree sign (®), as x^. 

(b) If the unit is the radiaUy the measure of the angle is written without 
any sign^ as x. 

Thus relation (1) can be written 


(3) 

and relation (2) as 




IT 

180 


(4) 



From (4), for example, 90® can be given in radians by 90® = 


TT 


• 90 


= ~ = 1.5708. 

2 

In trigonometric relations in which the unit of angular measurement 
is of no immediate interest, as in Chapter 10, the convention given above 
is ignored. 

6-2. The Graph of y = sin x. To each angle, and therefore to the 
number giving its measure, there corresponds a number which is the 
sine of the angle. Therefore, the functional notation and the graphical 
representation given in Chapter 3 can be used. Thus, if x® denotes a 
variable angle measured in degrees, y = sin x® is a function of the angle 
X®, and we may write 

y = /(^°) = shi X®. 


The graph of the function y = sinx® can be drawn (see Fig. 5~1), 
using the values given in the following table. 



1 

i 

o 

o 

g 

1 

-120^ 

-90 

-60’’ 

1 

o 

o 

0° 

30" 

60" 

90" 

120" 

150" 

180" 

sin x° 

0 

-0.50 

-0.87 

-1.00 

-0.87 

-0.50 

0 

0.50 

0.87 

1.00 

0.87 

0.50 

0 


In finding the above table of values for sin x®, the angle x® was meas¬ 
ured in degrees. In this chapter, however, we shall use almost exclu¬ 
sively the radian measure of an angle, since this is more convenient for 
theoretical demonstrations and very useful in practical work. 
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Fig. 5-1. 


If X is an angle measured in radians, 1 / = sin x is a function of the 
angle x and we have, as above, 

y = /(^) = sin X, 

The graph of the function !/ = sin r will now be plotted from a table 
of values in which the angle x is measured in radians. In order to con¬ 
struct such a table of pairs of numbers from which to plot the graph of 
y = sin X, it is convenient to pick the values of x corresponding to the 
principal angles. Without using the tables in the appendix, the values 
of y can be found by the method explained in Sec. 4-8. The table of 
values from which the cui've of Fig. 5-2 was plotted is given below. 


z 

y 

X 

y 



7x 

1 

0 

0 = 0.000 


- - = -0.500 



6 

2 

IT 

1 

5x 

a /2 

— 

- = 0.500 


- —- = -0.707 

6 

2 

T 

2 

T 

a /2 

^ = 0.707 

4x 

a/3 

- — * -0.866 

4 

2 

3 

2 

X 

^ = 0.866 

3x 

-1 = -1.000 

3 

2 

¥ 


IT 

1 * 1.000 

5x 

_ = -0.866 

2 


's 

2 

2x 

\/3 

^ = 0.866 

7x 

- ^ = -0.707 

3 

2 

T 

2 

3x 

\/2 

llx 

1 


— = 0.707 


-- -0.500 

T 

2 

"e" 

2 

6 

1 « 0.500 

2x 

0 « 0.000 

X 

0 « 0.000 
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6-3. The Graph of y = cos *. The curve is shown in Fig. 5-4. The 
reader should construct a table of values and verify, by plottii^ the 
curve himself, that the curve shown is the correct one. That the pattern 



of the curve repeats is shown in Fig. 5-5. From these graphs it is seen 
that the maximum value of the function is +1 and the minimum value 
is -1. 



6-4. The Graph of y = tan x. A table of values of y for values of x 
corresponding to the principal angles is given below. The reader should 
verify the values given in this table by the method of Sec. 4-8. 

An examination of this table reveals that if the graph is to be accu¬ 


rately drawn for values of x between ^ and —, 


the behavior of the 


180 GRAPHS OF TRIGONOMETRIC FUNCTIONS [5-4 


TABLE 1 


X 

IT 

^ 2 

TT 

“ 3 

TT 

4 

TT 

6 

0 ‘ 

ir 

6 

ir 

4 

y 

Not defined 

-1.732 

-1.000 

-0.577 

0.000 

0.577 

1.000 


X 

TT 

3 

TT 

2 

27r 

3 

Sir 

T 

57r 

¥ 

TT 

7ir 

y 

1.732 

1 

Not defined 

-1.732 

-1.000 

-0.577 

o.oOo 

0.577 


X 

5t 

*4 

47r 

3 

3ir 

¥ 

57r 

3 

77r 

4 " 

llrr 

"e" 

27r 

. y 

1.000 

1.732 

Not defined 

i 

-1.732 

-1.000 

-0.577 

0.000 


function in this interval must be studied in greater detail. In order to 
investigate the behavior of this function here, Table 2 is constructed 



TABLE 2 



TABLE 3 



CORRESPONDINQ 



Corresponding 



Angle in 



Angle in 


X 

Degrees 

y 

X 

Degrees 

y 

1.047 

60° 

1.732 

2.094 

120° 

-1.732 

1.222 

0 

0 

2.747 

1.920 

110° 

-2.747 

1.309 

75° 

3.732 

1.833 

0 

0 

-3.732 

1.396 

80° 

5.671 

1.745 

100° 

-5.671 

1.449 

83° 

8.144 

1.693 

97° 

-8.141 

1.484 

0 

00 

11.43 

1.658 

95° 

-11.43 

1.618 

87° 

19.08 

1.623 

93° 

-19.08 

1.636 

88° 

28.64 

1.606 

92° 

-28.64 

1.563 

0 

0 

00 

57.29 

1.588 

91° 

-57.29 

1.562 

89.5° 

114.6 

1.580 

90.5° 

-114.6 

1.667 

89.8° 

286.6 

1.574 

90.2° 

-286.5 

1.6706 

89.99° 

5730. 

1.6710 

90.01° 

-5730. 


from tables of trigonometric functions. By the method of Sec. 4-11 
it is possible to obtain Table 3 from Table 2. 
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From the above Table 2, as a: approaches ^ = 1.570796 from the left, 

TT 

through values less than - , tan x increases very rapidly, getting 

dU 

T 

extremely large when x is close to Similarly, from Table 3, as x 


TT TT 

approaches - from the right, through values greater than ~ , tan x de- 
2 2 

creases very rapidly, assuming extremely large negative values when x 



Fig. 5-6. 


w TT 

is close to - • Since tanis not defined, we conclude that the curve is 
2 2 

not connected over this point. Discussions paralleling this one can be 

TT S'JT 

given for the behavior of tan x near x = — and x — The curve 

z z 

is plotted in Fig. 5-6. A dotted line is drawn perpendicular to the x-axis 
at each point where tan x is not defined. 

To describe the behavior of the function y = tan x for values of x 

close to ^ we say that the function tan x becomes 'positively infinite cls x‘ 
Z 

approaches ^ from the left, and that it becomes negatively infinite as x ap- 

z 


proaches - frem the right. It is also sometimes stated by saying that 
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tan X approaches positive infinity as x approaches - from the left. The 

phrase positive infinity can be replaced by the symbol + oo, and then 
the second statement given above, while read as before, can be written 


as tan x approaches +oo as x approaches - from the left. Similarly we 

JU 


can write that tan x approaches — oo as a; approaches - from the right. 

A 

In general a function /(a?) may show, in the neighborhood of a point 

TT 

Xq, a behavior similar to that of tan a; at x = - , in four ways. 

A 

(a) fix) may become positively infinite as x approaches xq from both 
the right and the left (Fig. 5-7a). 



Fig. 6~7. 


(6) fix) may become negativel}^ infinite as x approaches Xo from both 
the right and the left (Fig. 5-76). 

(c) fix) may become positively infinite as x approaches xo from the 
. left and negatively infinite as x approaches xq from the right (Fig. 5-7c). 

id) fix) may become positively infinite as x approaches xq from the 
right and negatively infinite as x approaches Xo from the left (Fig. 5-7d). 

In all these cases the absolute value of fix) becomes positively infinite 
as X approaches xo from both right and left. In all these cases we say 
that fix) becomes infinite or approaches infinity at the point xq. [We 
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(Abreviate this statement by the notation f{xo) = <».] Thus we may write 

IT 

tan - = and the graphs in the next section will show that cot 0 = oo, 

JU 


sec “ = 00 , and esc 0 = oo. 

The symbol oo is not a number. It furnishes simply a convenient abbre¬ 
viation which can he used in describing the behavior of a function. 

6-6. The Graphs of the Cotangent, Secant, and Cosecant Curves. 

The graph of y = cot x is shown in Fig. 5-8. A discussion similar to 



that for the tangent curve can be made to establish that the function 
has the graph shown. Similar discussions apply for the functions y = 
sec X and y = esc x, whose graphs are shown in Fig. 5-9 and Fig. 5-10 
respectively. 


EXERCISES 

1. Verify that Fig. 5~3 gives the correct graph of y — sin x by extending the table 
of values in Sec. 6-2 to include values of x between --27r and 0, and between 27r and 
6ir. . Use the values of x corresponding to the principal angles in setting up the table. 
Explain why the pattern of the emve given for x between 0 and 2t is repeated to 
the right and left. 
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2. Construct a table of values for y » cos x for the same values of x given in 
the table in Sec. 6~2. Measure off these values on Fig. 5-4 to verify that this curve 
is correctly plotted. 

3. Extend the table of values for y = cos a; obtained in Exercise 2 to include 
values of x between -“27r and 0, and between 27r and Gtt. Use the values of x corre¬ 
sponding to the principal angles in setting up the table. Use this table to verify 
that Fig. 5-5 is correctly drawn. Explain why the pattern of the curve given for 
X between 0 and 2t is repeated to the right and left. 

4. Verify Table 1 of Sec. 5-4 by constructing the principal angles corresponding 
to the given values of x and by finding from these figures the values of tan x. 


6. Study the behavior of tan x between ^ and ~ by constructing tables like 

o 3 


Table 2 and Table 3 of Sec. 5-4. What conclusions do you draw from this data? 
Verify that Fig. 5-6 agrees with your conclusions. 

6. Prepare a table of values for y = cot a; like Table 1 of Sec. 5-4. Measure off 
the values you obtain on Fig. 5-8 to verify that this curve is correctly plotted. 


7. Study the behavior of cot x between — •- and - by constructing tables like 

6 6 


Table 2 and Table 3 of Sec. 5-4. Does Fig. 5-8 bear out your conclusions from 
these tables? 


8. Prepare a table of values for y =* sec a; like Table 1 of Sec. 5-4. Measure 
off the values you obtain on Fig. 5-9 to verify that this curve is correctly plotted. 

TT 27r 

9. Study the behavior of sec a; between - and by constructing tables like 

3 3 


Table 2 and Table 3 of Sec. 5-4. Does Fig. 5-9 bear out your conclusions from 
these tables? 

10. Prepare a table of values for y = esc a; like Table 1 of Sec. 5-4. Measure 
off the values you obtain on Fig. 5-10 to verify that this curv6 is correctly plotted. 


11. Study the behavior of esc x between — ^ and ^ by constructing tables like 

6 6 


Table 2 and Table 3 of Sec. 5-4. Does Fig. 5-10 bear out your conclusions from 
these tables? 


Plot the curve of each of the following functions on a full page^ using exactly the 
same units on both axes. To plot the curves, make a table using the values of x 

corresponding to the principal angles between — ^ and 

12. y sin x, 13. y =» cos x, 

14. y = tan x, 16. y = cot x. 

16. y = sec X. 17. y « esc x. 

5-4. The Trigonometric Functions as Coordinates of Points. Con¬ 
sider the angle B in standard position shown in Fig. 5-11, B being meas¬ 
ured in radians. The terminal side of B which falls in the first quadrant 
intersects the circle with unit radius and center at the origin at P(x, y). 
This circle is called the unit circle. By dropping the perpendicular PL 
from P to the x-axis we obtain a triangle of reference OPL for the angle B, 
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Now, since the circle has unit radius, r = = 1, and the arc 

PM has length 6, then by definition 

sin ^ = - = I = y, 
r 1 

„ X X 
cos 5 = - = - = X. 
r 1 

Th'us the ordinate of P is sin 0, the abscissa of P is cos d, and we can write 
P(cos 6, sin $). The argument and its results are precisely the same 
regardless of the quadrant in which the terminal side of 6 falls. The 
reader may verify this by repeating it exactly as given above in connec¬ 
tion with the triangles OPL in Fi^. 5-12, 5-13, and 5-14. 

At M, the intersection of the unit circle and the positive x-axis, erect 
a perpendicular. The intersection of this perpendicular and the terminal 
side of 6 is Q{xi, y\). By a theorem of plane geometry QM is then 
tangent to the circle. We see also that *1 = 1. These statements apply 




Fig. 5-12. 
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to Figs. 5-11, 5-12, 5-13, and 5-14. Now, in Fig. 5-11 and Fig. 5-14, 
the triangle OQM is a triangle of reference for 6. Then 


tan 0 = — 

Xl 


yi 

1 


= yi- 


In Figs. 5-12 and 5-13, erect a perpendicular at T, the intersection of 
the unit circle and the negative 2 ;-axis. Let the intersection of the 



terminal side of 0 and this perpendicular be S(x 2 , y^. We see that 
X 2 = —1, and that the triangle OST forms a triangle of reference for 0. 
Then 

4. a 

tan 0 = — = —7 = —y 2 - 


X2 


-1 


Obviously triangle OST is congruent to triangle OQM, consequently the 
side ST has the same length as the side MQ. Then the ordinate of Q 
and the ordinate of S have the same absolute value but differ in sign, 
or yi = —y 2 . Since this is so, 

tan = -y 2 = yi. 

Hence in all four cases, 

tan 0 = yi, 

or the ordinaie of Q is tan 0, and we may write Q(i, tan 0). 
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At Nf the intersection of the positive 2 /-axis and the unit circle, erect 
a perpendicular. The intersection of this perpendicular and the ter¬ 
minal side of 6 is R{xzj 2 / 3 ). We see that RN is tangent to the circle, 
and that for any 0, 2/3 = 1* It can be shown easily that triangle OPL 
is similar to triangle ORN, Using triangle OPL as a reference triangle 
for By 

cot 0 I = 
or 

I cot (91 = I 0:3 I. 

In the first and third quadrants C 0 t B is positive, and we see that xz is 
positive from Fig. 5-11 and Fig. 5-13; in the second and fourth quad¬ 
rants cot B is negative, and we see that 0:3 is negative from Fig. 5-12 
and Fig. 5-14. Since | cot ^ | = | 1, and xz and cot B have always* the 

same sign, we may write 

cot B = X 3 . 


X 


NR 


Xz 

y 


ON 


1 


Thus the abscissa of R is cot By and we can write R{cot Byl). 

The reader can show easily that sec B equals the length of OQy if we 
measure OQ as positive when Q and P are on the same side of the origin 
and as negative when the origin lies between P and Q. It can also be 
shown that esc B equals the length OR, if we measure OR as positive 
when R and P are on the same side of the origin and as negative when 
the origin lies between R and P. 

In summary, we have: 

sin B equals the ordinate of the point where the terminal side of B intersects 
the unit circle, 

cos B equals the abscissa of the point where the terminal side of B intersects 
the unit circle, 

tan 6 equals the ordinate of the point where the terminal side of B inter¬ 
sects the line which is tangent to the unit circle at the point where this circle 
intersects the positive x-axis, 

cot B equals the abscissa of the point where the terminal side of B inter¬ 
sects the line which is tangent to the unit circle at the point where this circle 
intersects the positive y-axis, 

sec B equals the length of the segment from the origin to the point where 
the terminal side of B intersects the line which is tangent to the unit circle 
at the point where this circle intersects the positive x-axis, this length being 
positive if 6 terminates on this segmenty negative otherwise, 

CSC B equals the length of the segment from the origin to the point where 
the terminal side of B intersects the line which is tangent to the unit circle 
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at the point where this circle 
intersects the positive y-axis, 
this length being positive if 6 
terminates on this segment^ 
negative otherwise. 

In this way all the trigo¬ 
nometric functions can be 
interpreted as line lengths, 
indicated by the dark lines on 
the figures. This interpreta¬ 
tion is called the line repre¬ 
sentation of the trigonometric 
functions. 

Historically, definitions of 
the trigonometric functions 
were given much as we have 
established them in this sec¬ 
tion long beforcj the ratio 
definitions were established. 
The origin of the names tan¬ 
gent and secant becomes 
apparent from this interpre¬ 
tation of the functions. It 
also indicates why the trigo¬ 
nometric functions arc called 
the circular functions. This 
graphical representation of 
the functions will be of much 
use in studying their proper¬ 
ties. 

6-7. Geometrical Method 
of Plotting the Graphs of the 
Trigonometric Functions. 

The information developed 
in the preceding section can 
be used very effectively in 
constructing the graphs of 
the trigonometric functions. 
To illustrate, we shall plot 
the graph of 2 = sin B, Place 
the x-y coordinate system 
and the z-d coordinate system 
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(as shown in Fig. 5-15) so that the a;-axis and the ^-axis are on the same 
line. Then use the same unit on the axes of both coordinate systems. 
Draw a unit circle with center at the origin of the x-y system. Now if 
an angle 6 is drawn in standard position on the x-y system, sin B is the 
ordinate of the point where the terminal side of B intersects the unit 
circle. Thus this ordinate value is the distance above the ^-axis at 
which the point of the graph of z = sin B should be found which corre¬ 
sponds to the number B on the ^-axis. The graph is constructed as 
shown in Fig. 5-15. 


Consider, for example, ^ The terminal side of this angle inter¬ 

sects the unit circle at P. Draw a line through P parallel to the hori¬ 


zontal axes. Draw another line perpendicular to the ^-axis at ^ 

4 

The intersection Q of these two lines is a point on the graph of z = sin B. 

This method, with suitable modifications, may be used to plot each 
of the trigonometric functions. 


EXERCISES 


Use the method described in this section to plot the graphs given in the exercises 
below. Plot each graph on a full page, using ruler and compasses. 

1. Plot the graph of z =* sin 0, as shown in Fig. 5-15. 

2. Plot the graph of z == cos 6 . In order to use the method described, it will be 
convenient to rotate the x- and t/-axes of Fig. 5-15 through -f-90®. 

3. Plot the graph of z = tan $. 

4 . Plot the graph of z = cot 6 . It will be convenient to use the same arrange¬ 
ment of axes as in Exercise 2. 

6. Plot the graph of z = sec 6 . In this case a direct construction cannot be made 
as in the previous exercises. However, a compass or divider can be used to transfer 
the distances from diagram to graph. 

6. Plot the graph of z = esc 0 . The remarks in Exercise 5 apply here. 


6-8. Variation of the Trigonometric Functions. From the graph of 
the sine function in Fig. 5-2, it is apparent that as 0 increases from 0 to 

X X 

- , sin 0 increases from 0 to 1. As B increases from - to x, sin B decreases 


3x 

from 1 to 0. As B increases from x to — , sin 0 decreases from 0 to —1. 


As 6 increases from — to 2ir, sin 6 increases from — 1 to 0. These facts 

should be carefully verified also from figures like those of Figs. 5-11, 
5-12, 5-13, and 5-14. Figure 5-15 can also be used in this connection. 
Similar studies will verify the information in the following table. 
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From 

To 

From 

To 

From 

To 

From 

To 

0 

0 ^ 

TT 

Stt 

’T "TT 

Stt 

-- 2ir 

sin 0 

2 

0 1 

2 

1 0 

2 

0 -1 

2 

-1 0 

cos 0 

1 

0 

0 

-1 

-1 

0 1 

0 

1 

tan 0 

0 

-f-oo 

— 00 0 

0 

-f-00 

— 00 0 

cot 0 

+ 00 

0 

0 — 00 

+ 0O 

0 

0 — 00 

sec 0 

1 

-f 00 

— 00 —1 

— 1 — 00 

+ 00 

1 

CSC 0 


1 

1 

-f 00 

— 00 —1 

— I —■ QO 


EXERCISES 

1 . Make a table of the variations of the trigonometric functions like the table 
of Sec. 6-8 as Q ranges from 2ir to 47r. Compare this table with the table in Sec. 
6-8. Explain the similarities you notice. 

2 . Make a table as directed in Exercise 1 as 0 ranges from —2^ to 0, and discuss 
as above. Explain the similarity of the tables arrived at in Exercises 1 and 2. 

6-9. Amplitude of the Sine and Cosine. This chapter has indicated 
that the largest value assiuned by sin B and cos ^ is + 1 , and that the 
smallest value assumed by these functions is — 1 . Thus the maximum 
absolute value of these functions is + 1 . 

Consider the fimction 
( 1 ) z = Ami. 0 

where is a constant. By this relation the values of sin 6 are multi¬ 
plied by A, and hence the graph of (1) is obtained by plotting the usual 
sine curve with the ordinates multiplied by A. Since the maximum 
absolute value of sin d is 1, the maximum absolute value of A sin 9, 
called its amplitude or peak value, is ] .4 ]. In like manner the ampli¬ 
tude of A cos B is also [ A j. 

The maximum absoltde value of z — A sin B or z = A cos B, called the 
amplitude, fs | A |. 

Since the other trigonometric fimctions become both positively and 
negatively infinite, it serves no useful purpose to define an amplitude 
for these functions. 

The graph of z — A sin B or z = A cos B can be drawn by simply 
sketching the usual sine or cosine curve with the ordinates multiplied 
by A. Since the general shapes of these curves are well known, the 
sketch can be made very easily without plotting any points. Care should 
be taken, however, that the curves cross the horizontal axis in the proper 
places. Similar remarks apply to the other functions. 
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Example 1. Sketch the graph of « « 3 sin 

The amplitude of this function is 3, and the ordinates of its graph are 3 times 
those of the usual sine curve. Hence we can sketch the curve by drawing a sine 
curve, making it 3 times as tall as usual. The graph is shown in Fig. 5-16. 



Example 2. Sketch the graph of 2 « — ^ cos B, 

The amplitude of this function is Since the minus sign is present, the cosine 
curve is turned upside down, with its ordinates halved. The graph is shown in Fig. 
5-17. 



EXERCISES 


State the amplitude of each function, if it has one. Sketch the graph of each 
function, labeling the axes carefully, especially those points at which the curve crosses 


either axis. 



1. 2 « 2 sin B, 

2. 2 = — sin 6, 

8. 2 » 3 cos B. 

4, 2 » —2 cos 

5. 2 5 sin 

6. 2 » i cos B, 

7. 2 « — ^ sin 

8. 2 » 10 cos B, 

9. 2 » —6 cos (?. 

10. 2 * —4 sin B, 

11. 2 » 3 sin B, 

12. 2 » 10 sin 

18. 2 » 2 tan B, 

14. 2 ■= —3 tan B. 

15. 2 « ^ sec 0. 

16. 2 « 4 CSC B, 

17. 2 « 2 cot B. 

18. 2 » 5 cot 6. 

19. 2 » —3 sec B, 

20. 2 » 4 sec d. 

21. 2 =■ —2 CSC B, 

22. 2 « — cot B. 

28. 2 *» —3 cot B, 

24. 2 « —10 sec 



194 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


[ 5-10 


6-10. The Periods of the Trigonometric Functions, We have already 
noticed that the pattern of certain parts of the graphs of the trigono¬ 
metric functions is repeated in other sections of the graph. This para¬ 
graph will study this phenomenon more closely. The discussion will be 
based upon the following definition. 



U /(^) swc/i that f{x -f P) = f(x) for all values of x, then f{x) is 
said to be periodic and have a period P. The smallest positive period is 
called the fundamental period. 

Figure 5-18 shows that 6 and 0 + Ztt have the same terminal side. 
This terminal side cuts the unit circle at Q, and the ordinate of Q is then 
sin 6 and also sin (fi + 27r). Hence sin 6 = sin (0 + 2t), and since Fig. 
6~18 gives us representatives of all possible positions of the terminal 
side, this equality is true for all values of 9, Hence sin 6 is periodic with 
period 2v, 

It can also be shown that sin B has period — 27r, 47r, Gtt, and in general 
any integral multiple of However 2ir is the smallest positive number 
which is a period of sin 6, and hence 2^ is the fundamental period of sin B. 

Similar arguments will establish the information given in the table 
below. 

Funetion sin 6 cos $ tan 6 cot 6 sec 6 esc 0 

Fundamental period 2*- 2ir » v 2w 2ir 
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Since we are most often concerned with the fundamental period of a 
trigonometric function, the adjective fundamental is often omitted, 
the context indicating the proper meaning to be attached to the term 
‘^period/’ 

Consider the curve z = sin 6 in Fig. 5-19. Since the equation 
sin {d + 27r) = sin 6 holds for all values of 0, the* ordinate at d on the 
graph is the same as the ordinate at {B + 2ir). In this way we see that 
the curve between any angle a and a + 27r is repeated between (a + 2ir) 
and (a + 4x). Thus any section of horizontal length 27r can be used 



as a pattern for the rest of the curve. The period of the other trigo¬ 
nometric functions may also be interpreted in this way. The reader 
should construct figures for the other functions like Fig. 6-19, using the 
fundamental periods. 

EXERCISES 

By using the line representation of the trigonometric functions as in Fig. 5-18» 
show that the following functions have the periods given. 


1. sin 0, 27r. 

2. COS 0y 2x. 

3. 

tan By IT. 

4. cot 0, TT. 

6. sec 0, 2x. 

6. 

CSC By 2x. 

7. sin 0, 4ir. 

8. cos 0, 4x. 

9. 

tan By 2x. 

10. cot 0, 2ir. 

11. sec 0, 4x. 

12. 

CSC By 4x. 

13. sin 0, 6ir. 

14. COS 0y — 2x. 

16. 

sin By ■-2x. 

16. tan 0, —X. 

17. cot By —X. 

18. 

sec By — 2x. 

19. CSC 0, — 2x. 

20. sin By lOx. 



In the following exercises, n is any integer. 



21. sin 0f 2nir. 

22. cos By 2nx. 

23. 

tan By nx. 

24. cot 0f nx. 

26. sec By 2nx. 

26. 

CSC By 2nx. 


6-11. The Period of sin (ox. Consider the function sin cox where w 
is a constant greater than zero. Since the sine function has period 2t, 

(1) sin cox = sin (cox + 2t), 
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Equation (2) may be interpreted, if we let f(x) = sin ax, ae meaning 
that 

fix) =f(x + 

27r 

Thua ain wx has a period of — Furthermore, it can be shown that this 

0 ) 

is the fundamental period of the function. 

In like manner the information in the following table can be estab¬ 
lished: 

Function sin osx cos ojz tan o)X cot o)X sec cox esc <ox 

* 1 . 1 2ir 27r ir v 2ir 2ir 

Fundamental period — — - - — — 

<tJ <m) <iJ 03 03 W 

Now sin X and sin wx run through the same cycle of values, but sin x 
completes a cycle in a horizontal distance of 2ir, and sin cox in a hori- 

27r 

zontal distance of — Since both cross the y-axis at the origin, the 

CO 

graph of the second function may be sketched very easily from what we 
already know about the first. The following examples will illustrate. 



Example 1. Sketch the curve y « sin 3x. 

2ir 

Here w =# 3 and the function has period —• 

3 


This means that one cycle of the 


2t 

Bine curve appears in a horizontal length of —• The y-axis is crossed at the origin. 

o 

Thus to plot the graph we can lay off on the x-axis multiples of the length Each 

3 


of these s^ments can be divided in four equal parts by points corresponding to where 
the curve crosses the axis or reaches a maximum or minimum. The curve then can 
be sketched easily, as shown in Fig. 5~20. 
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Example iS, Sketch the curve y ** 2 cos 

2x 

Since w » the function has period -j- =* 47r. Its amplitude is 2. The curve 

2 

crosses the y-axis at point y ^ 2, The graph is plotted in Fig. 6-21. 



EXERCISES 

State the fundamental period of each function and its amplitude, if it has one. 
Sketch the graph of each function, labeling the axes carefully, especially those points 
at which the curve crosses either axis. 


1. 

y 

= 

sin 2x. 

2 . 

y 

= 

cos 2x. 

3 . 

y 


tan 2x, 

4 . 

y 


cot 2x 

6 . 

y 


2 sin 3a;. 

6 . 

y 

= 

1 cos 3a;. 

7 . 

y 

= 

—2 sin 3a;. 

8 . 

y 

= 

cos 4a;. 

9 . 

y 

= 

3 sin 4a;. 

10 . 

y 

= 

5 sin \x. 

11 . 

y 

a= 

—3 cos \x. 

12 . 

y 

= 

—2 cos 2a;. 

13 . 

z 

= 

3 tan 2B, 

14 . 

z 

=rs 

2 sin f 

15 . 

z 

= 

sin tB, 

16 . 

z 


cos 7r0. 

17 . 

z 


tan vB. 

18 . 

z 


cot ir6. 

19 . 

z 

as 

sec tO. 

20 . 

z 

= 

CSC irB. 

21 . 

y 

= 

3 sin 27rx, 

22 . 

y 


—2 cos 2ira;. 

23 . 

y 

s 

10 sin \x. 

24 . 

y 


—IT sin irx. 

26 . 

y 


5 cos 6a;. 

26 . 

z 

s: 

\ tan 3a;. 

27 . 

z 


3 cot 2a;. 

28 . 

z 

na 

5 sec 2a;. 

29 . 

z 

= 

6 CSC 5x, 

30 . 

z 


8 sec 3a;. 


6-12. Phase and Displacement. Consider the function 
(1) y = sin (wx + a) 

where co is a positive constant and a is a constant which may be either 
positive or negative. 

The expression o)X + a is called the phase of the function. The quarv- 
tity a, the value of the phase for x ^ 0, is called the initial phase of the 
function. 
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Now 


sin (ax + a) = sin « 



which can be used to advantage in setting up the table below. As x 


X 

a: +- 

CO 


Sin CO 1 X + - 1 

a 

0 

0 

0 

<a 




T a 

TT 

TT 

1 

3 

<N 

260 

2 

1 

T a 1 

IT 



—- 

•“ 

TT 

0 

<0 CO 

60 



Sir ot 

Sir 

Sir 


2cO 60 

2a) 

2 

““ i 

27r a 

2ir 




— 

2ir 

0 

60 60 

CO 

1 

1 


Oi TT (X , 

increases from-to --, sin {o)x + a) increases from 0 to L 

01 2ai CO 

Examining the rest of the table in this way, we conclude that as x 
increases from — ^ to — — - , the function sin (cox + a) completes one 

CO CO CO 

27r 

cycle of values. Hence it has a period —, as we already know, and 

CO 

intersects the x-axis during this cycle at — -, - (tt — a), and - (27r — a). 

CO CO CO 

Hence the graph of {1) is the graph of y — sin cox displaced along the 
x-axis a distance The displacement is to the left if a > 0, to the right 

CO 


cx 

if a < 0. The quantity - is called the displacement 
(0 

Similar arguments can be made for the other functions with the phase 

cc 

«a: + a to show that the displacement in each case is -, to the left, if 

(0 

a > 0, to the right if a < 0. 





6-13] 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


199 


6-13. Sketching the Graphs of Trigonometric Functions. The infor¬ 
mation we have gained about the graphs of the trigonometric fimctions 
is summarized in the following table. 


Function Amplitude Period Displacement 


A sin (cox 4- «) 1 
A cos (wx -f- «) 1 
A see (cox + a) 
A CSC {(A)X + ot) 
A tan (o)X + a) 
A cot (ojx + a) 



2ir 


a 


a 

T 

O) 


(t) 

To the left if a > 0. 
To the right if a < 0. 


7 ^ 0, > 0, a any value 


The information for the sine and cosine is also summarized in Fig. 
5^22. 



Fig. 5-22. 


Using this information, it is possible to sketch easily and quickly the 
graphs of trigonometric functions. The procedure given below is sug¬ 
gested for the curves for A sin (wx + a) and A cos (wx + a). The reader 
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win infer immediately the slight mocnfications necessary in sketching 
the other functions. • 

To plot y — A sin (coa? + d) or y — A cos (wx + a): 

1. List the following data: 

(а) Amplitude, \A\, 

2t 

(б) Period, — 

0 ) • 

(c) Initial phase, a. 

(d) Displacement, -• 

CO 

OL 

2. Locate - on the x-axis and the point one period to its right, and 

CO 

then divide this segment into four equal parts. In this way we locate the 

five points with coordinates — “ , ~ — a ), - — a), “ (^ , 

coco\2 /CO co\2 / 

“ (2ir — a). Between the end-points of this segment, the function com- 

CO 

2ir 

pletes the cycle that A sin cox (or A cos cox) completes between 0 and — 

CO 

3. Locate zt. A on the y-axis, 

4. Locate the maximum and minimum points on the curve, using the 
ordinates obtained in Step S and the appropriate abscissas obtained in Step 2, 
The abscissas obtained in Step 2 and not used here arc the points at 
which the curve crosses the x-axis. 

5. Sketch the graph of the function by drawing it freehand through the 
maximum and minimum points and the x-intercepts. By drawing the 
curve in lightly at first with short strokes of a pencil and then darkening 
as the shape becomes satisfactory, very good results can be achieved. 

6. If more than one period of the function is desired, repeat the paUem o&- 


iained between 


- and - (flv a) to the right and left 

CO CO 


Example 1, Sketch the curve of y « 2 sin (s-.i). 
For this example 

Amplitude * 2. 

Penod ■■ —• 

Initial phase «■ 


Displacement 





Fia. 6-24, 




202 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


[6-13 


For this example 

Amplitude » f. 
Period ** 1. 

Initial phase ~ — ^* 
3 


Displacement = — 


First we locate -f ^ on the rc-axis, and then This segment is divided into four 
parts by the points and ra'- The maximum points are (^, f) and (-g-, f), 

and the minimum point is (f, — f). The curve crosses the x-axis at and 
The graph is shown in Fig. 5-24 with the unit on the x-axis three times that on the 


y-axis. For x 0, y 



3 1 
2 ‘ 2 


3 

4 ^ 


which is verified by the graph. 


EXERCISES 

For each function given below list (a) the amplitude (if it has an amplitude), (6) 
the period, (c) the initial phase, and (d) the displacement. Sketch the curve accord¬ 
ing to the directions given above, labeling both axes carefully. 


1 . y = 2 sin (2x + t). 

2 . y — 3 cos (3x -f tt). 

3. y = sin (4x + tt). 

4 . y = 2cos^2x + 0* 

6 . y = 2 sin (2x — tt). 

6. y = 2 cos ^3x — ^ • 

7. y « 3 sin ^4x — 

8 . y == —2 sin (3x + tt). 

9. y = — cos ^2x — 

10 . y = tan (2x -f tt). 

11 . y = cot^* + 0- 

12 . y — tan (3x + tt). 

13 . y »■ cot ^2* — • 

14 . y = 2 tan ' 


( A 

16 . y « Scot ( 4x — - 1- 

16 . 2 = sec 1 X — - 1 • 

17 . z =* CSC • 

18 . 2 » 2 sec (20 — tt). 

19. s » 2 CSC ^2d — • 

20 . 2 » 3 sec ^20 + • 

21 . 2 » 3 CSC f 3^ — ^Y 

22 . y » sin (fx - fir). 
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23. V ~ 3 cos 
25. y =■ 10 sin 


O' 

27. y <=^ 2 sin 

29. z = 2 sin (lOira; -f 27r). 


31. z = cot ( 5irX 4* 


V ’' ■ '2 


33. 2 ~ 4 CSC 

35. z = —3 cos 


)■ 

(-O' 




24. y 

26. ^ 4 cos (4x35 4- it). 

28. 2 == 3 cos I 
30. z = tan | 

32. 2 = 3 sec I 


(~+i)' 

34. 2 — —2 sin -* 


36. z — —4 sin (4d — x). 


6-14. Plotting Graphs by Composition of Ordinates. When a function 
is given which is the sum or difference of two or more trigonometric 
functions, its graph may be plotted easily by using the information we 
have obtained so far. The graph of each trigonometric function in the 
sum or difference is plotted, and then the corresponding ordinates are 
added (or subtracted) graphically by a compass or dividers to obtain 
the ordinates of the desired graph. This process is called the composi¬ 
tion of ordinates. The following examples will illustrate the method. 


Example 1. Plot the graph oi y = 2 sin x + cos 2x. 



In order to plot the given function we shall plot the graph of 2 sin a: and the 
graph of cos 2a; separately. They are shown in Mg. 5-25. Then using a compass 
or dividers the ordinates of 2 sin x 4* cos 2a; are found by adding and subtracting 
the ordinates of the graphs already plotted. 
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Example 2. Plot the graph of y = a? + sin x. 

We plot y ^ X and y * sin x and then add the ordinates to obtain the graph of 
the given function, shown in Fig. 5-26. 



EXERCISES 

Plot the following graphs by composition of ordinates. 


1, y = sin x + cos x. 

2. y « 2 sin a; 4* 3 cos x. 

3. y =® cos X — sin a;. 

4. y = sin 2a; 4- 2 cos x. 

3. y =“ J sin 2a; -f 3 cos 2x. 

6. y — X — sin x. 

7. y — a; 4- cos x. 

8. y = X — cos X. 

9. y = sin a; — x. 

10. y = cos X — X. 

11. y » 2 cos 3x + sin %x. 

12. y s 2 sin 27rx 4* 3 cos 2irx. 

13. y s 3 sin 2tx 4- sin ^x. 

14. y = 4 sin 47rx — 2 cos 2irx. 

16. y =» 4- cos 4ira;. 

16. y =* \x^ — sin 47rx. 

y \ 

17. y « 2 sin 2a; — 3 cos 4a;. 

18. y s» sin ( X 4“ 4“ cosx. 

• ( 

. / v\ ( IT 

19 . y = smi a; 4* “ 1 4- cost a; - - I- 

20. y « sin ( X 4“ ^ ) — cos 1 ® ~ ^ 

21 . y n 2 sin ^2a5 4- + sin x. 

22 . y « 2 cos 2x 4- 3 sin 2 ^x + 

23 . y «■ 3 cos 2iraj — 2 sin 2ir(x 4- i). 

24 . y » sin (4irx — ir) 4- cos x^ - 
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6-16. Applications of Graphs of Trigonometric Functions: The Simple 
Pendulum. One of the applications of the trigonometric functions in 
engineering is to the study of periodic motions. Periodic motions, as 
the name suggests, are motions which are repeated after regular intervals 
of time. Some examples of such motion are the motion of the pendulum 
of a clock, the vibration of a taut string, the vibration of a reed, and the 
motion of a planet around the sun. 

Each of the above motions can be expressed mathematically as some 
periodic function of time, but only a few of them can be expressed as 
simple trigonometric functions of the form 
y == ri sin Others can be expressed as 
simple trigonometric functions only if sim¬ 
plifying assumptions are made, whereas still 
others may be very complicated periodic 
functions of time. 

Consider the simple pendulum of length 
L feet shown in Fig. 5-27, which is sus¬ 
pended from the point P. The line PQ is 
the position of rest of the pendulum. The 
pendulum is started swinging by drawing it 
to the right an angle of radians and then 
releasing it. Then, (a) if Bq is reasonably 
small, say less than 20°, (6) if we neglect 
air resistance and frictional effects, and (c) if 
we agree to measure the variable position angle B of the pendulum as 
positive to the right of PQ and negative to the left, the position of the 
pendulum t seconds after it has been released can be shown to be given by 



Fig. 5-27. 


( 1 ) 


B = Bq cos t 


4 ' 


where g = 32.2 is the acceleration of gravity in feet per sec. per sec. 
If L is measured in centimeters, then g is measured in centimeters per 
sec. per sec., and has the value 980.2. 

The period P, the amount of time necessary to complete one swing 
from ^0 to the left and back again, is the period of the function (1) 
which is 


( 2 ) 


T ^ 



We see that the motion of the pendulum given by the function (1) is 
independent of the mass m at the end of the pendulum, and that the 
period given in {2) depends only on the length of the pendvdum. 
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By attaching a marking device to the lower end of the pendulum, a 
graph very similar to a sine curve will be drawn on a strip of paper 
which moves at a constant velocity perpendicular to the plane in which 



the pendulum is swinging (Fig. 6~28). 

A complete swing of the pendulum from 
the position ^ to the opposite position 
0 == —do and again to the original position 
0—00 is called a cycle, and the number of 
cycles in a unit of time is called frequency. 
These terms are used not only for motion 
of the pendulum but also for every periodic 
motion. A cycle is the smallest part of a 
periodic motion by whose repetition the 
motion is produced. If T is the period, 
the time needed for one cycle, and/ the 
frequency, the number of cycles per unit of 
time, then we have the following funda¬ 
mental relations: 

/r = i, / = ^, T^j 


The period in seconds of a pendulum is given in (2). 
therefore is 


2ir 


cycles per second. 


The frequency 


6-16. Projection of a Rotating Spoke. Consider the wheel of radius 
10 ft. shown in Fig. 5-29, whose axle is taken as the center of a Cartesian 
coordinate system. The projection of the spoke OS on the line LU 
which is perpendicular to the x-axis is QR, 


Suppose the spoke starts from a position OT making an angle - with 

the positive x-axis and rotates in a counterclockwise direction at a uni¬ 
form speed of 3 revolutions per second (Fig. 5-29). Since in each revo¬ 
lution it rotates through 27r radians, its angular velocity is Gtt radians 
per second, and in t seconds after starting the spoke will have rotated 


through an angle of M radians, 
of which OS is the terminal side. 


Hence, the angle in standard position, 



Thus the ordinate of S is 


10 sin 
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If Q is the projection of 0 on LL', and R is the projection of S, then 

QR is the projection of OS, and, further, has a length 10 sin 

If we agree to measure distances up from Q as positive and those down 
from Q as negative, then the length p of the projection of OS on L'L 
is given by 


( 1 ) 


p = 10 sin 


(w + j)- 


This function has amplitude 10, period ^ second, initial phase - , and 

displacement Hence by plotting the function (1), we have a curve 
showing the behavior of the projection as time goes on. 



In order to derive a general formula, suppose that the angular velocity 
is CO radians per second, the amplitude A units of length and that the 
initial phase is a. Then, 

p = ^ sin (co^ + a). 

27r CO 

The period T = — seconds; the frequency / = — cvcles per second. 

(0 27r " 

The formula for the frequency / is often written co = 2Trf, 

6-17. Alternating Current. The results of Sec. 5-16 can now be ap¬ 
plied in order to examine the voltage produced by a rotating alternating- 
current generator. This voltage varies from instant to instant in the 
same way as the projection of a spoke of the rotating part on a straight 
line, which was discussed in the previous section. If e is the value of 
the voltage, measured in volts, at a certain moment (the so-called in- 
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etantaneous voltage), Em the maximmn or peak voltage, <a the angular 
velocity in radians of the conductor in which the voltage is induced, 
and t is the time, measured in seconds, then we have the formula 

(1) e — Em sin (w< + a). 

The initial phase a is often called phase angle. The curve correspond¬ 
ing to (1) is called a sine wave. Such a wave is plotted in Fig. 5-30 

CO 

for the case a = 0. The frequency is, according to Sec. 5-16, / = — * 

Ztt 

In reality the voltage produced by an alternating-current generator 
does not change exactly like a sine curve, but the curves obtained by 



plotting the voltage against the time are often very similar to sine 
waves, and are then called sinusoidal. The wave form can be observed 
on an oscilloscope, an extremely sensitive electronic device which pro¬ 
jects the wave, using an electron stream, on to a fluorescent screen. 

An alternating voltage e = Em sin <at produces in a circuit an electric 
current whose instantaneous value is 


( 2 ) 


i = Im sin {<at -f a). 


This current is represented by a sine wave of amplitude Im, the same 


b) 


frequency — as the voltage, and a phase difference a compared with 

aTT 


the voltage e. The current is said to lead the voltage if « is positive 
and to lag behind the voltage if a is negative. 

K two or more voltages Ci, eg, • • • are produced in the same circuit, 
the resultant voltage is tiie sum of them, and the resultant wave can be 
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found by plotting the waves corresponding to ei, 62 , - • and adding 
their ordinates according to Sec. 5-14. 

Example, Two voltage^ present in a circuit are given by 

= Emi sin o)t and 62 = Em 2 sin Zut. 

The resultant wave is the sum 

= 61+62 or et = sin wi + Eni 2 sin 3co^ 

This wave is plotted in Fig. 6-31 by first plotting the two components and then 
adding their ordinates. In the laboratory the resultant wave can be shown on an 
oscilloscope. 



EXERCISES 

1 . A pendulum weighing 25 grams is suspended by a thin rod 50 cm. long. The 
pendulum is pulled aside 5° from the vertical and allowed to swing. If the accelera¬ 
tion of gravity is 980 cm. per sec. per sec., find the period of the pendulum, the fre¬ 
quency, and the graph of the angle 0 which the rod makes with a vertical line agaiijist 
time. If the pendulum is carried to the top of a mountain, the period of the pen¬ 
dulum is found to be 1.7 seconds. What is the acceleration of gravity on the 
mountain top? 

2 . The length of a pendulum is 4 ft. Its oscillations are started by pulling it 
aside 10® from the vertical. If the acceleration of gravity at the point of the 
experiment is 32 ft. per sec. per sec., find the period of the pendulum and plot the 
graph of the angle 0 , which the pendulum makes with a vertical line, against 
the time. 

3. What is the length of a pendulum whose frequency is 60 cycles per minute at 
a place where the acceleration of gravity is 980 cm. per sec. per sec. Plot, against 
the time, the graph of the angle between the pendulum and a vertical line. 

4 . The driving wheel of the valve action mechanism of Fig. 5-32 makes 90 r.p.m. 
Describe the motion of the valve actuating the arm by expressing the distance y 
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between the crank pin and the horizontal axis as a function of the time. (Use the 
discussion of Sec. 5-16.) The distance between the centers of the wheel and the 
crank pin is 2 in. 



What is the angular velocity w if the frequency / is: 

6. 60 cycles per second. 

6 . 500 cycles per second. 

7. 300 kilocyclas per second (1 kilocycle = 1000 cycles). 

8. 4 X 10^ cycles per second. 

What is the frequency / if the angular velocity w is: 

9. 377 radians per second. 

10 . 8 X 10® radians per second. 

11 . 5 X 10® radians per second. 

Compute the period T of an oscillatory motion of frequency / and corresponding 
angular velocity 03 if: 

18 . / « 60 cycles per second. 

13 . / »» 200 cycles per second. 

14 . / 3000 cycles per second. 

16 . / 20 cycles p^r minute. 
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16. / =» 3 cycles per minute. 

17. / « 10,000 cycles per minute. 

18. CO = 377 radians per second. 

19. (0 = 0.5 radian per second. 

20. CO =• 8 X 10® radians per second. 

Plot the following waves. Note that the angle cot is in radians and that phase 
angles are in degrees. Thus, for example, cot + 60° must be changed to either 

TT 180 

oat ~ radians or — cot -f 60 degrees for consistent units. 

3 TT 

21. e ~ Em sin co/, where Em = 114 volts and co = 377 radians per second. 

22. i = Im sin co/, where Im — 10 amperes and co == 377 radians per second. 

23. e — Em sin (co/ 30°), where Em ~ 228 volts and co =* 188.5 radians per 
second. 

24. i = Im sin (co/ — 60°), where Im — ^ amperes and co = 1000 radians per 
second. 

25. Plot the wave of a current which lags 60° behind the voltage of Exercise 21 
if the maximum current /m is 2 amperes. 

26. Plot the wave of a current which leads the voltage of Exercise 21 by 45° if the 
maximum current is 10 amperes. 

27. Plot the wave of a voltage which leads the current of Exercise 22 by 60° if the 
peak voltage is 80 volts. 

Plot the following waves: 

28. = Cl 4- ^2 = Emi sin cot + Em 2 sin (co/ + 90°), where Emi = Em 2 * 144 
volts and co = 30 radians per second. 

29. it = ii ^2 "h = 7 wjI sin (co/ — 30°) -f- /»n2 sin (co/ 30°) Imd sin (co/ -f" 

90°), where I mi — I m 2 — I mZ = 4 amperes and co = 377 radians per second. 

30. it =* ii + i 2 — I ml sin cot + I m 2 sin 2co/, w'here I mi ~ 5 amperes, I m2 = 10 

amperes, and co = 377 radians per second. 

31. et = Cl + C 2 + fa — Emi sin / + Emz sin 2co/ 4- Emz sin 4co/, where Emi =* Em 2 
= EmZ = 50 volts and co ~ 120 radians per second. 

6-18. Plotting Sine Functions Along the Vertical Axis and Along the 
Horizontal Axis Simultaneously (Lissajous Figures). An interesting 
application of two sinusoidal wave forms is obtained when two sine 
waves at right angles to each other are plotted. As shown in Fig. 5-33, 
a sine function is plotted along a vertical axis while another sine func¬ 
tion of the same amplitude and the same frequency is plotted along the 
horizontal axis. 

Both curves are plotted against the time t For a particular value 
of t, two points, one on each of the curves, correspond to one another. 
Through the point on the vertical sine curve a vertical line is drawn, 
and through the corresponding point of the horizontal sine curve a 
horizontal line is drawn. These two projecting lines have a point of 
intersection. The locus of these points of intersection will be either a 
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straight line, an ellipse, or a circle, depending upon the phase relation¬ 
ship between these sine functions. It will be a straight line if the phase 
angle is zero, an ellipse if it is between zero and 90°, and a circle if the 
phase angle is 90°. Figures 5-33, 5-34, 5-35 show the patterns which 



Fig. 5-34. 


are obtained by projecting two sinusoidal electric voltages on the r^ 
spective axes. As a further extension of plotting these trigonometric 
functions, the frequency of one sine function plotted along the horizontal 
axis may be twice that of the frequency of the sine function plotted 
along the vertical axis. The resultant pattern obtained is shown in 
Fig. 5-36. Other patterns are obtained when the frequency ratio is 
3 to 1,4 to 1, etc. Since alternating currents are usually of the sinusoidal 
form, this method of plotting curves or of observing them on an oscillo¬ 
scope screen provides a very practical method of measuring frequency 
and phase angle relations. 
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EXERCISES 

Plot the Lissajous figures resulting from projecting the following voltages on per¬ 
pendicular axes: 

1. Cl = 10 sin S77t, 62 = 10 sin (377t + 30°). 

2. ei - 10 sin 377/, 62 = 10 sin (754/ + 45°). 

3. 61 = 10 sin 377/, 62 = 10 sin (754/ - 45°). 

4. €1 — 10 sin 754/, €2 « 10 sin 1131/. 

6 . ei « 10 sin 377/, C 2 « 10(764/ -f 90°). 

PROGRESS REPORT 

In Chapter 4, the trigonometric functions were defined as certain 
numbers connected with an angle, and they were used to solve geo¬ 
metric problems. In this chapter, we disassociated the concept of trigo¬ 
nometric functions from their original definition, and considered, for 
example, the function y == sin a: as a relation between the two numbers 
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X- 


Fig. 5-36. 



X and y. The trigonometric functions were studied in this chapter, 
their graphs were plotted, and the extremely important property of 
their being periodic functions was explained. 

Functions defined by the formula d — A sin {ut -|- a) were also exam- 

ined. They were found to be periodic functions of period —, ampli¬ 
tude A, and initial phase a, and their graphs were plotted. Then 
functions were studied which are sums of different terms of the form 
A sin {tat -f a). 

The last few sections of this chapter were devoted to the study of 
mechanical and electrical phenomena which can be described by trigo¬ 
nometric functions. In this connection the terms frequency, phase 
angle, lead and lag were explained. 

















CHAPTER 6 


SIMPLE PROPERTIES OF VECTORS 

We have been interested so far in only one property of the physical 
quantities, namely, that of magnitude. However, many physical quan¬ 
tities have a second property, that of direction, which it is important 
to consider. For instance, not only is the speed of the wind important 
to an aviator but also its direction: a head wind will decrease liis speed, 
a tail wind will increase his speed, and a cross wind will not only affect 
his speed but also will cause him to drift from his course. A shell fired 
from a gun is urged in the direction in which the gun is aimed by the 
force of the exploding powder; it is also urged earthward by the force 
of gra\'ity, retarded by the resistance of the air, and perhaps even af¬ 
fected by the wind. All these forces and their directions influence the 
path of the projectile and consequently help to determine where it will 
strike. Displacement, motion, velocity, momentum, acceleration, and 
force are all physical quantities of which direction is an important prop¬ 
erty. 

6-1. Scalars. Physical quantities, such as mass and temperature 
which are characterized adequately for our purposes by the property of 
magnitude alone, are called scalar quantities. The numbers which repre¬ 
sent them are called scalars. In order to solve problems concerning 
magnitudes alone we have used numbers as a tool, together with the 
science of operations with numbers which is called algebra. 

In order to solve problems involving physical quantities with both 
magnitude and direction, we shall develop the vector as a tool. Phys¬ 
ical quantities with both magnitude and direction are called vector quan¬ 
tities. The science of operations with vectors is called vector algebra. 

Let us suppose an aviator flies a certain distance at a uniform speed 
of 180 miles per hour. Since his speed is fully specified by its magnitude 
alone, it is a scalar quantity. However, suppose that we desire to 
specify not only his speed, but also the direction in which he is flsdng, 
by saying that he is flying eastward at a speed of 180 miles per hour. 
TTxus, we get a quantity called velocity, which has both magnitude and 
direction. Consequently, velocity is a vector quantity and will be rep¬ 
resented by a vector. 
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6-2, Vectors. A straight line segment to which a direction has been 
given is called a directed line segment. Usually the direction is indi¬ 
cated by an arrowhead, as shown on the segment PQ in Fig. 6-1. Ob¬ 
viously, there are only two possible directions which can be assigned 
to a given segment. 

A vector is a directed line segment. The magnitude or absolute value of 
a vector is its {'positive) length; its direction is given by its position in the 
plane and the direction assigned to the segment. In the plane of Fig. 6-1, 
the segment PQ with direction as shown by the arrowhead is a vector. 
It is sometimes helpful to think of a vector as being drawn in the given 
direction from an initial point to a terminal point. In Fig. 6-1 P is the 


Terminal Poinf 




initial point and Q the terminal point. Thus a vector can be specified by 
giving its initial point and its terminal point The distance between these 
points is the magnitude, and the direction of the segment is from the 
initial to the terminal point. 

It is useful to have a notation for vectors. We shall use bold-faced 
capitals (in figures, underlined capitals) for this purpose, as A in Fig. 
6-1. Scalars will be denoted by lower-case letters such as a, 6, and 
capitals which are not bold-faced, as A, 5. The magnitude of a vector 
is a positive scalar. The magnitude of the vector A is denoted either by 
the corresponding capital A not bold-faced or by parallel bars 1A ]. 
In this chapter it is supposed that all vectors are located in one and the 
same plane. 

Two vectors are said to have the same direction if they are parallel and 
such that the segment joining their initial points does not intersect the seg¬ 
ment joining their terminal points. In Fig. 6-2, all the vectors A, B, 
C, D are parallel. The segment joining the initial points of A and B 
does not intersect the segment joining the terminal points, so that A 
and B have the same direction. Likewise A and C have the same direc¬ 
tion, and thus A, B| and C have the same direction. However, A and D 




218 


SIMPLE PROPERTIES OF VECTORS 


[6-2 


do not have the same direction, since the segment joining their initial 
points intersects the segment joining their terminal points. Two vec¬ 
tors, such as A and D, which are parallel but do not have the same direc¬ 
tion are said to be opposite in sense. 

Two vectors are equal if they have the same magnitude and the same 
direction. In Fig. 6-”2 the vectors A and C are equal, written as A = C. 
Since through any point in the plane a line can be drawn parallel to a 
given line, any point in the pla7ie can be taken as the initial point of a 
vector equal to any given vector. 

In any operation with vectors, a given vector may be replaced by any 
other equal vector. Usually convenience dictates the choice of such a 
substitute vector. If A is a given vector, we shall follow the practice 
of denoting also by A any vector equal to A. Any point in the plane is 

thus the initial point of a vector A equal 
_ A_ to a given vector A. 

K \ Addition and Subtraction of Vec- 

I \ i tors. The sum of two vectors is defined 

I \ \ I as follows. 

Cj \B B\ |C The sum of A and B is the vector C whose 

I \ \ I initial point is the initial point of A and 

I _\ whose terminal point is the terminal point 

of a vector equal to B drawn so that its initial 
Fig. 6-3. point is the terminal point of A. Such an 

addition is shown in Fig. 6-3 by the full 
lines. The dotted lines show how a vector equal to C can be found by 
performing the process in the reverse order. The order in which vectors are 
added is immaterial. To denote that C is the sum of A and B we write 

C = A + B. 

Several vectors can be added as shown in Fig. 6-4. The figure also 




E*A + B-fC-fD E=B+A+D+C 

Fig. 6-4. 
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shows that the order of vector addition has no effect on the result. 
The sum of several vectors is often called the resultant of the 
vectors. 

A second definition of vector addition can be formulated which is 
equivalent to the one already given: 

To add A and B, draw a vector B whose initial point is the initial point 
of A, and complete the parallelogram of which these vectors form two sides. 
The diagonal vector C with initial point the initial point of A and B and 
terminal point at the opposite vertex of the parallelogram is the sum of A 
and B. Such an addition is shown in Fig. 6-5. 



A 

Fig. 6-5. Fig. 6-6. 


The vector --Ais a vector of the same magnitude as A and parallel to A, 
but opposite in sense. 

The result of subtracting B from A is obtained by adding A and — B. 
Figure 6-6 shows a vector B subtracted from A, which we denote 

by A ~ B. 

The reader may also devise a convenient direct parallelogram rule 
for the subtraction of vectors. He may also verify that if several vec¬ 
tors are to be subtracted from a given vector the order in which they 
are subtracted is immaterial. 

If a is a positive scalar, the vector a • Ais a vector with the same direction 
as A and with magnitude a A. If a is a negative scalar ^ the vector a • Ais 
equal to the vector ] a | • (—A). 

The vector of zero magnitude is considered to have no direction. It 
is called the null vector, and denoted by 0. 

The direction of a vector B can be specified conveniently by giving an 
angle which the vector B makes with a given vector A. This angle is 
formed by choosing a vector A with the same initial point as B, and by 
letting A be the initial side, B the terminal side of the angle; the angle 
is positive if measured counterclockwise, negative if measured clock¬ 
wise. Usually, as here, the vector A is chosen horizontal with direction 
to the right. Several vectors with directions specified in this way are 
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shown in Fig. fr-7. We see then that a vector can be specified by giving: 

(а) Its magnitude. 

(б) The angle {as described above) which it makes with some given vector. 
(c) Its initial or termirud point. 


J__ 

A=i 8=^ 




Fia. 6-7. 


Two vectors, having (a) and (b) the same, are equal, and thus for most 
operations (c) is of no interest, since any vector can be replaced by an 
equal in operations. The vectors of Fig. 6-7 are given by their magni¬ 
tudes, the angles they make with the horizontal, and their initial points. 
However, in operations with these vectors other initial points may be 
chosen at pleasure. 

Example. Find graphically the vector H = 2A + D--3F-hG where A, D, F, 
and G are given in Fig. 6-7. 



The figure is drawn in Fig. 6-8 by the use of a ruler and protractor. After the 
construction has been made, a measurement shows that the magnitude of H is , 
and that H makes an angle of 27^ with the horizontal vector A. 
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EXERCISES 


Given the vectors A, B, C, D, E, F, G of Fig. 6-7, find graphically each of the 
following vectors H. Make your constructions carefully, using a ruler and a pro¬ 
tractor. Find the magnitude of H and the positive angle between 0® and 360® 
which it makes with the horizontal vector A by measurement from your construction. 


1. H = A 4- B. 

3. H = D + 2F. 

6 . H = C - 2D. 

7. H = E - A. 

9. H = 3D + G. 

11. H - A 4- D + G. 

13. H = 2F - G. 

16. H = A - ^D + 3E. 

17. H = 3A - 2D + E. 

19. H = D -f E 4- F 4- G. 

21. H = A 4- B - C 4- 2D - G. 
23. H = 2B - C + D 4- F. 

26. H = 2D - E 4- 3F 4- G. 


2. H = C 4-D. 

4. H = F - G. 

6 . H - A 4- E. 

8 . H = B 4- C. 

10. H == E - F. 

12 . H = 2C 4- 3F. 

14. H = 2C 4- D - 4B. 

16. H = D - 2F 4- G. 

18. H = A + B + C 4- D. 
20 . H = 2D - 2F 4- |G. 
22. H - B + C - E + 3G. 

24. H = B + C 4- D 4- E. 


In the following exercises solve the problem by drawing a vector diagram. 

26. Velocity has both direction and magnitude, hence it is a vector quantity. A 
boat is propelled directly across a small stream at a speed of 4 knots. If the stream 
has a downstream velocity of 3 knots, determine the resulting velocity of the boat. 
Express the angle of the course with respect to a line parallel to the direction of the 
flow of water. 

27. An airplane pilot points the nose of his ship toward the north. If the wind 
forces the plane toward the east at a speed of 20 miles per hour and the plane is 
cruising at a speed of 100 miles per hour, determine the magnitude and direction 
of the velocity of the plane. 

28. A man is pulling a box of castings across the floor. If the friction between 
the box and the floor exerts a force of 10 lb. in a northerly direction and the man is 
pulling toward the south with a force of 100 lb., what is the resultant force upon 
the box? 

29. If an object or body is standing still or moving with a constant velocity, the 
resultant force upon that body must be zero. A pail of tar is being pulled to the 
roof at a constant velocity by means of a rope and pulley system. If the pail of 
tar exerts a force of 50 lb. in the downward direction, then what is the tension in 
the rope, that is, what is the force exerted by the rope? 

30. A Flying Fortress is traveling with a velocity of 250 miles per hour in a hori¬ 
zontal direction. A bomb dropped from the plane will have the same horizontal 
velocity. In addition, the bomb will have a downward velocity. If at a certain 
instant the downward velocity is 50 miles per hour, what will be the magnitude and 
direction of the resultant velocity of the bomb? 

31. A man walks 10 miles toward the north and then 5 miles in a northeasterly 
direction. What will be his position at the end of the 4rip with reference to the 
starting point? 

32. A train, in order to go from A to B, must travel around the lake upon which 
the cities are located. The train must travel 10 miles toward the north, 5 miles 
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toward the northeast, 25 miles east, 15 miles south, and finally 5 miles southwest. 
An airplane may go directly across the water from A to B. What would be the cost 
of the air trip if the cost per mile is 11 cents? 

33. In a water pipe, the water in contact with the walls of the pipe exerts a fric¬ 
tional force in a direction opposite to the direction of water flow. A long pipe is 
used to supply water at a given pressure to a water turbine. If the force in the 
direction of water flow must be 250 lb. and the frictional force exerted by the water 
in contact with the walls of the pipe is 10 lb., what force must be exerted upon the 
water at the point of entry to the pipe? 

34. A Navy dive bomber dives, making an angle of 15® with the vertical. At the 
instant the bomb is released, the velocity is 300 miles per hour along the 15® line. 
The bomb will, of course, have this velocity. In addition, however, the bomb will 
have a downward velocity owing to the action of gravity. If at an instant 10 seconds 
after the bomb release, the downward velocity is 50 miles per hour, what will be the 
magnitude and direction of the resultant velocity? 

36. Two trains travel between the towns A and B, The first train goes directly 
in a straight line from A to B. The second train also goes to towns C, D, and E, 
which are located off the direct route. Thus, the second train travels 50 miles to 
the northeast to C, then 75 miles to the north to D, 5 miles to the west to E, and 
finally 25 miles to the northeast to town E. What distance must the first train travel 
in going directly from A to Bf 

6-4. Resolution of a Vector into Components. If a vector A is the 
sum of several vectors B, C, D, and so on, then these latter vectors are 
said to be components of A. Thus in the example of Sec. 6-3, H has 
the components 2A, D, — 3F, and G. 

Given a vector A, it is possible to find a set of vectors whose sum is 
A in many ways. In other words, A has many sets of components. 
Figure 6-9 shows three sets of components for a vector A. In fact, we 




may draw components at random under the simple restrictions that the 
initial point of the first component is the initial point of A, that the 
initial point of each succeeding vector is the terminal point of its prede¬ 
cessor, apd that the last component must have as its terminal point the 
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terminal point of A. Thus every component but the last is essentially 
at our pleasure. 

The process of finding some vectors of which a given vector is the 
sum is called resolution into components. 

A vector may be resolved into components parallel to two given non¬ 
parallel vectors as shown in Fig. 6-10. A is the given vector, and we 
desire components parallel to B and C. The components can be con¬ 
structed easily by drawing lines through the initial and terminal points 
parallel to B and C. Three ways of finding these components are shown. 


\ 

\ 



Fig. 6-10. 


We shall use this process most often when two components of a given 
vector are desired which are perpendicular to each other. Usually one 
component will be horizontal and the other vertical. This case will be 
discussed in the next section. 

EXERCISES 

The vectors A, B, C, D, E, F, and G given below are those of Fig. 6-7. In each 
problem given below make your constructions carefully with a ruler and a protractor. 

Resolve the vector given first into components parallel to the last two vectors. 

1. A; D, F. 2. E; F, G. 3. 4B; A, C. 

4. D; F, G. 6. 3E; B, D. 6. 2A; F, G. 

7. 3C; B, D. 8. -2F; E, G. 9. G; E, F. 

10. -3E;A, C. 11. ~2B;A,D. 12. 3D;D, E. 

13. -A; D, E. 14, 2C; F, G. 16. 2F; C, D. 

Resolve each of the vectors given below into horizontal and vertical components. 

16. 4B. 17. -2A. 18. D. 19. E. 

20. F. 21. G. 22. 2C. 23. -3D. 

24. 3A. 26. -2E. 26. -3D. 27. -3F. 

28. -G. 
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In the following exercises solve the problem by drawing a vector diagram. 

29. A magnet is capable of exerting a force. Field intensity is defined as the 
force upon a unit north pole and is a measure of the strength of a magnet. The earth 
is, of course, a magnet. If the earth's field intensity at some particular point has a 
magnitude of 0.5 dyne per unit pole and makes an angle of 70® with the horizontal, 
determine the horizontal and vertical components of the field intensity. 

30. An airplane in landing comes in along a line making an angle of 30® with the 
horizontal. Of the many forces acting on the plane consider only the following three: 
the force directly downward due to the action of gravity, the force directly upward 
due to the action of the air and wing surfaces, and the force produced by the pro¬ 
peller and flaps directly along the 30® line in a direction opposite to the motion of 
the plane. The downward force due to the action of gravity is 4000 lb., the upward 
force due to the wing surfaces is 3000 lb., and the force along the 30® line has a 
magnitude at 1900 lb. Resolve all these forces into their horizontal and vertical 
components. 

31. Two iron pipes of equal length, forming an isosceles triangle, are used to sup¬ 
port a platform. The two iron pipes come together at the top making an angle 
at 30®; the force exerted by the platform at this point has a magnitude of 250 lb. 
and is directed downward. Since the platform is stationary the two iron pipes must 
exert an equal and opposite force and each pipe will support one-half of the required 
force. The forces due to the pipes will act directly along the pipes. Determine 
the vertical and horizontal components of the forces acting through the pipes. 

32. In a sling shot a piece of rubber band is fastened by means of its two ends 
to a tree fork or its equivalent. If the rubber band is pulled back until the angle 
between the two sides of the rubber band is 30®, and the tension directed along the 
rubber band on each side is 30 lb., what is then the magnitude of the force tending 
to hurl the stone forward? 

33. A retired engineer in a canoe hooks a pike which takes off at an angle of 60° 
off the starboard bow. If the force exerted by the fish is 8 lb., resolve this force into 
two components, one in a lengthwise, the other in a crosswise, direction with the 
canoe. 

34. A ladder is placed against the side of a building. The angle between the ladder 
and the building is 30®. A force of 180 lb. acts downward along the ladder. What 
are the vertical and horizontal components of this force? 

6-6. Rectangular Coordinates in the Vector Plane. Suppose that a 
rectangular Cartesian coordinate system is placed in the vector plane. 
Since a point now can be specified by giving its coordinates, a vector 
can be specified by giving the coordinates of its initial and terminal 
points. However, it is convenient if every vector which is used in oper¬ 
ations has its initial point at the origin of the coordinate system. Every 
vector mentioned henceforthj unless specifically indicated otherwise, will have 
the origin as its initial point With this agreement, a vector can be specified 
by giving the coordinates of its terminal point 

Let A and B be two vectors whose initial points are at the origin and 
which lie along the a;-axis. Since the magnitude A of the vector A is 
positive, if A is to the right of the origin its terminal point is (A, 0). 
If A extends to the left of the origin its terminal point is (—A, 0). 
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Thus, if A and B both extend to the right of the origin, the terminal 
point of A -|- B is (A -|- B, 0). Likewise, if A and B both extend to 
the left of the origin, the terminal point of A -t- B is {-A - B, 0). 
If A is to the right of the origin, and B is to the left, the terminal point 
of A + B is (A ~ B, 0). 

These remarks establish the following very useful result: 

Given a set of vectors each of which: 

(а) Has initial point at the origin. 

(б) Extends along the x-axis. 

Then the vector which is the sum of the vectors of the set: 

(а) Extends along the x-axis. 

(б) Has its initial point at the origin. 

(c) Has a terminal point whose x^oordinate is the sum of the x-^ordv- 
nates of the terminal points of the vectors of the set. 

' A similar statement holds, of course, for a sum of vectors which have 
initial points at the origin and which extend along the y-axis. What 
happens in subtraction of vectors 
can be easily inferred. 

Let P(xj y) be the terminal 
point of a vector A whose initial 
point is at the origin, as shown in 
Fig. 6-11. By dropping perpen¬ 
diculars from P to the axes it can 
be seen that A is the sum of two 
components A^ and ky along the 
X- and 2 /-axes respectively. A^ is 
called the x-component of A, 
and Ay is called the y-component 
of A. We see that the terminal 

point of kx is Q{x, 0) and that the terminal point of Ay is B(0, y). 

Let A and B be two vectors with initial points at the origin and ter¬ 
minal points Pa{xaj yA) and PsixEy Vb) respectively. We may write 
these vectors as the sum of their x- and ^/-components: 



A = Ax + Ay, B = Bx + By. 

Then, 

C - A + B « Ax + Ay + Bx + By = (Ax + Bx) + (Ay + By). 

If we set Cx ** Ax -H and Cy ~ Ay -j- By, then C ~ Cx and by 
the previous results of this section, the terminal point of Cx is {xa + 
xb, 0), and the terminal point of Cy is (0, yA + Vb)- Then, obviously. 
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the terminal point of C = A + B is P{xa_ 4- xb, yA + Vb)- A similar 
result can be established for subtraction. 

These facts may be summarized as follows. 

Given the vectors with initial points at the origin and terminal points as 
follows: 

A, Pa(xa, 2/a), 

B, PaixB, Vb), 

C, Pc(xc, yc)- 


Then A + B — C is a vedor with initial point at the origin and terminal 
point P(xa + Xb — x-c, Pa + Vb — yc)- 

Example 1. Given A, B, C, and D with initial points at the origin and terminal 
points respectively as follows: Pyi(2, 5), Pjb( 5, 3), Pc(—3, 2), p2>(—4, —2). Find 
the vector E = A + B + C— D. 



The terminal point of E has x-coordinate 24 * 5-’3 — (—4) = 8 and ^/-coordinate 
5 -f 3 -f 2 — (—2) =12. Thus the terminal point of E is P£?(8, 12). This result 
is verified in Fig. 6~12 by constructing the geometrical vector addition by dotted 
lines. 

It was seen in Sec. 6-3 that a vector could be specified by giving its 
magnitude, its initial point, and the angle which it makes with a given 
vector. Let A be a vector with initial point at the origin, magnitude A, 
and let A form the terminal side of an angle a in standard position. 
The an^e a is called the direction angle of A. If the terminal point 
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of A is denoted by P(x, y), the values of x and y can be found as follows: 


y X 

sin oc = “ , cos a = “7 
A A 

from which 


(1) X = A cos a, 2 / = A sin a. 

Suppose that P{x, y) is given and the values of A and a are desired 
(Fig. 6-11). From the Pythagorean theorem 

(2) A = V^n?', 

and from the definitions of the trigonometric functions 


(3) tana = -* 

X 

Of course, (3) does not determine a uniquely, but the quadrant in which 
P lies determines the quadrant in which the terminal side of a should 
fall. 

If the X- and ^/-components of A are Ax and ky respectively, we see 
that Ax = \x \ and Ay = \ y\f whence Ax^ = x^ and Ay^ = y^. Then 
from (2), 

(4) A = vlTTV- 

Obviously, the terminal point of the vector —A is (—a:, — 2/). 

Let a be a positive scalar. Then the vector ak has magnitude a A and 
the same direction angle a as A. P(j, y) is the terminal point of A, 
and if we let Paixaj ya) be the terminal point of aA, we have by (1), 

X = A cos a, y = A sin a; 

Xa = aA cos a, ya = aA sin a. 

Solving for Xa and 2/a, we obtain: 

Xa = ox, ya ^ ay. 

Thus the terminal point of ak is (ox, ay). Since, if a is a negative scalar, 
aA = 1 a j (~*A), the terminal point of ak is (| a [ [—x], | a | [—y]), 
which can be written (ax, ay). Hence, if a is any scalar and P(x, y) is 
the terminal point of a vector A mth initial point at the origin, the terminal 
point of ak is (ax, ay). 
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ExampiU 2, Given the vectors A, B, and C with the terminal points Pa(4, 1), 
Pb(— 3, 2), and Pc(l> 3) respectively. Find the terminal point of D « 2A -f 3B 
— 4C and verify this result by adding the vectors graphically. 



The x-coordinate of the terminal point of D is 2 • 4 + 3(-3) - 4 • 1 = -5, and 
the !/-coordinate is2-l+3-2-4-3 = -4. Thus the terminal point of D is 
(—6> —4). The graphical addition is shown in Fig. 6-13. 

Example 3. The vectors A and B have initial points at the origin and direction 
angles a = 33.2° and (3 = 119.3°, respectively. If A = 25.6 and B = 14.2, find 
the magnitude of C = A + B, and its direction angle, using the slide rule and obtain¬ 
ing results accurate to three significant figures. Verify the result by a graphical 
construction. 

Let the terminal points of A, B, and C be denoted by Pa(.xa, Va), Pb{xb, Vb), 
and Pcixc, yc)t respectively. Then 

XA = 25.6 cos 33.2° = 25.6 (0.837) >= 21.4, 

VA =■ 25.6 sin 33.2° = 26.6 (0.648) = 14.03, 

XB - 14.2 cos 119.3° = 14.2 (-0.489) = -6.94, 

ya - 14.2 sin 119.3° =■ 14.2 (0.872) = 12.38. 

It follows that 

xc “ 21.4 - 6.94 - 14.46 - 14.5, 
yc - 14.04 + 12.38 = 26.42 » 26.4, 

and tiiat 

C - V(14.5)* + (26.4)* = V'210 + 697 
7 V907 - 30.1. 
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If 7 is the direction angle of C, 

tan 7 


and 


y 


26.4 

14.6 


1 . 82 , 


61.2°. 


The graphical construction is shown in Fig. 6-14. 



EXERCISES 


Each of the given vectors has initial point at the origin and is given by its the 
terminal point. Given A: (3, 2); B: (1, 4); C: (0, 3); D: (—2, —2); E: (—5, 0); F: 
(—3, —2); G: ( — 1, —4); H: (2, —3); and I: (4, —1). Find the coordinates of the 
terminal point of each of the following vectors J, and verify your result by performing 
the operations graphically. 


1. J = A + B + C. 

3. J=D-fE-fF + G, 

6. J = 2E + 2H. 

7. J = 3A - 2B + F. 

9. J - C - 2D + 3G. 

11; J = G - H + 2A. 

13. J - 2E - 3F + G. 

16. J = B - 2F + 31. 

17. J = A + C ~ E + 3G. 
19. J = E -f 3D - 4F. 


2. J = B + C -f D. 

4. J = A + B-hH+I. 

6. J = 2A + 3B + 4G. 

8. J = B - 2D + 3F. 

10. J = A + 2D - H. 

12. J = B - C 4“ F. 

14. J-C+D+E-fF-fG. 
16. J = 2F - H + 3A. 

18. J = 2C + A + G. 

20. J « A -I- 2B 4- F + G. 


Each of the points given below is the terminal point of a vector with initial point 
at the origin. Find the magnitude of the vector correct to three significant figures, 
and the direction angle which is between 0° and 360® correct to the nearest tenth 
of a degree. Use the slide rule in all computations. 

21. (2, 3). 22. (3, 4). 

24. (6, 6). 26. (0,8). 


23. (6,0). 
26. (-1,6). 
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27. (-2,6). 

30. (-7,0). 

33. (-14, -8), 

36. (3, -4). 

39. (6, -2). 


28. (-3,4). 

31. (-8, -2) 
34. (0, -5). 

37. (8, -3). 

40. (10, -10). 


29. (-6,6). 

32. (-7, -5). 
36. (5, -3). 

38. (14, -6). 


In each exercise below the magnitude and direction angle of a vector with initial 
point at the origin is given. Find the coordinates of the terminal point of each vector 
correct to three significant figures, using the slide rule in computations. 


41. 10.0, 30.2^ 
44. 47.8, 82.3°. 

47. 159, 136.2°. 

60. 19.5, 195.2°. 
63. 17.6, 282.3°. 

66. 86.4, -98.2°. 
69. 1590, 351.2°. 


42. 36.1, 47.2°. 
46. 15.2,41.5°. 

48. 67.3, 170.1°. 

61. 37.3, 198.2°. 
64. 35.2, -46.2°. 

67. 76.2, -48.3°. 
60. 2040, 347.2°. 


43. 61.2, 69.5°. 
46. 95.3, 102.3°. 

49. 86.2, 156.3°. 

62. 18.4, 243.5°. 
66. 48.3, -51.7°. 

68. 596, -125.3°. 


Each vector given below has its initial point at the origin. The direction angle is 
denoted by the Greek letter corresponding to its name, as A, a. Find the magnitude 
and direction angle of the sum of the vectors given in each exercise. Use the slide 
rule and obtain results accurate to three significant figures and the nearest tenth of 
a degree. 

61. A: A = 46.2, a - 36.1°. 

B: B == 35.1, /3 = 99.3°. 

63. A: A = 0.823, a = 136.2°. 

B: R == 0.436,= 218.1°. 

66. A: A = 859, a = 256.3°. 

B: R - 642, ^ - 328.4°. 

67. A: A = 6.73, a = 138.3°. 

B: R * 5.94, /3 - 285.2°. 

69. A: A = 2.86, a == 46.0°. 

B: R = 3.79, ^ = -36.8°. 

71. A: A = 49.2, a = 51.8°. 

B: R = 51.3 ,13 = 212.4°. 

C: C = 65.8, 7 = 126.2°. 

73. A: A - 6.73, a = 59.2°. 

B: R - 5.08, ^ = -36.7°. 

C: C - 4.75, 7 = 138.2°. 

76. A: A = 0.525, a = 98.2°. 

B: R = 0.673, /3 = 137.5°. 

C: C = 0.896, y = -42.5°. 

6-6. Application to Engineering Problems: The Inclined Plane. Force 
is one of the most important vector quantities with which the engineer 
deals. In order to solve problems involving the application of forces, 
it is necessary to understand several fundamental physical principles. 
One of the first laws of mechanics states that when a body is at rest or 
moving with a constant velocity, the resultant force upon that body is zero. 
Thus, when a book is lying on a table, the action of gravity exerts a 


62. A: A = 8.97, a = 61.6°. 

B: R = 6.32, ^ = 125.2°. 
64. A: A = 0.0437, a = 215.2°. 

B: R = 0.0126, /3 = 300.4°. 
66. A: A = 4950, a = -46.2°. 

B: R = 3840, /3 = -108.3°. 
68. A: A = 8.76, a = 196.0°. 

B: R = 9.92, /3 = 78.3°. 

70. A: A = 46.8, a = 51.2°. 

B: R = 59.2, = -95.2°. 

72. A: A = 519, a = 156.2°. 

B: R = 643, (3 = 235.8°. 

C: C - 859, 7 = 46.9°. 

74. A: A = 0.876, a = 45.9°. 

B: R = 0.502, - 67.3°. 

C: C = 0.617, 7 = 169.4°. 
76. A: A = 6970, a = 67.4°. 

B: R = 4230, 0 = 89.6°. 

C: C = 1676, 7 = 236.4°. 
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force downward, and the table must exert an equal and opposite force 
upon the book in order that the resultant force upon the book will be 
equal to zero. It is an experimental fact that the force due to the action 
of gravity acts vertically downward. 

With these two fundamental principles of mechanics and the tech¬ 
nique of vector manipulation, the student is equipped to consider the 
problem of the inclined plane. Wedges, factory chutes, and V-type 
automobile engines involve these basic principles. 

Example. A loading platform is 4 ft. high, and a board is placed from the platform 
to the ground, thus becoming an inclined plane. The board rests on the ground 
at a distance of 4 ft. measured horizontally from the edge of the platform as shown 
in Fig. 6-15. If a box weighing 100 lb. is being pushed up the board with a constant 
velocity, and a frictional force of 10 lb. acts in a direction opposite to that of the 
motion of the box, what is the magnitude and direction of the force being applied 
to the box? 




The vector diagram is drawn in Fig. 6-16. There is a downward force of 100 lb. 
due to the action of gravity. This is represented vertically downward in the figure 
by the vector Fi. As the box is being pushed up the incline, the frictional force 
acting in a direction opposite to that of the motion of the box will be directed as 
indicated by the force F 2 . 

The box is being pushed up the plane and hence a force F will have to act upward 
along the inclined plane as indicated in the figure. This force F is the applied force 
which is to be determined. 

There is one additional force, namely, that of the board pushing upward with a 
force Fa against the bottom of the box as indicated in Fig. 6-16. This force must 
act in this direction since the box is supported by the board. The magnitude of 
this force is not given. 

Since the box is moving with a constant velocity, w^e may apply the law of me¬ 
chanics which states that the resultant force acting on the box is zero. 

The forces acting on the box may be set up as indicateti in Fig. 6-17. Since these 
four forces are the only forces acting on the box, the sum of them must be zero. 

From Fig. 6-15 it is seen that the angle 6 which the board makes with the hori¬ 
zontal and likewise with the vertical is 45®. 


232 


SIMPLE PROPERTIES OF VECTORS 


[0-6 


It is evident then that the angle between the force F which lies along the inclined 
plane and a horizontal line as indicated in Fig. 6-17 is also the angle B and, there¬ 
fore, 45®. 

Since the opposite angles of two intersecting lines are equal, the same figure shows 
that the angle between the frictional force F 2 and the horizontal is also equal to 



Fio. 6-17. 



In this case it is convenient to resolve the forces into components along the in¬ 
clined plane and perpendicular to the inclined plane. We, therefore, place the 
a;-axis along the inclined plane as shown in Fig. 6-18. Thus the force Fs is perpen¬ 
dicular to the inclined plane and hence is along the 2 /-axis. The force Fi makes an 
angle of 45® with the inclined plane and hence makes an angle of 45® with the x-axis. 
Thus the vector Fi will have terminal point: 

xi = -100 sin 45® - -70.71b., 

yi = -100 cos 45® = -70.71b. 

The terminal point of the frictional force vector F 2 will be given by 

XI = —101b., 

3 / 2 * 0 . 

The terminal point of Fs, the force due to the action of the inclined plane, will be 

xz « 0 , 

yz * H-F^lb. 

The applied force F will have terminal point: 

Xx “ ’\"F lb., 

2/y * 0. 

We are asked to solve for the applied force F. The condition which must be 
satisfied if that the r^ultant of the four forces must be equal to zero. If a force 
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is equal to zero its X” and ^-components must also be equal to zero. Therefore, the 
resultant x- and ^/-components of the forces of the problem must be equal to zero, 
to satisfy the required conditions. Solving for these components in terms of the 
two unknowns F and F 3 , two equations in two unknowns are obtained. 

Adding the a;-coordinates algebraically and equating to zero, we obtain 

(1) xi-i-X2+xz+x -70.7 -10-l-0 + P = 0 

( 2 ) t/i -f- 2/2 + ^3 + 2/ = —70.7 + 0 + F3+0 = 0 
Solving equation ( 1 ) for F: 

(3) F = 80.7 lb. 

Solving equation ( 2 ) for F 3 : 

Fs = 70.7 lb. 

The problem asked for the applied force F and, hence, the answer is that F = 
80.7 lb., directed upward along the inclined plane. 

6-7. The Engine Speed Governor. Another force associated particu¬ 
larly with rotating machinery is centrifugal force. This force occurs 
whenever there is rotation of any type and is always directed outward 
from the axis of rotation. If a stone is fastened to the end of a string 
and whirled about, the stone tends to fly outward and eventually, if 
whirled fast enough, would rotate in a horizontal plane. This tendency 
to fly outward is due to the action of the centrifugal force. The inward 
constraining force exerted by the string on the stone keeps the latter in 
a circular path. Another example of this force is clearly illustrated 
when a pail of water is whirled around in a vertical plane. The water 
will be forced to the bottom of the pail and will not spill even when the 
pail is upside down. Centrifugal force depends on velocity and in¬ 
creases with it. An engine flywheel may fracture if rotated at too high 
a speed, because of the difference in the action of centrifugal force upon 
various parts of the wheel, and this fact consequently must be con¬ 
sidered in the design. 

The engine speed governor is one of the many engineering applications 
which utilize this force. Since the magnitude of the centrifugal force 
is a function of the speed, this force may be used to open or close a 
valve. Whenever the speed of the engine becomes liigher than a pre¬ 
determined value, the governor closes the valve in the steam supply, 
causing the engine to slow down. Exactly the opposite action occurs 
when an engine begins to run too slowly. A similar governing device 
coupled with frictional means is used to maintain constant speed of 
phonograph turntables. 

Consider a simple tyi>e where the governor mechanism consists of two 
metallic cylinders located directly opposite one another and which are 
rotated about an axis which cuts through the center and is perpendicular 
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to a line drawn between the two cylinders. The two cylinders are con¬ 
nected to the top of the shaft about which they rotate by means of rods 
from the top of the shaft to the cylinder as indicated in Fig, 6-19. 



The connection at the top of the shaft is flexible, in order that the 
cylinders may respond freely to the action of gravity and to the action 
of the centrifugal force when they are rotating. A lever arrangement 
not shown in the figure transmits the movement of the cylinders to the 
valve of the steam engine. 

Example, The centrifugal force exerted by each brass cylinder of a steam engine 
governor is 100 lb., and the force due to the action of gravity is 20 lb. on each cyl¬ 
inder. The governor is perfectly symmetrical. What will be the angle between the 
rod holding one of the cylinders and the shaft? 



We first construct a vector diagram indicating all forces acting upon a cylinder, 
as shown in Fig. 5-20, The centrifugal force Fi of magnitude 100 lb. will act 
directly putward from the axis of rotation as indicated in the figure, and a force F 2 
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of magnitude 20 lb. will act vertically downward due to the action cf gravity. There 
will be a force F acting along the rod joining the cylinder to the shaft as shown. 
The angle d, which we wish to find, then is equal to the angle which the force F 
makes with the shaft. 

The forces acting on the cylinders are redrawn on a coordinate system as shown 
in Fig. 6 - 21 . If the cylinder is not moving outward or inward and not moving up- 


FrlOO 


^^=20 

Fig. 6-21. 

ward or downward, the resultant forces acting in these directions must be zero, 
according to the previously given fundamental law of mechanics. 

The terminal point of Fi is given by 

xi ~ —100 lb., 

yi == 0. 

The terminal point of F 2 is given by 

X2 — 0 , 

^2 == “20 lb. 

Let 6 be the angle between the force F and the j/-axis, as indicated in Fig. 6-21. 
The terminal point of force F will then be given by 

X = F sin df 

y — F cos 6. 

Since the resultant of the three forces in Fig. 6-21 must be equal to zero, the 
resultant of the vertical and horizontal components of these three forces must also 
be equal to zero. 

Adding the respective coordinates we have: 

( 1 ) Xx X 2 X = —100 “h 0 -|- F sin 0 = 0 , 

(2) = 0--^-j-F cos 0 = 0. 
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Rewriting equations (1) and (2): 

(3) F sin d =» 100, 

(4) F cos 0 =« 20. 

Dividing equation (3) by equation (4) 

sin 0 

- = tan 0 = 6. 

cos 0 

Therefore 

0 = 79°. 

6-8. Vector Representation of Alternating Currents and Voltages. 

One of the important engineering applications of vectors occurs in the 
solution of problems dealing with an alternating current. It may be 
shown that whenever some quantity varies sinusoidally with respect to 
time, the value at any instant may be represented by a vector. Modern 
alternating-current generators produce a sinusoidal variation of voltage 
with respect to time, and therefore the voltage at any instant may be 
represented by a vector. Ordinarily the current which flows through a 
circuit because of a sinusoidally applied voltage will also be sinusoidal. 

In order to consider a typical application of vector algebra to the 
solution of an alternating-current problem, it is necessary to introduce 
several facts with regard to these currents. It may be shown experi¬ 
mentally that there are three fundamental properties, resistance, capaci¬ 
tance, and inductance, which a circuit may possess. The circuit may 
poswsess each property individually or in any combination. It can be 
shown that: 

1. The voltage drop across a resistor may be represented by a vector 
which has the same direction as the vector representing the current 
flowing through the resistor. 

2. The voltage drop across a condenser may be represented by a 
vector which makes an angle of 270® or —90® with the vector represent¬ 
ing the current flpwing through the condenser. 

3. The voltage drop across an inductor may be represented by a vector 
which makes an angle of 90® with the vector representing the current 
flowing through the inductance. 

4. The vector sum of all the voltage drops in a series circuit must be 
equal to the applied voltage. 

Voltage drop is the name given to the quantity which a voltmeter 
measures when placed across a resistor, a condenser, an inductor, or 
any combination of these elements. In Fig. 6-22 a simple series circuit 
is shown, indicating the symbols used to represent a condenser, resistor, 
an inductor, and the generator. A series circuit is one in which the same 
current flows through every element of the circuit. 

The straight lines represent wires; current will flow through the wires 
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and must flow out one side of the generator and in the other. From 
Fig. 6-22 it is apparent that the same current will flow through each 



element of the circuit, and so the figure constitutes a diagram of a series 
circuit. The generator voltage in the circuit of Fig. 6-22 is the applied 
voltage. 

Consider a problem utilizing the vector representation of voltage and 
current. 

Example. In a simple series circuit'of inductance, capacitance, and resistance, 
the voltage drop across the condenser is 10 volts, that across the inductance 50 volts, 
and that across the resistance 30 volts. Determine the magnitude and the direction 
of the applied voltage. 

Y 



The vector diagram for this circuit is drawn in Fig. 6-23. In a series circuit the 
same current fbws through each element. Denote the vector representing this cur- 
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rent by I and let this vector be drawn in a horizontal direction as indicated in Fig. 
6~23. It is necessary to choose arbitrarily this vector since the angle of all the 
vectors representing the voltage drops are given with respect to this current. After 
choosing the direction of the vector I, the relative positions of the vectors represent¬ 
ing the voltage drops are determined. From the fundamental principles stated 
above, the vector Vx,, representing the voltage drop across the inductance, will make 
an angle of 90° with the vector I as shown in Fig. 6-23. The vector Vc, representing 
the drop across the condenser, will make an angle of 270° or —90° with the current 
vector as shown. Finally, the vector V/g, representing the voltage drop across the 
resistor, will make an angle of 0° with 1. 

According to the introductory Principle 4 stated above, the vector sum of all these 
voltage drops will be equal to the applied voltage. 

Now 

Vl * 60, Vc - 10, F/e = 30. 

Let the vector I lie along the a;-axis. Using the conventions of the preceding two 
examples, 

XL *= 0, xc ~ 0, xe — 30; 

VL = 50, yc = —10, VR = 0. 

Adding the x- and ^-coordinates respectively: 

X ^ XL -V xc xr == 0 0 4“ 30 = 30, 

2 ^ = 2 /L + 2 /c 4“ 2//2 - 60 + (-10) 4* 0 = 40. 

The magnitude of the applied voltage will be given by 

V = Vx® ■\-i/ = V{30)* + (40)2 = 60 volts. 

The angle 6 which the vector representing the applied voltage makes with the vector 

I is found from tan 6 = - = ^ to be 53.1°. 

X 3 

EXERCISES 

1. An automobile in going around a curve at a constant speed has three forces 
acting upon it: the force of gravity vertically downward, the force due to the friction 
between the tires and the road directed toward the center of the curve and parallel 
to the road, and the centrifugal force directed outward from the center of the curve 
in a horizontal direction. If the pavement aroimd the curve is level, only the force 
of friction counteracts the centrifugal force. However, if the road is banked prop¬ 
erly, the force due to the action of gravity assists the friction; the effects are similar 
to those of an inclined plane. If the road is banked at an angle of 30° with the 
horizontal, the force due to the action of gravity is 3000 lb. and the centrifugal 
force is 1000 lb. What will be the required magnitude of the frictional force between 
the tires and the road? 

2. A man is pulling a heavy box up an inclined plane. A rope is attached to the 
center of the box, the man pulls on this rope which makes an angle 30° with the in¬ 
clined plane. The force which the man exerts is directed along the rope. If the 
inclined plane makes an angle of 46° with the horizontal, the force due to friction is 
10 lb. and the force due to the action of gravity is 600 lb. directed vertically downward. 
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What force must be exerted by the man to move the box up the plane at a constant 
velocity? 

3. A box, standing on a board, weighs 200 lb. and slides down with a constant 
speed if the board makes an angle of 35® with the horizontal direction. Find the 
force of friction between the box and the board. 

4. An object of weight 500 lb. is on an inclined plane and it is known that the 
friction between the object and the plane is one-tenth of the force which works 
perpendicular to the inclined plane between this plane and the body. What is the 
angle between the inclined plane and the horizontal plane if a force of 50 lb. is suffi¬ 
cient to push up the object with a constant speed? 

5. A machine part is hung from the inclined roof of a small building. The force 
due to the action of gravity upon the machine part is 800 lb., acting vertically down¬ 
ward. The roof makes an angle of 15® with the horizontal, and therefore the gravi¬ 
tational force upon the machine part has a line of action which makes an angle of 
75® with the roof. Determine the force acting along the roof. 

6. Consider a governor such as described in Sec. 6-7 in which three forces are 
acting: the force due to gravity, the centrifugal force and the force exerted by the 
rod which connects the cylinders to the top of the shaft about which the cylinders 
rotate. If the force due to the action of gravity on each cylinder is 10 lb., what 
must be the centrifugal force in order that the angle between the shaft and the rod 
holding the cylinder be 30®? 

7. Assume that the centrifugal force working on each cylinder of a governor of 
the kind described in Sec. 6-'7, is 80 lb. What is the weight of each cylinder in 
order that the angle between the shaft and the rod which holds the cylinder be 25®? 

8. The rafters of a gable roof of a building come to a point at the top framing a 
V-shaped structure. Consider two of these rafters. The width of the building is 
20 ft. Two timbers are fastened together at the top to form the V-structure. The 
point of the V is located directly in the center of the building. If the force due to 
the action of gravity on the roof structure is 500 lb. and acts vertically downward 
from the point of the V, and the vertical height of the gable is 10 ft., what will be 
the force acting along each timber? 

9. A trolley wire of a street car system is supported by a wire stretched between 
two poles, separated by a distance of 50 ft. The supporting wire sags 4 in. at the 
center due to the weight of the trolley wire. The force causing the sag in the wire 
has a magnitude of 500 lb. at the central point and is directed downward. What 
will be the force in each direction along the supporting wire at a point midway be¬ 
tween the two poles? 

10. An alternating-current circuit is composed of a condenser and an inductance in 
series. If the voltage drop across the inductance is 25 volts and that across the con¬ 
denser is 80 volts, what is the magnitude of the applied voltage, and what angle 
does the vector representing the applied voltage make with the vector representing 
the current flowing through the circuit? 

11. A series combination of inductance, capacitance, and resistance is connected 
across an alternating voltage. The vector representing this applied voltage makes 
an angle of 30® with the vector representing the current. If the voltage drop across 
the inductance is 80 volts and that across the condenser 20 volts, what will be the 
magnitude and direction of the vector representing the voltage drop across the 
resistor? 

12. The winding of an electromagnet is connected across an alternating-current 
supply line. The magnet winding may be considered to consist of an inductive and 
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a resistive portion in series. The voltage drop across the inductive portion of the 
winding is 180 volts. If the vector representing the applied voltage makes an angle 
of 75® with the current vector, what will be the magnitude and the direction of the 
vector representing the resistance voltage drop? 

13 . A condenser in a radio amplifier is connected in series with a resistor. If the 
voltage drop across the condenser is 20 millivolts and the voltage drop across the 
resistor is 100 millivolts, what will be the magnitude and direction of the vector 
representing the applied voltage? 

14 . An alternating-current circuit consists of a condenser, an inductor, and a 
resistor in series. The voltage drop across the inductance is 90 volts. What are 
the magnitudes of the voltage drops across the condenser and the rteistor, and what 
are the angles between the vectors of these voltages and the current vector if the 
total alternating voltage is 110 volts and the corresponding vector makes an angle 
of 45® with the current vector? 


PROGRESS REPORT 

A number of problems were enumerated in the introduction of this 
chapter, which deal with physical quantities that have not only a mag¬ 
nitude but also a direction. In order to have a mathematical concept 
which could be used in dealing with such problems, the idea of a vector 
as a directed line segment was introduced. The operations with vectors, 
including addition, subtraction, and multiplication by a scalar factor, 
were defined, and thus a vector algebra was constructed. A special 
problem which is of great importance in many applications is the reso¬ 
lution of a vector into two components with given directions, especially 
into two components parallel to the x- and j/-axi8. This resolution of a 
vector into components was carried out graphically and numerically, 
and it was used to find the resultant of a system of forces, or, generally, 
to find by computation the sum of any number of vectors. 

. Several applications to engineering problems, including the inclined 
plane, the engine governor, and the alternating circuits, showed how the 
solution of such problems is simplified by introducing the use of vectors. 



CHAPTER 7 


ALGEBRAIC OPERATIONS 

In the previous chapters we considered certain simple algebraic ex¬ 
pressions and attained a skill in manipulating them. However, in both 
theoretical and applied mathematics much more complex algebraic rela¬ 
tions are encountered. Therefore, if we arc to be able to solve a wide 
variety of practical and theoretical problems, it is necessary that we 
possess skill in manipulating these more complex algebraic relations. 
The purpose of this chapter is to develop this skill. 

7-1. Special Products. Certain special products were given in Sec. 
2-7. These are repeated here together with other new forms which are 
very useful in mathematics and its applications. They can all be veri¬ 
fied by actual multipUcation. 


(1) 

(fl + 

h)(a 

-b) = a^-b^. 

(2) 

(a + 

bf = 

a‘-\-2ab + b^. 

(3) 

(a - 

bf = 

a2 - 2a6 -f b®. 

(4) 

a(.x + y- 

z) = cx -f ay — az. 

(5) 

(a + 

b)(x • 

- y) = ax -1- 6x - ay - by. 

(6) 

{x + 

a)(x -f- 6) = -h (a -1- b)x -h ab. 

(7) 

(ax + b)(cx + d) = acj? -f (ad -|- hc)x -f bd. 

(8) 

(o + 

6 + c)® = 0 ^ + 6® + + 2ol> + 2ac -f- 2bc. 

(9) 

(a + 

6)(a" 

- ab -f- 6^) = 0 ® + 6®. 

(10) 

(c- 

b)(<^ 

-f ab -f b*) = 0 ® — b®. 

(11) 

(a -h 

bf = 

0 ® -f- So^b -h 3ab® -f b®. 

(12) 

(a - 

bf = 

0 ® - 3a®b -f 3ab® - b®. 

(13) 

(« + 

&)" = 

a* -h 4c®b + 6a®b® + 4cb® + b^. 

(14) 

(a - 


a* - 4a®b -1- 6a®b® - 4ab® + b\ 


The reader should satisfy himself of the correctness of the above forms 
by actual mull^iplication. 
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The above products can be described in words. For example, formula 
(8) states that the sqtuire of a trinomial equals the sum of the squares of 
all the terms of the trinomial plus twice the product of each term by every 
term that follows it. Similar statements may be supplied by the reader 
for the other formulas. 

Algebraic computations may be shortened by the use of the above 
forms, as illustrated in the following examples. 


Example 1. Find the product (2L — 3)(4L + 6). 

Using (7), where we substitute L for x, 2 for a, —3 for 6, 4 for c, and 6 for d, we 
obtain: 

(2L ~ 3)(4L + 6) « 8L2 - 2L - 15. 

Example Expand the expression {Ex -f Pi/ + Qz)^. 

Substituting Ex for a, Py for 5, and Qz for c in (8) we obtain: 

{Ex + Py 4- Qz? = E^x^ + PV -f Q^z^ + 2PExy -f 2QExz + 2PQyz. 

Example 3. Find the product {x — 2y){x^ + 2xy + 42/^). 

Substituting x for a and 2y for h in (10) we obtain: 

{x ~ 2y){x^ + 2xy -f Ay^) =» - S>y^. 

Example 1. Expand {z + 2)^. 

Substituting z for a and 2 for h in (11), we obtain: 

{z + 2? * 28 4- 4- 122 4“ 8. 

Example 6. Using formula (14) find (0.99)^. 

Substituting 1 for a and 0.01 for h in (14) we obtain: 

(0.99)^ « (1 - 0.01)^ 

« 1^ - 4.13.0.01 4- 6 . 1^ . (0.01)2 -.4.1. (0.01)3 ^ (0.01)4 ^ 0.96. 


Formulas 2, 3, 11, 12, 13, and 14 are particular cases of a general form 
called the binomial expansion, given by the following: 

(a + vr = a" + no"-'& + 

(15) 


+ «»-3i,3 + . . . + + fen. 

1.2 ♦ 3 


EXERCISES 


Perform the indicated operations. 

1. (6X + 6)(6X - 6). 

8. (3P + 4)*. 

8. (V - 3)* 

7 . m+N - S)K 


2. (2® + y)\ 

4. (—6®y + 7)(6®j/ + 7). 
6. (2r* - 

8. (o + c)(Qi + Qi). 
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0. (2C + L)(2» + k). 

U. (,4Q + 2)(20 - 1). 

13. (x - y + z)*. 

16. (41** - 6a: + 9)(2x + 3). 

17. (9a** + 12o + 16)(3o - 4). 
19. (70’* + 2©"-!)’. 

21. (h - k)\ 

23. (»** + d)\ 

26. (Z”-* - 1)*. 

27. (7p + 3)(3p - 7). 

29. (2 + j:)(2 + y). 

31. (6a** + 5)(3 - a*). 

33. (x+y + 2)**. 

36. (3 - L - Z,®)**. 

37. {2Xi -Xi- 2)**. 

39. (w - 5* + 3a)l 

41. (4a:^ - 3a:p** - 5a:**)* 

43. (5 - «•)“. 

46. (4a" + 5b”')(l2a’^ - ISt"*). 

47. (6**" - 1)(6^" + 6**" + 1). 
49. (2P - 1)». 

61. (r - 3s)« 

63. (c« + 7c« + 49)(c* - 7). 
Verify the following identities: 


10. (4o + %)(o — 2p). 

12. (a + 26 + c)**. 

14. {x — y — a)*. 

16. (a** + ff**)(a< - o**g* + /). 

18. (El + Pi)**. 

20. (3 - 4P)» 

22. (1 + x)*. 

26. (a — c)(ioi + 102 ). 

28. (3y - 8)(3y - 2). 

30. (V + 7)(y - 4). 

32. (x+y- 3)**. 

34. (7 - l)(-S - 1). 

36. (1 — o)(l + o + o*). 

38. (a:** + xy + 3/**) (a: - y). 

40. (26 + wf. 

42. Q + a:y)(l-|+2:v)- 
44. {2ym^ -f- 

48. 

60. ids - i)®. 

62. i2c^ - 3c**)2 


54 . (x^ 4- y^)ir^ + 8^) — ixr + ys)^ = (x5 — yr)^. 

56 . (x 4- 2 / 4- c)^ + (a; - 2 /)^ 4- (x — c)^ 4- ( 2 / - c)^ = 3(x2 4- 2 ^^ 4- c^). 

66. (/i ~ h? 4- 3(/i - l2)Hli 4- /2) + (/i + /2)® + 3(/i - hKh + h? = 8/i». 


7-2. Factoring. In Sec. 7-1 we learned from formulas 1 through 15 
how to write by inspection the product of certain special types of forms. 
As in Sec. 2-8, we may now interpret formulas 1 through 14 of the pre¬ 
ceding section as working from right to left and thus obtain the process 
of factoring. In the problems of the present section we shall be given 
the product and we shall have to discover its factors. The products 
that we shall learn to factor are special products of the type given in 
Sec. 7-1. To follow the work of the present article, the reader must be 
well acquainted with the formulas of the preceding section. The ability 
to factor an expression depends on one^s ability to identify it with one 
or more forms of these special products. The reader^s efficiency in fac¬ 
toring will increase with careful reading and working of the illustrative 
examples and exercises which follow. 
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Formula 7 of the preceding section enables us to factor trinomials like 
mx^ + pa; 4* Such expressions can sometimes be factored by inspec¬ 
tion into two binomials {ax + h){cx + d), where ac — m, bd — and 
ad + be — p. As possibilities for a and c we take the various pairs of 
factors of m (the number which multiplies x^); as possibilities for 6 
and d we take the pairs of factors of q (the number free of x). We then 
try these various possibilities to give od + 6c = g. To illustrate this 
method consider: 

Example 1. Factor + IQx 4 3. 

The pairs of factors of 6 are 1 and 5. Pairs of factors of 3 are 1 and 3. By trial 
and error we find that (1 • 1) + (3 • 6) ~ 16 and hence 

6x2 + 16a; 4 3 = (x 4 ^ 1 )^ 

Example 2. Factor 2lx* — l^x^y — 56xy2. 

Using formula (4) of Sec. 7-1 we have 

21x* - 14x^2/ - 56xt/2 « 7 x(3x2 - 2xy - %y^). 

To factor the trinomial Sx^ — 2xy — we find that the pairs of factors of 3 are 
1 and 3, and that of —8 are ±1 and ^8 or ±2 and =F4. By trial and error we find 
that (1 • 4) — (2 • 3) ~ —2 and hence 

3x2 _ 2xy - 82/2 = (3x 4 42/) (x - 2y), 

Finally we have the result 

21x* — 14x21/ — 56x2/2 = 7x(3x 4 42/) (x — 2y), 

Obviously not every trinomial of this form can be factored in this 
manner. Thus, for example, in 6/2^ + 5/2 4" 4 no such pair of binomials 
can be found. 

Example 3. Factor x* — 27y*. 

Using formula (10) of Sec. 7-1 we have: 

X* - 27y* = X* - (3y)* « (x — 3y)(x2 4 Zxy 4 9y2). 

Example 4. Factor 9122 4 16 R 2/2 4 25 — 24 ^ 2 / ^ 39/2 — 40 /?/. 

Using formula (8) of Sec. 7-1 we have: 

4 16 / 22/2 4 25 - 24/22/ 4 30// - 40//7 

« (3//)2 4 (-4///)2 4 52 4 2(3i2)(-4///) 4 2(3//)(6) 4 2(-4///)(6) 
« (3// - 4/// 4 5)2. 

Example 6. Factor 12a2 — 8a* — 6a 4 1- 

Rearranging the order of the terms and applying formula (12) of Sec. 7-1 we obtain: 

1 - 6a 4 12a2 - 8a* - 1» - 3(l)2(2a) 4 3 • l(2a)2 - (2a)* 

« (1 - 2a)®. 
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EXERCISES 


Factor the following: 

1 . (2o + 3)* - (o + 3)*. 

3 . 3»* + 7* + 2. 

6. + 6*y 4- 

7. —X* + 2a,V — oV. 

9. + r* — 4yz + 2j» + 4y* — 4xy. 

11. 8Ri» - 12 Ri*R2 + dRiRi^ - Rjl 


2. 25m* - (3r + 28)*. 

4. 6** - 3x - 3. 

6. 9** — I2xyz + 4 j /*2*. 

8. fc* - /* + M* - 4 - 2Mife + 4f. 
10. M‘ - 3M^X* + 3M*X^ - X* 
12 . 8C* - 12C*Af + 6CM* - Jf*. 


IS. 6p*g* + 4p5® + 4p*g + 9* + p^. 

14. -216p^ + 216|tV + 81|3< - 96p*a + 16 m*. 


16. /i» - 8/2*. 

17. 27m* + 8n*. 

19. 5x* + 4a: - 12. 

21. SIM* - 256A* 

23. 26 + 64a:« + 80a:*. 
26. 7F* - F - 6. 


16. 8p* - 1250*. 

18. 125y* + 512z*. 

20. 2p* + 6p + 2. 

22. 49o* + 64c« - 112o*c*. 
24. 3R* -5R-2. 


26. M* - X* + 4f}* - 4F* - 4m|3 - 4FX. 

27 

27. L* - r*. 28. —,- 

L® 8 

29. X» + F*. SO. X* - L* + 3XL* - 3X*L. 


31. 3c* - 5cd - 2(i!*. 

32. P* + 4PR + 4B* + 4BT’ + 2Pr + T*. 


33. 4o* - o5 - 35*. 


34. 1 - X*. 


36. 27o* - 5* - 27a*6 + 9o5*. 36. 75/i/2* - 15/i*/2 - 125/i» + h*. 

37. -10 - 29a: + 21x*. 38. lOx* - x - 3. 

39. (x + p + z)* - 64. 40. 196 m*^*X* + 112m/J*X*K. 

41. X* - 2CL - 2CK + C* + 2XL + L*. ' 

42. 9x* + 4z* — 12xz + 16pz — 24x0 + 16p*. 


43. 6 Z* + lOZ - 4. 

46. p* + 9 *. 

47. Bi*Si* + B 2 *S 2 *. 

49. a* + 2a5 - <f* + 5*. 

61. lOXi* - 11 X 1 X 2 - 6 X 2 *. 

63. 8 - (x + p + z)®. 

66 . o* - llo - 60. 

67. 8 M* - 46Af - 12. 

69. «;«x* + xV. 

61. V + (5 - c)». 

63. -7X» + SX*” - 6 . 

66 . o* - ( 6 * - c*)*. 

67. (xo + 1)* + (x« - D*. 

69. X* - x*p - x* - 6 x + 6 p + 6 . 
71. (x + D* - (x - 1 )». 

73. 36m*n + 27»* + 54mn* + 8 m*. 

76. o» + 5*. 

77. 1 + 0 *. 


44. 21p* + 28p - 28. 

46. x« - 64p«. 

48. 1 + 729F*. 

60. I 8 B 1 * - 3 R 1 R 2 - 45 X 2 *. 

62. a* - 1 + 5* + 2<i5. 

64. o« - 27c*. 

66 . 1 - Xi* - 2X1X2 - X2* 

68 . 6x*p* - 4xp - 42. 

60. 612(z + D* + 1. 

62. 4(0 + 5)* + 33(o + 5) - 70. 
84. (X + p)* + z». 

66. 16 - 16p* - n* + nV. 

68. (2p+9)®-(p-9)*. 

70. (2 + S)» - (2 - X)». 

72. 9x* + 6x - 8. 

74. X* - p»*. 

76. T* + 6r*8 - 918*. 

78. 64d* + 27/3*. 
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79. 

M* + + 4/3® - Xa^ + 4m^ 

-Xi*. 



80. 

16pV — + 12pg'). 




81. 

n. 

+• 

1 

1 

82. 

o®6 — ot®. 


88. 

4®^ + 9^® + 2® — 12xy — 4x2 + 6yz. 



84. 

** — 3 ** + 1 . 




86. 

4E* - (4Bi* + 12EiEt + 9Ei^). 

86. 

276* + 26o*6» - 0*. 


87. 

^K* + 25 - 29X*. 

88. 

x® + 0 + ® — 0*. 


89. 

-7s* + s» + 12. 

90. 

-2/3® + (3* + 49. 


91. 

0^ + 9 + 2Q\ 

92. 

B + B» - B® - 1. 


93. 

3a*b + 10c® — 606c — 6o®c. 

94. 

1 + X* - 23X®. 


95. 

- 29m® + 49. 

96. 

16p* — 81p®g® + 9g*. 


97. 

S* - S + r - r*. 

98. 

67^ 4- 4r + T* + 4r» + 1. 


99. 

«* - 4«» + 4e® + 6ta - 3<x. 

100. 

80* + o®6* + 5®o®. 


7-3. Operations with Fractions. 

We 

can now add, subtract, 

multi- 


ply, and divide fractions whose denominators require factoring of the 
type explained in this chapter. The work of this present section is an 
extension to more complicated fractions of what was accomplished in 
Sec. 2-10 and Sec. 2-11. The reader should therefore review these 
sections before proceeding with the following illustrative examples and 
exercises. 

Example 1, Simplifying, 

1 r -R -rR 

1 r - R -rR 

r^R'^ -rR + R^ (r + R){r^ - rR + R^) 

-rR+R^ (r - RKr + R) _ - rR 

“ (r + R)(r^ -rR + R^) (r -j- R)(r^ - rR + R^) (r + R){r^ - r+ R^) 

(r + RKr^ - ri2 + B*) 

“ r» + 

Example IS. Simplifying, * 

c? - 6® 6® - a® a* 

a(a -f h) ‘ a®6 -a* * a® - 6* 

^ (a-^(a® 4 . o5 -f 6*) ( 6- ^ 

^ ‘ + h) 

a* -f 06 4- 6 * 

■■ . . — ■■ ■, 


0 + 5 
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Example 3. Simplifying, 

to* + 13fety — 5y^ ^ 2x^ — xy — 15y* _ 6d;* + 13xy — 5y* 6x^ + i3xy + 6y^ 

2** + fliey + V ■ 6** + 13*y + 6^~ 2x* + ftry + 9y* ' 2®* - - 1V 

_ (2 » ' I - eg lCBa: - y) (^*-4-9y)(3x + 2y) 
“ (® + 3y)(2a^-f-3p) ' (* - 3»)(2iM-fip) 

^ (3® - y)(3g 4- 2 y) 

“ (® + 3i>)(® - 3y) 


EXERCISES 

Add; 

9 - 3p 3 + Sp 

■ 16 g 205 * ■ 

Xi 2Xi* + Xj* 3 X 1 X 2 * - Xi* - X 2 * 4 X 1 X 2 * - 2Xi*X2* - X 2 * 

■ X 2 X 1 X 2 • Xl*X 2 Xl*X 2 * 

ll®y +2 5y* - 3 6®* - 5 

®*y* ®p* ®*p 

fl* + hh + /2* /l* - hh + f2* 2f2» - /2* + /l* 

/1 + /2 /1-/2 /l*-/** 


6. 


i - c 1 + c P + c* 
Z+c i — c P — c* 


- e _ 62 61*62 + eie2* 

«1* + «2® 61* — 62* 61® — 62* 

3 4r 5r* 

' i — r (i — r)* (t — r)* 


2o - 6 3 2(0 + 1) 

■ o* + 7o + 10 o* + o - 2 o* + 4o - 6* 

T+5 T-2 r+1 

*■ T* - 4T + 3 r* - ST + 15 r* - 67 + 5 ' 
5 (71-3/2) 8 _2 (/i - 2 / 2 ) 

■ h-TIi 7i* - 6 / 1/2 + 6 / 2 * /i - 3/2 

6 * — (w — <)* «)* — (<— 6)* P — (e — to)* 

* ({ + 6)* — W* (6 + W)* — P (w + 0 * — 6* 

n* + n* + n + 1 n’ — »* + n — 1 

18 P + 1 M* + M + 1 

M* - 3m + 9 M* + 27 


14 

' o - 3c o* - 27c» 

.. _i_ . _£!_ 

■ Z - 2c P - 8c® P 4- 2cZ + 4c^ 
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16. 

17. 

18. 


+ E - 2 1 

+ 1 ^ + 1 “ E +Y 

1 t - 1 

< - 3 t2 + + 9 _ 27 * 

__ r — s rs — 2r^ 

r ~ s + r« + «2 


19. 

20 . 

21 . 


22 . 


xy _ 2x 

- 2^3 

__1_ X + 1 _ a;2 4- X 4-1 

i 4- 3 a;2 - 3x + 9 a:^ 4- 27 

_ T. _ 

- aT a + T 

- P - 1 1 

p** - 1 ~ “^P -i' 


„» _, X - y _ - xy 

' X + y - xy + y^ x? + y^ 
e* + 3 2e - 1 1 

*’2(e«-8) 3(e^ + 2e + 4) 6(2-e)’ 


26. 


s 1 s — t 2 sH^ 

^2 4- 8^ 4- 


Perform the indicated operations: 

2(?2 - 30 4* 1 02 _ 0 _ 6 3(92 _ 4^ _ 4 

_ 4 3fl2 _ e _ 2 26^-79 + 3 


2ir^ — 6ir — 3 (x — 1)^ 27r^ — 3ir — 2 

ir^ — IT — 2 47r^ — 1 ir^ — 4ir 4 3 

„„ 25* + 55 + 2 95* + 165 + 4 

■ 65* + 55 + 1 55* + 125 + 4 

.. 4B* - 6R + 2 4P* - lOB + 6 
' 4B* - 8B + 3 4(B* - 2fl + 1) 
lOT* + 17T + 3 207^ - P - 1 
4r - 1 2r + 3 

12P* + 6P - 2 8P* + lOP - 3 
6P* + 13P + 6 ■ 4P - 1 


(1 - Xif - Xa* 1 - jXi + Xg)* 
(Xi - Xj)* - 1 ■ Xi* - {Xi + !)*■ 


38. 


El* - Ei* r jgiB2 1 . r 1 1 ~] 

Ei* + Ei* 'l "^(Bi-Bj)*] ■ Ui*'^B8*J‘ 


(m — r)* m* — r* to* + wr + r* 
TO* — r* TO* — r* TO* + TO*r* + r* 
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36. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

46. 

46. 

47. 

48. 

49. 

60. 

61. 



-g* 

/I 1,1 

\ pV 

p* 

+ g*' 

1 

SI 

H 

/ (p - g)* 


- ^ 

+ 0^ 


(f* 

- 

■ 0-0' 


(B, 

,2 - B, 

- Bp 

3 

/i« 

-/2« 

. /l» - /2=> 


/i' 

- /2^ 

■ ll - /2 ■ 


a* 

4-6« 

a — 6 o'* — + 6^ 

a« 

-6«‘ 

a + 6 0"^ + 0^*6^ + 6^ 

Y 

- 1 

y* +1 


XY + X 

■ y® -1’ 


p3 4- 27 

P + 3 


p 5 

- 9P 

P® + 3P' 


c2 . 

-P i 

:® - P c + « 

0 + C®P 

c» 


3®+p c - r 

c® +cn-p' 


-1 

fl ^ 



-1' 

L («^ +1)' 

d ■ 

x’ 

+ «’ 

a: -f 3a 



— 

z a 


<(s’ - <’) 

- P)® 

(s + 0^ 

s(s -h 0 

’ s® + s« + P 

(s - <)*■ 


P-Q 


v-'X 


/l» - /2’ 


4X''‘ + 2XY 


4X^ + 2XY + Y^ 
- hh + U} 


/l® + /2® /l - /2 


(o + hf — (? a 

(a — h)^ — 

+ ab — ac (a + c)^ - 

■0 ab -0 - be 

p® -f 3p"g 4- 3pg^ 4- 7^ 

p“ 4- 2pq 4- 

0 - 2pq +q- 

p* — 30q + 3pg® — 5® 

B® + 6B® + 12B + 8 

B® + 4B + 4 


gi -iE + 4 ' + \2E -S 

8ir^ + 1 8ir» - 1 

2ir - 1 ' + 2x + 1 ’ 2ir + l’ 


- 1 Jgr» + 1 jE + i‘ 

1 1 + 6fi*(l - B) 2(1 - B) 

1 + B (1 + B)» (1 + R)* (I + B)*' 
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54 _1±L_+_ ±111—. 

o® -h ar -f r* a* — ar + 

B6 3(g+0 58 

* «* — 28< 4* s* + 2si + 

^ 4-13^ + g + 1 3 

• /32 - ^ 4- 1 /3 - 1 

„ h* - + /2" /l + /2 /l - /2 1_ 

/l® - /2® /l* - /2* /l® + - /l"* 


4-g* 


- p 4- g 


7-4. Complex Fractions. A fraction whose numerator or denomi¬ 
nator, or both, are fractions, is called a complex fraction. A simple 
fraction is one without a fraction in its numerator or denominator. A 
complex fraction, like a simple one, is of course a quotient, but it usually 
involves some other operations. Performing these operations is spoken 
of as simplifying the fraction. 

In simplifying a complex fraction, first perform the indicated addi¬ 
tions and subtractions; second, perform the multiplications and divisions. 


Example 1. Simplify 




First perform the subtraction indicated in the numerator and the subtraction indi¬ 
cated in the denominator. Thus we obtain 

1 X® - 1 

^2 2 

X X 

Second perform the indicated division and simplify by factoring. Thus 

X® - 1 

X® X® — 1 X 
X — 1 X® X — 1 

X 

(x - l)(x® + X + 1) X 


X® + X 4-1 


Simplifying complex fractions may involve several separate steps. The 
above procedure c^ be repeatedt imtil a simple fraction is obtained. 



7-^] 


COMPLEX FRACTIONS 


251 


Example 2, Simplify 


E + l 


E + l-\- 


E - 1 +■ 


E + l 

Adding the last fraction makes the given expression equal to 
E + l E + 1 


^ + 1 4- 


1 


~ 1 4-1 
E + 1 


E + 1+- 


E^ 

E 4* 1 


Dividing the last fraction reduces the last expression to 

^ + 1 


^4-14- 


E 4- 1 
E2 


Proceeding as in Example 1 we reduce the last complex fraction to 

E 4- 1 _ E^iE 4- 1) 

-t- + F 4- 1 ““ 4- ^ + 1 

E^ 


E^{E + 1 ) 

EHE + 1) -h 4- 1) 


which is a simple fraction. 


E^{E 4 - 1 ) _ 

{E 4- l)(E^ 4- 1) “ 4- 1' 


The reciprocal of a number is 1 divided by that number. Thus the 
reciprocal of any number iV is Every number, with the exception 
of zero, has a reciprocal. 

By taking the reciprocal of a fraction we obtain a complex fraction. 

Since ^ the reciprocal of a fraction is the fraction inverted (see Sec. 
a a 

6 

1 - 10 ). 


1 


E -f 



Example 8. Simplify 
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Proceeding as in Example 2 we obtain: 

1 1 




1 


I + 


E + 


IR + 1 


R 


1 


E + 


R 


IR -h 1 
IR -f 1 


EIR + E + 
IR + 1 


EIR +E R 


Simplify the following: 

E R 
I T 


1 . 


3. 


E R 
/ “*“ T 

3g ^2p 
2 _ 3 
q p 


^2 


6. 




4- 


Sy 


?~24^ 
y X 


7. 1 - • 


2 - 


I — X 


9. 


€ t r 

^ - 4 - 
ire 


EXERCISES 


1 4 


2n 


4n 


4. 


e 4 f 


c ~ 1 
e 


e 

— i 


e_4j 

e 


6. 


B* + B + i+--— 


E + -^ 


E - 1 

1 _ yi 1 4- r* 

1 ^ y2 1 _ 

1 - T _ 1 + T ' 
1 + T 1-T 


10 . 


c - 


c + i 


11 . 


g 


1 + 


M 


12 . 


j3 — M 


pg + g* p*+,pg 


|3 + m 
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- //e + j?2* 

I -R 


3 - X 


~ + 2 

y _ 

a? y 

y 


1 4- w + 


1 — n -\-7r 


5+2-^ 

" 5 + 1 


X + 1 +- 


X + 1+- 


18. 1 + 


^ T + 2 ^ 


l-T + 


1 - P® 1 + P» 

1 - P 1 + P 

1 _ p.t 1 + p3' 

1 - P' 1 + P 

P+1 P-1 
P - 1 '^P + 1 
P - 1 P + l' 
P + 1 P - 1 


e* + ^ + i* 

Xc^ - Xi? 

Xc 

Xc + Xl ' 
Xl 


Ri R 2 

eFZ^‘ 

P2 Pi 


26. ** + ■ 


«*+*»-! 


Cl* - 1 


Cl - 1 


p* — 1 


27. P + 3+- 


P + «+■ 


p + g - 
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A -2 - 


28. 


A -2 


A -4- 


A -4 


A -6 
P 


29. 


A - 2 - 

V _ 

P y 4-g 

p -g p + « 


A -4 - 


A -4 


4 * tnr 


30. 


^2 _ y .2 ^2 ^ y 2 

m -f r m — r 

m -- r m +r 


7-6. Linear Equations in One Unknown. Equations were introduced 
in Chapter 2. Before proceeding, the reader should review Sec. 2-12. 

An equation is a statement of the equality of two expressions. If the 
two members of the equation are equal for every value of the symbols 
or variables involved for which the members have a meaning, the equa¬ 
tion is called an identical equation or an identity. For example, all 
formulas (1) to (14) in Sec. 1 of this chapter are identities since they 
hold true for every value of the letters involved. At times, to emphasize 
that some equation is an identity, the symbol s is used instead of =. 
We may write 

^ ^ (a ^ h){a^ + ab + b^). 


An equation whose members are not equal for all values of the letters 
is called a conditional equation or, briefly, an equation. Examples of 
equations are: 

3a: — 2 = 10, true only if a: = 4. 

a:^ — 4x + 3 = 0, true only if a: = 1 or x = 3. 

cos X = 1, true only if x = 0®, 300°, 720°, • • • 

X + 2 = X, not true for any value of x. 

These examples illustrate the fact that a conditional equation may be 
true for one value, two values, unlimited number of values, or for no 
value of the unknown. 

When an equation is given, the object is to solve it, i.e., to find values 
of the unknown that make the two members equal. Such values of the 
unknown are called roots or solutions of the equation. In the process 
of solving an equation we have to make certain changes and transfor¬ 
mations. In the process of solving, it is important that we get for roots 
only those numbers which satisfy the original equation. These changes 
and transformations, when applied to an equation, result in a new equa¬ 
tion. This new derived equation is equivalent to the original equatim if 
it contains oil the roots of that equation and no others. In Sec. 2-12 we 
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indicated the operations on an equation which yield an equivalent equa¬ 
tion. These operations are: 

1. Addition or subtraction of the same expression to both members of the 
equation. 

2. Multiplication or division of both members of the equation by the same 
expression provided that this expression is not zero and does not involve the 
unknovm. 

Applications of these operations were given in Sec. 2~12. 

If an equation is multiplied or divided by an expression involving the 
unknown, the derived equation may not be equivalent to the original, 
as indicated in the following two rules. 

3. If both members of an equation are multiplied by an expression in-- 
volving the unknown, roots not in the original equation may be introduced. 
These are called extraneous roots. 

4. If both members of an equation are divided by an expression involving 
the unknown, the resulting equation may have fewer roots than the original 
equation. 

The next three examples will illustrate Rule 3. 


Example 1. Solve 

( 1 ) 


5E^ -7E -6 
E -2 


Multiplying both sides by E — 2, an expression involving the unknown E, we 
obtain 

5^2 - - 6 = 4J& - 8, 

and hence 

(2) - HE + 2 =» 0. 

This when factored gives 

(5E - 1)(E - 2) « 0. 

Proceeding as in Sec. 2-13 we obtain 

5E — 1 = 0 or E — 2 — 0, 

E = y and E =* 2. 

The solution shows -J- and 2 as roots. But E * 2 cannot be a root of the given 
equation (1), since substitution of this value reduces the left member to § which has 
no meaning (see See. 1-7). Substituting E = ^ in the given equation reduces the 
left member to the right member, since 

5 • (i)^ - 7(i) - 6 , 

i - 2 

Hence we conclude that E *« -J- is the only solution of (1). The other answer, 
E 2, is a root of the derived equation (2) but not of (1), and hence it is an extra¬ 
neous root. 
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Examfie S. Solve 

_^+-i_ 

R - 2 R - 3 R -4c 

To clear fractions we multiply by (R — 2) (R — 3) (JR ~ 4), an expression involv¬ 
ing the unknown, and obtain 

(JR - 3)(/2 - 4) -h (/2 - 2 ){R - 4) « 2(R - 2){R - 3), 

- 7/2 + 12 + /22 _ 07J ^ g ^ - iqr + 12 , 

ZR = 8, 

Substituting f into the given equation we obtain 



The multiplier (R — 2) {R — Z){R — 4), used in clearing fractions of the given 
equation, is zero for R — 2/3, 4. Since none of these turns up as a root in the 
solution, no extraneous roots were introduced, even though both members of the 
given equation are multiplied by an expression involving the unknown R, 

Example 3. Solve 

2 5_^ 

X — 1 X + 1 x^ — I 

To clear fractions we multiply by (x — l)(a; -f 1), an expression involving the 
unknown x, and obtain 

2{x + 1) + 3(x - 1) = 4, 

2a; + 2 + ~ 5 « 4, 

X = 1. 

But X = 1 is not a solution of the given equation since by substituting x = 1 
we obtain 

f +f * V, 

which has no meaning, division by zero being excluded (see Sec. 1~7). Hence x » 1 
is an extraneous root, and the given equation has no solution. 

The next example will illustrate Rule 4. 

Example 4- Solve (x + 3)(x — 1) =» 5(x — 1). 

Dividing both members by x — 1, an expression involving the unknown x, we have 
the equation 

X + 3 « 6, 

which is satisfied by 

X - 2. 

Now X * 2 satisfies the given equation but so does x * 1. Division of both members 
by X — 1 loses the root x * 1. 
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The last example shows that if both members of an equation are di¬ 
vided by an expression involving the unknown, we may lose some roots. 
A root once lost is not so easily discovered; for that reason, in solving 
equations, a student should not divide by an expression involving the 
unknown unless he is certain that by doing so no root is lost. The equa¬ 
tion in Example 4 should be worked as follows. 

(x + 3)(a: - 1) = 5(x - 1), 

(x + 3)(x - 1) - 5(x - 1) = 0, 

(x - l)(x + 3 - 6) = 0, 

(x - l)(x - 2) = 0, 
a- = 1 and x = 2. 


EXERCISES 


Solve the following equations: 

1 . 


3. 


6 . 


9. 

11 . 

13. 

16. 

16. 

17. 

18. 


a - 3 1 


2 . 

E - 1 

P -6 


a “1" 3 o — 1 


E + l~ 

E - 3 


R+5 3 R 

- 5 

4. 


3 

4 

4 B + 6 

8 

X - 3 ^ 

1 

CD 

K -6‘ 

2m 4- 3 6m + 22 

5 16 “ 

3m+ 17 

6(1 -m)' 

6 . 

or + 7 3r - 4 
12 ■" 4P - 3 


X - 1 (2x - 1)* 


8 . 

8 

9 

15 

X - 3 “ (2x - 3)*' 


L + 3 

2L + 6 ■ 

“ 7L + 2 

6P + 10.6 2P 

« 9. 

10 . 

4 

3 

1 

P + 0.5 ^2P + 1 

Z - 1 

Z-2'^ 

Z - 10* 


X - 3 

X + 4 

X — 14 

12. 

o 

X" 

X — 2 

X + 2 X'* - 4 

CO 

1 

1 

c - 2 

c - 2 

_ c - 2 

14. 

T2 

c — 1 

2c + 2 ” 

"c + l' 

2r + 3 

4x2 

X + 2 

4(x^ + 2x + 4) 

= 0. 


3x — 6 

3x 

3x 



X + 3 X *+- 3 


4x — 6 
2T - 3 


+ ■ 


2 

3T - 1 


(2x - 3)(x + 2) (4x - 5)(x -h 2) 

M - 4 M 4- 2 3M2 ~ 10 


2M - 6 

X 


2^x + 2 


2M + 5 4M^ - 25 

2x2 -fx 


X 4* 2 X — 2 


— 4 


0. 
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2o + 8 _ 2a - 8 _ o» - 22 

8 - 2o 2a + 3 “ 4a* - o' 

2a; — 3 a; + 4 2a!* — IQg — 1 

’ a; + 4 2a: — 3 2x* + 5a; — 12 

21 ^ . * 3R - 2 

^■B + 3'^R-3“3B-9' 

2 , 3 4 

a? + 3 a? + 6 + 9a; -f- 18 


23. 

24. 


3a;—4 a;4-3 ( x — 3)(a; — 9) 

2a;>3 ^ “ 6a;2 + Sx - 6 * 

2a! + 3 3(»* - 3) 

a:* — 3a: a:* — 9 


(Ri + 3)(Ri + 5) “ (Ri + QKRi - 5)' 

2 3 3a: 

®' 4 - 9a:* 2 + 3a: " 4 - 9a:*' 

27 ^ + 2 I ^-2 _ 5 

L + 3 3 - L “ L* - 9 ' 

28 ^ _® »LziL 

‘ a; + 2 a; a;* -f 2a; 

29 ^ a:-2 8(a:* + a;-3) 

2a!-l 2x + 6 4x* + 8a:-5 

2 3 6 6 

*^’2a:*-x x’^2x + 1 “ 4x* - l' 

„ 1 _ 2 __^_^ 

“ e-1 K-2 E-3 e:-4' 

82 5±i+_-£±i_ = _J_ 

■* + 2 x* + 5a:+6 * + 3 x*+6a: + 6 

8+3 8 —6 8+4 8 — S 
a;-|"l a;—4 x + 2 a; — 3 


84. 

86 . 


1 +3e 
6 + 7e 
2 

2t - 1 


9 - lie _ 14(2e - 3)* 
6 - 7e “ 26 - 49e* ' 

-^-l+-^=.c 

«-3 < 2t-5 


88 _6__L_Y 

6L + 8 2L + 3 6\L + 3 L + 2/ 

2 6Z + 1 15+6Z 

’^'3Z + l“9Z*-3Z + l'^ 27Z» +1' 

88 1 -2y 1 y^ + 3 

3(y^ + 2y + 4) "■ 6(2 - y) 2y* - 16' 
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7-6. Application to Solution of .Problems. In setting up the equa¬ 
tions for many problems, we often obtain equations which are expressed 
in the form of fractions, of the type discussed in the preceding section. 
The problems which follow will lead to fractional equations whose solu¬ 
tion will depend on the work just completed. Before proceeding, the 
reader should review Sec. 2-17 in which a discussion of the solution of 
word problems was given. 


Example 1, The denominator of a fraction is two more than the numerator. If 
both the numerator and the denominator of the fraction are increased by one, the 
resulting fraction equals f. Find the fraction. 

Let X be the numerator of the fraction. Then a; -f 2 is the denominator. In¬ 
creasing both of these expressions by 1, we obtain the equation 


X + 1 2 

+ “ 3 ’ 

3ic “h 3 2x -|” 6, 
X « 3. 

The fraction is 
To check the answer we have 

3-f 1 ^ 2 

5 + 1 ~ 3' 


Example After traveling 60 miles at a certain speed, a motorist increases his 
speed by 5 miles per hour and travels an additional 50 miles. If the total time re¬ 
quired for the 110 miles was 6 hours, find the speed for the first 60 miles. 

Let X miles per hour be the motorist^s speed for the first 60 miles. Then x -j- 5 
miles per hour is the speed for the last 50 miles. Kemfembering from Sec. 2-18 that 
time is equal to distance divided by speed, we have, as the equation to determine x: 


m 50 
X X + 5 


5. 


This equation can be reduced to 

x* - 17x - 60 - 0, 

(X - 20)(x -f 3) = 0, 

X « 20 or X ■= —3. 

The two solutions of the equation are x =« 20 and x « — 3, but only one of these 
solutions, X » 20, has a meaning in this problem. Since a speed cannot be a negative 
number, the negative root —3 is meaningless as far as our problem is concerned. 
Hence the speed during the first 60 miles was 20 miles per hour. This result is cor¬ 
rect since 


60 . 50 
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EXERCISES 

1. A certain battery charger can charge a bank of storage batteries in 2 days; 
a different type of charger can charge them in 3 days. How many days will it take 
to charge the batteries if both chargers are used simultaneously? 

2. The second digit of a number exceeds the first by 2; if the number increased 
by 6 is divided by the sum of its digits, the quotient is 5. Find the number. 

3. The sum of the numerator and the denominator of a proper fraction is 70. 
If each is increased by 7, the value of the fraction becomes Find the fraction. 

4. The difference of the numerator and the denominator of a proper fraction is 24. 
If each is decreased by 5, the value of the fraction becomes J. Find the fraction. 

6 . A 16-qt. mixture of water and alcohol is three-quarters alcohol. How many 
quarts of water must be added so that the mixture is 20 per cent alcohol? 

6 . The first digit of a number is 4 less than the second; if the number is divided 
by the sum of its digits, the quotient is 4. Find the number. 

7. The second digit of a number is one-quarter of the first. If the number dimin¬ 
ished by 10 is divided by the difference of its digits, the quotient is 12. Find the 
number. 

8 . In a two-place number the units digit is 3 more than the ten^s digit. The 
number divided by the sum of its digits gives 3 as a quotient and 4 as the remainder. 
What is the number? 

9. In a given two-place number the ten's digit is 2 more than the units digit. 
The number divided by the sum of its digits gives 7 as a quotient and 3 as a re¬ 
mainder. What is the number? 

10. The denominator of a fraction is 6 more than the numerator. If the denomi¬ 
nator is decreased by 20, the resulting fraction, increased by 1, is equal to twice the 
original fraction. Find the fraction, 

11. The denominator of a fraction exceeds the numerator by 4. If both the nu¬ 
merator and denominator of the fraction are increased by 1, the resulting fraction 
equals Find the fraction. 

12. A tank can be filled by one pipe in 9 hours and emptied by another in 21 hours. 
In what time will it be filled if both pipes are opened? 

13. The rate of current of a river is 3 miles per hour. Some men in a boat found 
that it took them as long to go 8 miles downstream on the river as it did to go 3 
miles upstream. At what rate will the boat travel in still water? 

14. Two rivers flow at rates of 2 miles per hour and 4 miles per hour respectively. 
A man finds he can row 16 miles downstream on the second river in the time he 
takes to row 12 miles downstream on the first river. At what rate can he row in 
still water? 

15. A pontoon bridge across a river 240 ft. wide requires a certain number of pon¬ 
toons of a standard length. If the pontoons were 3 ft. shorter, 4 more would be 
required. What is the length of the pontoons? 

16. An auto travels 150 miles at a uniform rate. If" the rate had been 5 miles per 
hour more, the journey would have taken one hour less. Find the rate of the auto¬ 
mobile. 

17. The cost of a certain number of castings was $36.00. If there had been two 
more, the cost for each would have been $3.00 less. Find the number of castings. 

18. A motor torpedo boat and a destroyer each ran 180 miles. The torpedo boat 
ran 6 miles per hour faster than the destroyer and required 1 hour less time for the 
trip. Find the speed, of the torpedo boat. 
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19. A motorist travels 400 miles from his starting point. Returning the same 
way, he increased his speed 10 miles per hour and got back in 2 hours’ less time. 
What was his speed each way? 

20. The rear wheel of a wagon has a circumference of 2 ft. greater than the front 
wheel. The smaller wheel makes 20 revolutions more than the other while the 
wagon travels 1200 ft. Find the circumference of the wheel. 


7-7. Applications to Engineering Formulas. Some of the work of the 
present chapter will now be applied to formulas which are encountered 
in engineering and in physics. Before proceeding the reader will do well 
to review Sec. 2-18. 

Many formulas are in the form of complex fractions. To work with 
such formulas the information and experience obtained in Sec. 7-4 are 
very useful. For example, if the capacitances of three condensers, con¬ 
nected in series, are respectively Ci, C2, and C3, then the resultant 
capacitance C is given by the formula 


( 1 ) 


C = 




Cz 


When Cl, C2, and C3 are given, we can compute C from (1). When 
C, Cl, and C2 are given, we may regard C3 as unknown and solve for 
it in terms of the remaining letters. One thus obtains from (1) 


C2C3 + CiCz + C1C2 
C1C2CZ 
^ _ C1C2CZ 

C2C3 + C1C3 + C1C2 ’ 

CiCiCz + CiCz + C1C2) = C1C2CZ, 
CC2C3 + CC1C3 + CC1C2 = C1C2C3, 
CC2C3 + CC1C3 - C1C2C3 = -CC1C2, 
CziCCz + CCi - C1C2) = -CC1C2, 


( 2 ) 


Cz 


_ CC1C2 _ 

C1C2 - CCi - CC2' 


Formula (2) gives an expression for C3 in terms of C, Ci, and C2. The 
above process is called solving formula (1) for C3. One can-ieasily obtain 
similar expressions for Ci and for C2 in terms of the remaining letters, 
i.e., one can solve for Ci and Cz- 
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When working with formulas it is important that we do not divide by 
zero. All the operations with the variables must be carefully examined 
and division by zero excluded. To exclude division by zero in (1), all 
the quantities Ci, C2, and C3 must be different from zero, which is 
written as Ci 7^ 0, C2 5^ 0, and C3 ^ 0, or Ci • C2 • C3 0. These 
restrictions on the values of Ci, C2, and C3 have a physical significance, 
for if one of them, say Ci, is zero, we then have an open circuit. 

By starting with (1) we discover by simple algebraic steps another 
important fact about electricity represented by (2). It is quite possible 
that a radio mechanic may know the fact represented by (1), but if 
he is ignorant of elementary algebra he will not be able to discover (2), 
even though it is of practical importance to him. 

The above example and the exercises which follow are an indication 
of one of the roles which algebra plays in the engineering sciences. A 
knowledge of algebra enables the engineer or scientist to derive many 
facts from a known formula, facts which otherwise would have to be 
discovered by experiment, often quite laborious. 

EXERCISES 

In the formulas below, consider all the quantities as given except the one to be 
solved for. In each case indicate the value or values, if any, of the quantities for 
which the expressions fail to have a meaning. A hint as to the meaning of some of 
the formulas is given. If the reader is interested in a more detailed description of 
the formula, an appropriate textbook should be consulted. Simplify your answer. 


Given 

Solve for 

Debcription 

1. E = R/ 

I,R 

Ohm^s law 

^ H 

B, H 

Magnetic permeability 


dP 

Resistance of wire 

— f 

A 

Reluctance ^magnetic resistance”) 

N • Kb 

t 

Electromagnetic force generated by 
cutting magnetic lines 

300 • 10* 

6.x- ^ 

f 

Length of a radio wave 


f,c 

Capacitive reactance 

. „ 8.MKA 

d 

Calculation of capacitance 
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7 - 7 ] 


Gitkn 

Solve fob 


1 

w 0.796 A 

10 . Wh - 

11 . § 

Rz Rx 

A 

Rx 

12 . ^ ^ 

Ej, N, 

Ep.Np 

0.1-^- 

R$ Ex 

14 . 

' ri n 

n, ^2, Q 

KA 

15 . C « 0.0886 — 
d 

K,d 

16 . 41 - 

Tp H- Rl 

Rly Tp 

- l.’i&NiNiA 

ly Nxy N% 

“•'■-"(r+s) 

M 


2, R 

— „ 3.096LTFZ 

L,Z 

21 . W - i- 

TkhQ 

-+aQ 

«0 


.. , 0.8r*JV* 

22 . L “- 

fir 4- 92 + 102 

Rl 234.6 +21 

‘ R2 234.6 + 22 

hi 

Rzt k 

24 . 

1 Ig 

Ihlg 


Eby Ef Ryn 

se. I - M 

9o + 106'^ 

M, h 

4» 1 1 1 J 1 

27 . 77 “b TT 

Ct Cx Cz Cz 

Cl, C2, Cs 


Description 

Self-inductance of long coils 

Hysteresis loss 

Wheatstone bridge equation 

Transformer formula 

Current flowing through the arma¬ 
ture of a generator 

Potential difference between two 
point charges 

Capacity of a parallel plate condenser 
Net gain of an amplifier tube 
Mutual inductance of coils 

Determination of viscoaty 

Inductance of multilayer coil 

Relation between resistance and tem¬ 
perature 

Ammeter conversion formula 

Resistance measured with a volt¬ 
meter and battery 

Inductance of a single layer solenoid 
Total capacitance in series 
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Given 

Solve for 

28. R » 

Li_ 

' klAi ^ ^2^2 

Li, A 2 

f 1 1 1 

28, —— SES -j- —— — - 

Rt Ri R 2 -Ka 

Rh K3 

“•F 

tCa 

1 -h ah 

1 + at2 

Of, t2i Rt2 

31. lav. 

^ ^ es - ei 
' h-h 

hi h 

32. 6ay. 

r ^2 — I’l 
— Lt 

h — h 

hi t2 

33. I * 

UgE 

r, rig, R 

R -h rigT 

34. / = 

E 

rip, T, R 



R + ~ 

np 



rigE 

rig, Tip, r, R 

OO. i = 

„ n,r 

R + — 

Up 



Wa 


QA A _ 

Ma 

Wa, Ma 

OO. A 

Wa Wb Wc 
Ma'^ MbM e 



Dkscbiption 

Resistance to heat flow 

Total resistance in parallel 

Variation of resistance with tempera¬ 
ture 

Current flowing into a condenser 

Self-induced voltage of a coil 

Ohm’s law modified for n, cells in 
series 

Ohm’s law modified for Wp cells in 
parallel 

Ohm’s law modified for several cells, 
Tig in series and rip in parallel 

Molecular fraction in a mixture 


PROGRESS REPORT 

In this chapter we extended our domain of knowledge and skill in the 
operations of 

(а) Expanding products. 

(б) Factoring. 

(c) Simplifying simple and complex fractions. 

(d) Solving fractional equations. 

Finally, these skills were applied to mathematical problems and prob¬ 
lems in applications. 



CHAPTER 8 


EXPONENTS AND RADICALS 

In Sec. 1-11 we used positive and negative exponents. In practice, 
however, fractions are used frequently as exponents. Because of the 
importance of such exponents and radicals in mathematics and their 
application in engineering, it is necessary to study them in detail. 
Before proceeding, the reader should carefully review Sec. 1 - 11 . 

8 - 1 . Integral Exponents. We shall start by giving a brief summary of 
the work done in Sec. 1 - 11 . 

If a and b are any numbers, and m, n and q are integers, we have the 
following definitions and laws. 

Definitions 

1. a • a a = 
n factors 



3 . a® = 1 . 


Laws op Exponents 

1. a" • a”* = a”*+’*. 
a" 

2. — = a""“. 
a"* 


4 . (a"r = fl”*". 

6. (a • by = a" ‘ b\ 



7. (a”b”*y = a"« • b”**. 
265 
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Examjdea. 



Law 1 

«L8. 


(-IK*)* - 

Law 7 


Laws 4 and 6 

{3?)\-2x)\-xy = a:«(-2)W 

Laws 7 and 4 

= 16x1^ 

Law 1 

(6aV)’ 216a‘’*6» 

(3oS'6*)*(2o6)® “ 9a*h* ■ 32a‘6‘ 

Laws 7 and 4 

216a**6* 

” 288o*6* 

Law 1 

= fa». 

Law 2 

W vW "/ B^v'VW 

Definition 2 

V i^V 


1 If 
“ B« ‘l^ 

Laws 6 and 4 



Li’* B» 

" B» L** 

Inverting the fraction 

- - 1. 

Law 2, Definition 3 

EXERCISES 


Perform the indicated operations by the laws of exponents. Simplify the results 
when possible. 

1. B» • B». 2. r* ■ r«. 

3. a~^ • a? • a*. 

4. 2* • 2 • 2<. 5. (3*)*. 

6. ah^ ■ {flbf. 

7. 8. I*. 

yl2 
»• yT- 

Bi* • B*’ X» ■ Y* 

B 1 B 2 * 

12. (JL)« 

18. (-3B^)». 14. 

16. (-iB*)». 

«.(4.Ko,w. 

18 

BV« 



8 - 1 ] 


INTEGRAL EXPONENTS 


267 


1 ,. 

\3«2/ \4«i/ 

20. (.-Xy*)*. 


«. «<. 6 . ft-* . a-*. 

»■ m'm- 

24. («i*fii!*)®. 

2 


27. 0 ® • 6* • 0 * • 6*. 

S® 

28. -5- 
«* 

29. r* • r-*. 

on 

81. s* • 2 -® • 2«. 

32. (321*22**2)^ 

.. o.9x*y® 

*■ o.3y»x ■ 

34. (1.2s*)-*. 

36. (-5j:)-*(x*)*. 

- (f y- 

37. (2n*r**)». 

88. (si* • S 2 *)* 

89. (-5Ki®E2)*. ’ 

40. (-3fi*rs)*. 



43. (C« • C-‘)-*. 

44. X* • X-*. 

-3-2 

46. ^^3- 




46. 


_ (XY^Z \‘« 
\X^Y^z) 


47. 


60. 


62. (s«*)* • («E*)*. 6J 

57. (si — 52 )”’^ • («i^ «2^)- 

<»• 

61. (r* + r~*)(r* — r~*). 


fiiW" 

/-nVV 

\ 2 riV 2 / 

(««*)* • («E*)-*. 


- m- 


wv 

3Z/ ■ 


64. 


4X*K* 


6 xy‘ 

66. (3B + 7)*. 

/s|nA\~* j 

68. {- 7 ) (sin A)*. 

\cos A/ 

an /s^Y . 

60. I-I sm 9. 

\csc 6 ) 


63. 

66 . 


X*Y* 

Xiiy" 


62. (SEiW)* • (fisV)». 

64. 


4(r,V)« 


.7. (^’Y 

\C08 / 


(cob 9)~*. 


(3W)*(2r,%)‘ 

«■ (f y(fr 

es. 

\cos A / \sm* A / 


cos A 
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8 - 2 . Roots and Radicals. When in the preceding section we wrote 
y = x”, n any positive integer, we said that the number y is equal to the 
nth power of the number x. If this equation is written in the order 
x^ = 2 /> ^hen X is said to be an nth root of y. That is, an nth root of a 
number is a number whose nth power equals the first number. Briefly 

( 1 ) X is an nth root of y if x^ = y. 

Thus since 6 ^ = 36 , we say that 6 is a second or square root of 36 . Simi¬ 
larly since ( 2 /^^)^ = the quantity 2E^ is a third or cube root of 8E^, 

The symbol is used to denote the nth root. Thus if 6 ^ = 36 , then 
6 = VM, and if ( 2 E^f = 8 £^, then 2 E^ = ’^ 8 ^. The symbol V~ 
is called the radical sign; the number n placed above the radical sign is 
called the index of the root. In the case of the square root the index is 
omitted. The term radical applies also to expressions of the formv^, 
where the number y is called the radicand. 

Example 1, Since 3^ « 9, 3 is a square root of 9. 

Since (—2)* = —8, —2 is a cube root of —8. 

Since (—3)^ ~ —243, —3 is a fifth root of —243. 

Since (—6)^ = 36 and 6^ — 36, —6 and 6 are square roots of 36. 

Since (—6)^ = 625 and 5^ = 625, —5 and 5 are fourth roots of 625. 

From the preceding example it is obvious that sometimes there exists 
more than one nth root of a number. When, in a later section, imaginary 
numbers are introduced, it will be shown that every number has exactly 
n nth roots. Not all these roots are real numbers. For the present we 
shall be interested only in those roots which are real numbers. (Real 
numbers were introduced in Sec. 1 - 3 .) 

Since the square of a positive or negative real number is positive, it 
follows that negative numbers have no real square roots. Thus num¬ 
bers like — 9 , — 16 , —25 have no real square roots. 

From the last example it follows that a positive number has two square 
roots, numerically equal but opposite in sign. Thus the square roots of 
9 are 3 and — 3 . The positive square root is called the principal square root. 
Thus 3 is the principal square root of 9 and is denoted by \/ 9 - 

The term principal root is also used for roots of a higher index. Thus, 
the principal cube root of 8 is 2 , deno ted by similarly, the principal 
cube root of — 8 , denoted by V — 8 , is — 2 . 

To unify the discussion on principal roots in all cases, we say that 
the principal nth root of the number denoted is positive when y is 
positive and is negative if y is negative and n odd. If y is negative and n 
even, the nth root of y does not exist for the present; this will lead in a 
later chapter to the consideration of a new kind of numbers, so called 
imaginary numbers. 
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Example 2. \/^ 5- 

It should be emphasized that is not equal to —6, even though ~5 is one of 
the square roots of 25. When the negative square root of 25 is desired, the minus 
sign is explicitly attached, so that — \/25 « — 5, whereas \/25 « 5. 

Example 3. By inspection we find 
V49 = 7 since 7^ =3 49. 

« 3 since 3^ =» 81. 

« -3 since (-3)® =« -27. 

— 1 =3—1 since ( —1)® = —1. 

These examples illustrate the following: 


For y positive and n even or odd, 

■\/y is positive. 

For y negative and n odd, 

“Vy is negative. 

For y negative and n even. 

V'y does not exist. 

Examjde 4- By inspection we find 

' 

Vi = f, since (f)* 

— 4 


a/-- gV — — T, since (—- j-)® =« “A- 
\/ 16a^6® == 40^5®, since (4aV)^ =» 16a*6^ 


V9 sin^ ^ = 3 sin® 0, 

since (3 sin® 0)® « 9 sin^ 0. 



EXERCISES 


Find the value of each of the following radicals. 


1 . ^/m. 

2. y/M. 

3. V5T. 

4. VS25. 

6. V400. 

6. VT. 

7. V?- 

8. Vl^. 

9. y/TU. 

10. 

11. Vi69. 

12. V^. 

13. Vs. 

14. 

16. Vi^. 

16. V— 

17. V-a*. 

18. V3I. 

19. V64o». 

20. V0.01ft*. 

21. V4a*6*. 

22. Vm 

23. Vfisin«B. 

24. v:^ 

26. 

26. Vidoo. 

27. Vi6(co8 9)*. 

28. V§I. 

29. VlO.OOO. 

30. V -0.008ft*. 

31. V”.^. 

32. V512tan»i4. 

33. V-H. 

34. \/^X*Y^. 

36. Vidoo. 

36. V0.09**. 

37. V626co8*9. 

38. V^(sin A)*. 

39. v^E*: 

40. V0.01£‘. 

41. V-343(tanB)«. 

42. V^. 

s/-ft* -sin* 9 

o6rl2 



44. a/ —sin® 0, 

46. V-243. 
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find the principal square root of: 


46. 144. 

47. 100. 

48. tV- 

49. 81. 

60. 0.0001. 

61. 44. 

52. 64. 

53. 

54. 9. 

56. 25. 

66 . 

67. 225. 

58. i 

69. 0.01. 

60. 

61. 289. 

62. 169. 

63. 

64. i. 

65. 400. 

66 . 

Find the principal cube root of: 


67. 64. 

68 . -27. 

69. 8. 

70. -125. 

71. 1 

72. -1. 

73. -64. 

74. 216. 

75. — 

76. 

77. 


Find the real square roots 

of: 


78. 16. 

79. 81. 

80. 256. 

81. 625. 

82. 64. 

83. 4. 

84. 49. 

85. 144. 



8 -< 3 . Rational and Irrational Numbers. It was shown in Sec. 1-3 that, 
by starting with positive integers and the operations of addition, sub¬ 
traction, multiplication, and division, we arrived at the system of rational 
numbers. It will be recalled that a rational number was defined to be 

m 

one which can be expressed as a fraction — , where the numerator m and 

n 

the denominator n are integers. Now the operation of extracting the 
nth root of positive rational numbers and the nth (n odd) root of negative 
rational numbers leads to new numbers like \/2> etc., called 
irrational numbers. The rational and irrational numbers make up the 
system of real numbers. 

It will be seen in Chapter 12 that the nth (n-even) root of negative 
numbers will lead to a new type of numbers, the so-called imaginaries. 

8 - 4 . Fractional Exponents. In the present section we shall introduce 
fractional exponents. This will unite the subject of radicals and that 
of exponents under one set of laws. 

'At present means a taken twice as a factor, but to say that ai means 
a taken one-half time as a factor is unintelligible. Since ai is at present 
a meaningless symbol, we are free to define it in any manner we please. 
In mathematics a definition is said to be a good one if it is in harmony 
with the material previously developed. With this in mind we shall 
give meanings to fractional exponents which will conform to the laws 
of integral exponents summarized in Sec. 8~1 of this chapter. 
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To give a meaning to by assuming that Law 1 of Sec. 8-1 holds, 
we write 

ai • ss a, 

cfi • di ssz d. 

We see, then, that is one of the two equal factors of a and hence 

di = y/d. 

The right-hand side of the last equation is our definition of a^. 
Similarly, to give a meaning to ai we write 

(J^ • 0^ • Cji = q} ssi dy 

ai • ai • oi = a. 

The expression a* is now one of three equal factors of a, and hence 

In general, if n is a positive integer 
11 1 

a" • • • • a** = a (n factors), 

and hence 

1 

(1) 0^ = 

In an analogous way we can define an expression like ai by writing 
ai • ai • ai = = a^, 

ai = 

In general, if m and n are positive integers, 

a" • = o’” {n factors) 



The last equation defines a fractional exponent to be a radical. Thus 

m 

we define a» to be the principal nth root of o”. For m = 1 this equation 
1 

reduces to o" = -v/o. 

Section 1-11 contained a discussion of negative and zero exponents. 
This, with the material of the present section, enables us to work with 
expressions like a' where a is any real number and x any rational ntunher. 
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Summarizing all the definitions concerning exponents so far devel¬ 
oped, we have: 

Definitions 


a any real number; m and n integers. 

1 . a” = a • a • • • a (n factors). 

2. a“” = 4* 

a" 

3. a" = 1. 

4. 0" = 

m - 

6. a" = Va”*. 

Using these definitions we can now write expressions involving radicals 
and powers in various forms. 



Definition 4 

Definition 2 
Definition 2 
Definition 5 

Definition 2 


EXERCISES 

Find the value of each expression by changing from a fractional exponent to a 
radical or from a negative to a positive exponent. 


1. 27*. 

2. 49t 

3. 4-*. 

4. 8-‘. 

6. (i)t 

6. 8*. 

r. (-i)-i 

8. 32*. 

9. 32-*. 

10. 125~*. 

11. 7a«. 

12. 

2-» 

W. (3a?+7x + 1>®. 

14. 2.4-*. 

16. (0.125)"*. 
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16. (isV)"*. 

19. (0.0049)*. 

22 . 10 -*. 

26. (*)-*. 


17. (-4-)-*. 

20. (0.0081)“*. 

23. 1-1 + 2-*. 


26. (*)-*. 


18. 1021®. 

21. (0.008)*. 

24. (-i)-i. 

27. (0.0001)*. 


Change the following into identical expressions without zero or negative exponents 
and simplify. 

4~2 

28. —29. —• 30. L-^. 

^-4 4-1 


31. r^S--\ 


34. 




37. 


5x^y-^ 

x~^y^ 


32. 


cos 0 


33. 


r>-3 


35. 5 (sin B) 


36. 


2-3L-1 


Zx ^y~' 
6 -'z- 


Write the following in forms without denominators, using negative exponents if 


necessary. 

S 


... ^ 

40. -• 

41. -34* 
y 

42. * 

r 

1 

7 

3 

^3. ^3- 

44. 

46. 




46. 

47. -4. 

X* 

48. - 

xyz 

1 

1 

P 

2 2 2* 

60. — 

61. 

.Sr 

bk 

1 

_ s 

62. —. 

x^y"^ 

- 2« 2-. 2* 
riV2 ^3* 

2 4 ' 

Write the following expressions with radicals instead of fractional exponents. 

66. r*. 

66. Z'\ 

67. L*. 

68. A*. 

69. 5*^. 

60.’ 7TF*. 

61. 75*. 

62. Ky^. 

63. (2o)*. 

64. 181F* 

66. (3Sr)*. 

66. (2Lx*)*. 

67. (6 • sin 9)*. 

68. (7aftc)*. 

69. (2Si + 3S2)*. 

70. (L. + Ly)i. 

71. 2(cos «)*. 

72. (3r* + 5)*. 

Using fractional exponents, write the following expressions without radicals. 

73. V^. 

74. 

76. -VW. 

76. 

77. 

78. Vm. 

79. 

80. 

81. </l^. 

82. VSi + Si. 

83. -^x + y. 

84. -^(Lx + K)\ 

86. 4- JV*. 

86. <^(x - 3y)». 

87. V)\ 

88. 9. 

89. ''^'tan®9. 

90. Vsin il + cos il. 
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8-6. The Laws of Exponents. In Sec. 8-1 of this chapter a summary 
of the laws of exponents was given. These laws were true only for posi¬ 
tive and negative integral values of the exponents. Later, in Sec. 8-4, 
fractional exponents were defined in such a way that they were in 
harmony with the first law of Sec. 8-1. Although we leave the proof to 
more advanced work in mathematics, it can be shown that our definition 
of fractional exponents of Sec. 8-4 is consistent with all the laws of 
exponents. To state this fact explicitly we write: 

Laws 1 to 7 of Sec. 8-1 are true when the exponents m, n, and q are 
rational numbers, i.e., integers, zero, fractional, or negative. 

The way the negative and fractional exponents have been introduced 
exemplifies an important characteristic of mathematics. This is known 
as the principle of permanence of formal laws of algebra. This same 
principle helped us when we enlarged our number system from positive 
integers to that of the real number system. Its object is to make a few 
laws suffice where otherwise we would need many. With appropriate 
definitions for the negative and fractional exponents, this principle 
achieves concision by applying a formula already in existence to a much 
greater variety of cases, thus making the introduction of new formulas 
unnecessary. 

With this generalization in mind, the definitions given in Sec. 8-4 and 
the laws given in Sec. 8-1 form the basis for all the work in the remainder 
of this chapter and for any work on exponents in this book. Subsequent 
allusions to a definition or law of exponents will always refer to Secs. 
8-4 and 8-1, and to Sec. 8-6, which follows. 

Examplea. Perform the indicated operations by the laws of exponents. 



Law 1 

• A 


JB* 

Law 2 




Law 4 



“ A-- 

Definition 2 


Law 5 
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/ JIf* \i (JIf*)* 

U-*/ “(AT-*)* 

Law 6 

Af* 


" AT-i 

Law 4 

- M^N. 

Definition 2 

(Shiy)* ~ (Sb^ • (x*)« • (v)* 

Law 7 

- 25a:V. 

Law 4 

(** + x*y* + yb(** ~ yb •* X + x*j/* + — x*y* — y 

Law 1 

— X — y.' 



Law 2 

* a-262 

Law 7 

62 

“ ^ 2 ' 

Definition 2 


Using negative or fractional exponents we can factor certain expres¬ 
sions. This will be illustrated by the following examples. 


Example 1, 


Example 2. 


Example 3, 


«i - K. » - (Bab* 

- (Bii - BabCBii + Bab. 

► 

25x-* - 9y* = (6*-*)-* - (3i»)* 

= (5x-* - 3y)(Sx-* + 3y). 

4L* + 4LR-i + B-‘ - (2Z,)* + 2 • (2L)(B“b + (B“b* 
- (2L + B“b* 


The laws of exponents are useful in evaluating certain numerical 
expressions. 


Example 4, 


Example 6. 


(64)i - (2*)* - 2* i - 2* - 4. 

/JLV./LV.J-.L.l 

\126/ \5»/ 6»i 6* 26 


Exampie 6. 


(32)* • (16)“* - (2®)* • (2*)“* - 2* • 2“* - 2. 
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feXERCISES 


Perform the indicated operations by the laws of exponents and express the results 
without negative or zero exponents. 


1. ( 06 ^) 0 . 2. 

4. (20*)®. 6. 2® • 2-®. 

7. 2L* . L-*. 8. 

10 . (-125a:“)*(-64x“)"*. 

12. (25R“*)-t. 

14. (64a:”®y*)*. 

16. (27o*5®)i 
18. (a:*)*(2“*)i 

20. (81mV)*. 

22. (o* + 6i)(o* - 5*). 

24. (r® - L®)t(r® • L®)-i 
26. (L* + + r*)(L* - r*). 

28. (x - + xj/* + y). 

30. (Xi* + X2-*)(Xi* - Krh 


3. I/® ■ 

{m- 

9 . -“ 4 . 


11 . K-' 


AT* 


16. (16L®L®)*. 

17. (r* • r“*)®. 

19. (32L-®6‘®)*. 

23. (Xr‘+X2-‘)(Xj+X2). 


26. (c*4-c"*)(c* -c-*). 

27. (-125X«)*(-216X1®)"*. 
29. l(c* + c'O* - 41*. 


Find one value of; 

31. 16*. 32. 8*. 

34. 27*. 36. 32*. 

37. 9~*(|)-®. 38. 8*(4)“*. 


33. 81*. 

36. 216*. 

39. 16"*(J)~*. 


Factor each of the following expressions into two factors, using negative or frac¬ 
tional exponents. 

40. X* - 9j/*. 41. 9L* - 4r*. 42. o® - 6"®. 

43. r» - 2r®L* + L*. 44. 25X-® - 4r®. 46. 1 + 8o"* + 160“®. 

46. X* + 6x*j/ + 62/®. 47. X'® + 6X«r“* + Or"®. 

48. Li - 3 Li*L2* - 4 L 2 . 49. 3 - 42/* + »*. 

60. 4L* - 20L*r* + 26r*. 61. 126 - x*. 


6 -6. Changes in Radical Fom. By means of Definition 5 , fractional 
exponents were identified with radicals. Although it is possible with 
the md of this definition to express a radical as a power, it is convenient 
to retain the'radical form in many operations. Definition 5 , together 
with the laws of .exponents, makes it possible to write any radical in a 
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variety of equivalent forms. These can be condensed in the following 
laws of radicals which follow directly from the laws of exponents. 

Laws of Radicals 

8. (v^)" = ^ = a. 

9. 

10 . 



These laws enable us to write radicals in a number of equivalent forms. 
The four ways in which radicals are ordinarily changed are given below 
with accompanying illustrative examples. 

(a) Removing factors from the radicand. This is usually accomplished 
by making use of Law 9 , for any factor which is a perfect nth power 
can be thus removed from the radicand. 

Examples. _ 

=* \/^ 7 


= \/22 . ^ 

Law 9 

= 

Law 8 

40a;V = • y® • 5 • x* 

Law 1 

= ■V^2^ • X® • • ^J^Sx* 

Law 9 

*= 2xy^ ha?. 

Laws 8 and 9 

• 2E*R*L*EBV 

Law 1 

= -^Z^E^R^L* ■ \^2ERV 

Law 9 

=. ZERL</2ER^L?. 

Laws 8 and 9 

Va%* + 9b* - V&^o^ + 9) 


= Vb* Va* + 9 

Law 9 

+ 

> 

II 

i 

Law 8 

Vsin^ 0 — sin^ 5 cos 5 » Vsin^ 0 (sin 0 — cos 0) 


« y/ sin^ 0 Vsin 0 — cos 0 

Law 9 

«s sin dVsin 0 — cos 0. 

Law 8 
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(Jt) Iniroducing quantities under the radical. Any quwtity multiply¬ 
ing a radical may be introduced under the radical sign. To accomplish 
this, the quantity has to be raised to a power corresponding to the index 
of the radical. 


Exampilea. 


7\/2 = • V 2 

Law 8 

- V49 • 2 

Law 9 



406 -^^ = -^(4a6)» • 

Law 8 

= ^ dab)* ■ bob 

Law 9 

- ■ bob 

Laws 7 and 4 


Law 1 

(c) Eliminating fractions from the radicand. In order to simplify com¬ 
putations, a radical should usually be written without fractions under 
the radical sign. A fraction may be eliminated from the radicand by 
multiplying numerator and denominator of this fraction by a quantity 
that will make the denominator a perfect nth power where n is the index 
of the radical. 

Examplea, 

Multiplication by f * 1 

/io 

“\ 5 * 

Definition 1 

VTO 

Law 11 

-iVIS. 

Law 8 

il 

R 

Multiplication by ~ « 1 
R 

fm 

Definition 1 
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3/406 3 

W’M 

1 4ab 3 a; V 

9xj/ 3 a;V 

Multiplication by » 1 

”<1 

fl2ateV 

3 W 

Law 1 


Law n 

= 12 ofea:V- 

Law 8 

/sin e , 

Vcos d \ 

[sin 0 cos 0 
cos 0 cos 6 

Multiplication by *» 1 

cos 0 


[sin 0 • cos 0 
cos^ 0 

Law 1 

Vsin d • cos d 

Lawn 


V cos^ 0 

*= —i— Vsin ^ • cos 6, 
cos 6 

Law 8 

This procedure is known as rationalizing the denominator, for in the 
final form of the expression no radical appears in the denominator. 

(d) Reducing the radical to one with a lower index. Using Law 12. the 
index of many radicals may be reduced. 

Examples. 


Definition 1 



Law 12 


= V 3 . 


^ (7xyf 

Law 7 


=■ \^(7xyy 

= V7xy. 

Law 12 

'C^sin^ A 

• cos^ A ^ (sin A • cos A)^ 

Law 7 


*» VsinA cos A. 

Law 12 


It is not possible tamake a general definition of the simplest form of a 
radical which will be applicable in all problems. In most problems, 
however, the changes in oases (a), (c), and (d) cibove are said to simplify 
radicals. 
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Simplify by removing factors from the radicands. 


1. v'200. 

4. 

7. ^-16. 

10 . V^. 

13. Vs (cos Af. 

16. Vlia® sin^ 0. 

19. Vo.OOSM®. 

22. \'M^ + Mh\. 


2. V96. 

6. V32. 

8. V24^. 

11 . V-27V. 

14. V20(tan ef. 
17. VmcW- 
20. Vo:^ 4- 4j*l/. 
23. \/(x^ - i/f. 


3. Vie. 

6 . V96. 

9. V^i. 

12. V 136 sin 0. 

16. V9o^a:‘‘‘ cos 8. 

18. VsixV- 

21. Vo - 9a:. 

24. V64a’ - 27aV. 


Change each expression to a radical whose coefficient is 1. 
26. 2V3. 26. 3V2. 27. 

28. 3V2y. 29. aVbe. 30. 

31. sV^. 32. 2 xV^. 33. 

34 . 5 V&. 36.4x^.^~- 36. 

37. 2EV7. 38. 39. 


38. 6E 


41. sin 0 - 


27. 5V2. 

30. 2 V 3 *. 

33. 2E"-R\^Ml. 

36. -^mV 12m. 

39. (1 + y)Vl + y. 
a I (tan A 


Rationalize the denominators, i.e., eliminate fractions from the radicand, and 
remove factors from the radicands. 


43. Vf. 


«•# 

a.<q. 

_4 /sin A 


44. V|. 
47. VI. 


V3_ 

if 87 

\16E*' 


Ba + 1 
86 ' 


46, V|. 
48. V|. 


64. V*. 
67. V+. 


3 /-I 6 Z-* 


8. 


m + n 
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Reduce each radical to lowest order and remove factors from the radicands. 



8-7. Addition and Subtraction of Radicals. Terms containing the 
same radicals can be added or subtracted. Radicals are the same if 
they can be simplified so as to have the same radicand and the same in¬ 
dex. In adding or subtracting expressions containing radicals, simplify 
each radical by the methods of Sec. 8-6 and collect all multiples of the same 
radical 
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ExampUa. 


2V5 + 9 V| - ^ 

- 2V5 + 9V| • I - 

- 2 VS + 3 V6 - V5 
8* 4^/5. 

3 Vi26 + y/7S - 3-V/20 - V6?5 


Case (c) of Sec. 8-6 for 
the second term and 
case (d) for the third 
term 

Collecting multiples of 
the same radical 


= 3V6 • 5* + vT^ - 3V5 • 2* - V3 • 16* 

- 15 VS + 6V3 - ftVS - 15 VS 

- 9VS - lOVS. 

Vice* - eaMe + V64e* 


I Case (a) of Sec. 8-6 for 
j all terms 

Collecting multiples of 
the same radical 


- V(4E)* - + V(4B)* 

„ vii - 


Case (d) for the first and 
last term 


- (2 - E)-^. 


EXERCISES 


Collecting multiples of 
the same radical and 
factoring 


Perform the indicated additions and subtractions where possible. 

1. VS5 + 7y/2 - V§. 2. + 3^ 

3. + 2® Vi^. 

6. 6 V? + 2 V32 - Vi05. 

7. V| + 6V2i. 

9. V 260 * CO 8 0 + V 9b* COB 6. 

11. 2 VI + VS5 + V| + VS- 

13. Vsin* A VsinA • cos* A. 


15. V268in® + 2V9mn® — 3VJBin x. 

16. + ^266a® 

17. 3Vl26mW + nV^&rn^ - Vsoci^. 

18. V^V + 6V^ + 3Vl28®V. 

19. 2''J^ - 3E*-'^1Se + &E</&R. 

SO. i/*V^ •+• aryVsOxV - **Vl28*y‘. 
81. + a''5^108a‘ + -^OOOo®. 

88 . 6\/| + V<j? - VH. 

88. 


6 VSI - V2? + 3 V3. 

4. V 9 sin 9 — V 4 sin 9. 

6. 4V147 + 3 V76 + V?^- 
8. + V^ - sVf. 

10 . E Ve - Vi^ + V^ 

12 . s/aVc — oV4c + 6 Vo®c. 
\ x-y jx+y 
' \x + y yx — y 
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24. sin*® V 160 sin 0 — V 64 sin* $ — sin ® V 24 sin* 9. 

26. VsOb* - 766*j/ - V326V - 48j^. 

8 -8. Multiplication of Radicals. When the indices of the radicals are 
alike, they are multiplied according to Law 9 (Sec. 8-6). Thus to find 
the product of two or more radicals of the same index, multiply the co¬ 
efficients to obtain the coefficient of the product and multiply the 
radicals by means of Law 9 to obtain the radical of the product. Sim¬ 
plify the result when necessary. 


ExamjHes. 

6-v/ 2 • 3-v/5 - 15 -v/2 • VE 

= isVIo. 

2^ • 5-yi ■ 3-C^ = 2 • 5 • ^ 

= 30-^^ 

= 30-6 
= 180. 

= </Z2R^E 
= 2R^^. 


Multiplying the coefficients 
Law 9 

Multiplying the coefficients 
Law 9 
Law 8 

Law 9 
Simplifymg 


To multiply radicals of different indices, we must first express them 
(by Law 12) as radicals of a common index and proceed as above. This 
common index is the lowest common multiple (L.C.M.) of the indices 
of the original radicals. In performing operations with radicals it is 
sometimes easier to replace the radicals by fractional exponents and to 
use the laws of exponents. 


Examples, 

= 

- -^^2® • 4* 

- 2-^. 

• -^(8n»)» 

= •^(2®n)® • (2®n»)» 
« 2n'^32n. 



The L.C.M. of the indices 2 and 8 is 6 

Law 12 
Law 9 
Simplifying 

The L.C.M. of the indices 3 and 4 is 12 

Law 9 
Simplifymg 
Law 12 

Law 9 and simplifying 
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EXERCISES 


Find the following products and simplify. 


1. 2V'2 • 5V6. 
A. 2 ^/5 ■ 5v^. 
7. 3-^9 • 2-^. 
10. 4V| • 5Vf. 


2. 2V3 • 4v/2. 

6. • oV^ 

8. 2^ ■ 5-y4. 

11. • xy/^. 


3. 4-v/5 • 3V2. 

6 . 3^/7 ■ 4v^. 

9. 4'^x'^y* • 2'^xy^. 

12. \/i6 • 3^. 


13. 2-v/2 • 3V5 • 

16. '^4o'V • 4^. 

17. 2^27R^x • 

19. 2'V^2a6^c • 4o6®c^ • 3'v/8^^c*. 

21. ViF-v^. 

23. 'V^''J''3j®. 


26. 


14. ■^2E^R ■ ^4E*r\ 

16. 2\/ abVd* • 4\/o^bcd. 

18. 2\^SR*E^ • -4R^E^. 

20. (-v/2 + V3)(2v/2 - 5^/3). 

22 . 

24. ^^2 sin^ 0 sin 0. 

26. (-x/TS' + 2V72 - 3v/8) • y/2. 
28. ^3 tali'* B ■ <^9 tan» B. 


29. "v/im 24m’n. 

30, (El + Ei)\Ei - Ei) </(El + Ei)(Ei - Ei)\ 


31. (y/x + Vy + y/if- 
33. ^ cos'^ A V2 cos A. 

36. (Va + Vbf. 


32. (V^ - v/6)(V5* + y/6). 
34. (Viz + VsZ)^ 

36. (2V^ - 3)(6Vsii>~i + 2). 
38. V sin'^ 0 Vsin 0 • cos 0. 


39. m Vn(mV^n + ny/mn + y/mn). 

40. (Vii - VS + VaS)(2V5)- 


41. VZ • ViZb • VL’«*. 

43. Va - Vi7 • Va + Vi7. 

46. ''^32Vcot® 9. 

47. Vsiz^; 

49. B3L«V26^ 


42. Vs + \/4 Vs - y/4. 
44. a/ 8v^ sin® A, 

46. ^V{x - y)^. 

48. -^(3a - 28)1^ 

60. ^ 


8-9. Division of Radicals. When the dividend and the divisor are 
monomials containing radicals of the same index, the division may be 
performed by the use of Law 11. When the radicals are of different 
indices, express them as radicals of the same index by the method of 
the preceding section or change to fractional exponents. 
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Examplea. 

-\/l2 ^12 

= V| 

» ^VsT. 

V4ER 

■^4E^R^ 


^(AER)^ ^(2ER)^ 


VI 


Jme^r^ • 4g‘fe'^ 
\ 4BW 

2 V^ 



vn' 

iV-^ 

iVJiO- 


Law 11 


Rationalizing 

The L.C.M. of the indices 2, 3, and 6 is 6 

Law 12 

Laws 9 and 11 

Laws 1 and 3 
Simplifying 

Law 11 

Inverting the divisor 
Simplifying 
Rationalizing 


One important case in division of radicals occurs when the divisor is 
a binomial in which one or both of the terms contain a square root. In 
such a case the division is performed by rationalizing the divisor. This 
is done as follows. Multiply numerator and denominator of the resulting 
fraction by the denominator with the sign between its terms changed. Sim¬ 
plify the numerator and the denominator. Similar methods can be applied 
to other special forms. 


Examples, 

Multiplying divisor and 
dividend by 3 — \/6 

Multiplying 


« §(3 ~ \/5). 


3 + 

« ^ 3 ~ \/5 

~ 3 4- * 3 - V5 

« 2(3 ~ 

9-5 


Reducing 
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\/5 4 " 6\/2 

\/5 + 6-\/2 2\/5 + 3\/5 

" 2yfh - 3V2 ’ 2V5 + 3^/2 

2 » 5 -f 3^/10 4-12yro 4- 3 « 6 » 2 
20-18 


Multiplying divisor and 
dividend by 2\/6 4- 
Zy/2 


Multiplying 


« ^(46 4 16^/^0), 

Vl 4- g — V^l CL 
Vl + a + Vl - g 

Vl 4 g — Vl “ a V1 4 — Vl — g 
Vl 4 o 4 Vl — g Vl 4 g — Vl — g 

(1 4 g) -• 2 Vl - g^ 4 (1 - fl) 

(1 4 g) — (1 ““ g) 

2 - 2 Vl - g^ 

2g 

1 — Vl — g^ 

g 

EXERCISES 


Reducing 


Multiplying divisor and 
dividend by Vl 4 g 
- Vl - g 

Multiplying 

Reducing 


Divide and reduce to simplest form. 


1 . 


4 . 


7 . 


10 . 


y/\2 

2 

V2 

3. 

“^1360 

V3 


V 21xy 

^ V16 sin^ B 
■'^'2 sin 9 

6. 

V g® sin^ A 

V Zxy 

Vo sin A 

''^eAE* 

5V^ 

4V5‘ 

9. 

15V6 - 9VT5 

V 2 E 

S-s/S 

5 V 8 cos 0 — 

V18 cos 0 VicV 




V2 cos B Vxy 


12 . 


14 . 


16 . 


6V5 4* 18 V? 4 36 


2V3 


6mn^ 

V 12mn® 

11 

6 4 - V5 * 


13 . 


15 . 


3 tan 0 
Vtan B 
2 

V6 - 2’ 


- 



8 - 10 ] 


18 . 


20 . 


22 . 


24 . 


26 . 


28 . 


30 . 


32 . 


34 . 


38 . 
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19. 

‘^4aa;®2/ 


V2o*i 

4 + \/2 

21. 

V8 + V3 

4 - y/2' 

V8 - V5" 

\/2 + ^/S 

23. 

CO 

1 

3V5 - V2' 

V4B* - 9L* 

V^4aa:V • ^(j?y^ 

26. 

V2 + Ve 

^2o?x 

y/E + 2y/2' 

Vr 

27. 

1 

Vr +1 + 1 

y/E + y/B 

•\/a + y/h 

29. 

Vx + 1 + Vx - 1 

\/a — y/h 

Vx + 1 — Vx — 1 

1 . l+y/6 

31. 

4V5 - 3V2 . \/T0 

y/3 - y/2 ' 4 - vs' 

Vs ■ 4V3+3V2’ 

Vsin 6 — "s/ cos 9 

33. 

Vx* + J/* + 1 / 

\/ sin 0 4“ V cos d 

4- 3/^ — 2/ 

1 

36. 

5 

1 1 

1 

3V2 - Vl3’ 

+ 1 + Vx^ - 1 

37. 

‘N/sin A — cos A 4- V^sin A 

Vx^ + 1 - Vi* - 1 

V^sin A — cos A — \/sin A 

Ve* - Ve 


2x + Vl - 4x* 

1-y/E ' 

39. 

1 

> 

1 


8-10. Equations Involving Radicals. An equation in which the un¬ 
known quantity appears under a radical sign is called a radical equation. 
The radical equations needed in elementary mathematics and its appli¬ 
cations contain no radicals other than square roots. We shall therefore 
limit our discussion to such equations only. 

If the equation contains only one square radical, transpose the terms of 
the equation so that the radical term stands alone in one member; then 
square both members and solve the resulting equation. 

The process of squaring is equivalent to a multiplication. In Sec. 7-5 
we saw that if both members of an equation are multiplied by an expres¬ 
sion involving the unknown, roots not in the original equation may be 
introduced. These are called extraneous roots and must be rejected. 
Therefore, it is essential to test each root obtained by substituting in the 
original equation. 
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The following examples should make the above procedure clear. 

Example 1, Solve the equation VSx — 5 — 2 — 0. 

Arrange the equation so that the radical VSx — 5 will stand alone on one side 
of the equation: 

VZx - 6 = 2 ; 

squaring, 

3a; - 5 = 4 


and 


a; - 3. 


Substituting a; = 3 in the original equation: 


5-2=0. 


Therefore a; = 3 is a root of the given equation. 

Example 2. Solve the equation VH -44-1=0. 
Transposing 


Squaring 

Thus 


VR - 4 = -1. 
- 4 = 1. 

K = 5. 


Substituting /? = 5 in the original equation we get V5 — 4 + 1= 0 or 1+1 
= 0, and therefore 72 = 5 is an extraneous root and must be rejected. We conclude 
that the original equation has no solution. That this must be the case is obvious 
from a careful inspection of the equation — 44-1=0. In order tliat this 
equation be satisfied, \/R — 4 must equal —I, which is not possible according to 
Sec. 8-2, since Vn — 4 is the positive root of 72 — 4. 

Example 3, Solve the equation \/4x+l-\~3 = x. 

Transposing 

A/4a; 4- 1 = oj — 5. 

Squaring 

4a; 4- 1 = a;^ — 10a; 4- 26. 

Collecting terms 

x^ — 14a; 4- 24 = 0. 

Factoring 

(a; - 2)(x - 12) * 0. 

Therefore 

a; « 2 or a; « 12. 


Substituting a; =» 2 in the given equation, we find v84-l+5 = 2, and therefore 
z ** 2 is extraneous and must be rejected. Substituting x « 12 in the given equation, 

V''48 + 1 +6-12. 

Therefore x « 12 is a root of the given equation. 
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To solve an equation containing two or more square radicals, the 
general procedure is to isolate one radical at a time on one side of the 
equation and continue as in the case of an equation containing only one 
radical. This process is repeated until all radicals are eliminated. 

Example Solve the equation \^E — 12 — \/E == —2. 

Arrange the equation so that the more complicated radical term — 12 will 
stand alone on one side of the equation. 


Squaring 


Ve - 12 = VE- 2. 


£ - 12 = jB - 4 VS + 4. 


Transposing and dividing by 4 
Squaring 


VE^4. 


E = 16. 


Substituting E = 16 in the original equation 

Vl6 - 12 - Vl6 = -2. 

Therefore E = 16 is a root of the given equation. 

Example 5, Solve the equation Vx — 1 + \/3x + 3 = 4. 
Transposing 

V3® + 3 = 4 - y/x - 1. 

Squaring 

3* + 3 = 16 - SVa: - 1 + x - 1. 

Collecting terms 

4\/x — 1 ~ 6 — X. 


S(piaring 
Collecting terms 
Factoring 
Therefore 

Substituting x 


16(x - 1) - 36 - 12x + xl 
x2 - 28x -f 52 = 0. 

(x - 26)(x ~ 2) - 0. 

X = 26 or X =* 2. 

« 26 in the given equation, we find: 


+ VST = 4, 


and therefore x * 
Substituting x 


26 is extraneous and must be rejected as a root. 

' 2 , 

VT + V9 “ 4. 


Therefore x 2 is a root of the given equation. 
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EXERCISES 


Solve the following equations: 


1. V* - 2 = 7. 

2. Vfc + 5 = V5S- 

8. 2Vw -3 = 4. 

4. y/Zm -f 4 — w = 0. 

Oi 

1 

li 

6. 4 = -^3a:+7. 

7. y/L:? - 5 - L* -f 1 = 0. 

8. Vr + 9 = SVr - 3. 

9. VL + 4 + VT = 3. 

10. V4p - 11 = 2Vp - 1. 

11. 7 = V2a; - 5. 

12. Vo + * = 9. 

13. VE + 20 - VE -1=3. 

14. VbE + 10 - V5E = 2. 

16. V32 + V* = 16. 

16. VN - 2 + V2N -3 = 1. 

17. V2y + 3 + Vy - 2+ 2=0. 

18. Vk + 1 + Vk+ 2 = 3. 

19. 2V'K + 6 + sVft + 1=0. 

20. Vx^ -7+1 = 7. 

ai. V2y + 14 + y/2y + 35 = 7. 

22. 2a; - 3 = Vx^ + 6a; - 6. 

23. V* + 6 - Va: - 2 = 1. 

26. VlOa: - 1 - 2 = Va:. 

24. V4E -3 = 6- V'4E - 8. 

26. WB? - 4 - VOR* + 4iB - 24 = 

= 0. 

27. E + sVE - 10 = 0. 

28. Vx - 1 - Vx + 4 + 1 = 0. 

29. ^/x + + 4 = —7=- 

30. Vr - Vr - 6 = -v/5. 

81. V2E + 20 - 9 = V'2E + 13. 

32. Vh - Vh +2 = 2. 

33. V V3E + 7=4. 

Vo; 4*6 6 

-p - 3 - 1 

\/p 4“ 3 \/p — 2 

.. VSL^ + 16 4 

V3L + 25 5 

37. 2y/R^ - R+ 6-3B = 7-4B. 

38. \/a; — 14*V^—4 = V2a; — 1. 

8-11. Numerical Computations. 

It was indicated in Sec. 8-3 that the 

operation of extracting roots lead to numbers like y/^, etc., called 

irrational numbers. It is shown in books on more advanced mathematics 


that such numbers cannot be represented in forms of fractions like — 

n 

where m and n are integers. However, these irrational numbers can be 
approximated as closely as we please by rational numbers, i.e., fractions. 
Several methods are available for such computations. For our purpose 
it will be sufficient to use the slide rule for finding square and cube roots 
as explained in Chapter 1. If in computing square roots greater accuracy 
is required, the student should use Table 1 in the Appendix. 
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In evaluating square roots, it is often necessary to modify or simplify 
the radicand. The following examples will indicate some of the devices 
employed. The student should compare the answers of the following 
examples with those obtained by using the slide rule. 

Example 1. Evaluate \/120 using tables. 

Although the number 120 is not in the table, we can find \/l26 by writing 

Vl20 = V4 • 30 = 2V30 
= 2 • 6.477 = 10.964. 


Example 2, Evaluate V^, using tables. 


We have 




•v/2 


, and although both y/1 and \/2 can now be found, 


it is advisable to rationalize our expression so as to avoid division by -y/S ** 1.414. 
Thus; 

yn 3.742 
2 “ 2 


vh 

Example 3. Evaluate 


1.871. 


3 


6 - V7^ 


, using tables. 


To avoid division by 6 — y? = 6 — 2.646 « 2.364, rationalize the given expres¬ 
sion. Thus: 

3 _3(5 4- V7) 15 + V63 

18 


6 - (5 - v^)(5 -f V7) 

15 + 7,937 22.937 


18 


18 


1.274. 


EXERCISES 

Using the table or the slide rule, evaluate the following expressions. 


1. Vr ?0 - -v/ITO- 


4 . 


7. 


10 . 


13. 


16 . 


7 

V6 

1 


\/3 — y/m 

2 4" \/5 
2 - 


2 . 


6 . 


11 . 


14 . 


17 . 


1 

V2* 

1 

V7' 

1 

ij/loo’ 

7 

1 + V2’ 

V5 

V3 - 
1 

i + \/io‘ 


3. 


6 . 


12 . 


16 . 


18 . 


1 

3V5 

V2‘ 

1 

</l' 

VTB + \/3T 
V3 
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19. 


2 + 3V3 

2-v/5 - y/3 
2-\/5 "i“ \/3 


20 . 


5(1_+ VB) 
\/2 


23. 


I + Vf 
1 + 


21 . 


•s/TT - Vs 
V2 


V3 - + vs' 


8-12. Applications to Formulas and Problems. Some of the results 
obtained in this chapter will now be applied to the transformation of 
formulas which are encountered in engineering and in physics. It is 
of great importance to be able to transpose a formula from one form to 
another. 

For example, in radio engineering the inductance of a single-layer- 
wound air-core coil is given by the equation 

9r + lOi 


where N is the number of turns, r the radius of coil in inches, I the length 
of winding in inches, and L the inductance in microhenries. When r, N, 
and I are given, wc can compute L from the above formula. When L, r, 
and I are given, we may regard N as the unknown and solve for it in 
terms of the known quantities. We thus obtain 

= L(9r + lOZ), 

L(9r + 100 

^ — J.2 > 


N = - VL(9r + lOO. 
r 

In the last step only the positive square root was taken, since N is the 
number of turns and hence should be positive. Thus by transformation, 
a desired quantity in a formula can be isolated. 


EXERCISES 


In the formulas below, express the required quantity in terms of the others. 


Given 

Solve for 

Description 

1. A == vr* 

r 

Area of a circle 

li 

E 

Electrical power 

8 . 5 = 4irf* 

r 

Surface of a sphere 

II 

E 

Ohm’s law for d.-c. circuits 
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Given 

Solve for 

6. y = 

r 

6. 2) = 1.063Vfc 

h 

11 

W, R 

8. P = PR 

I 

9. fi - ^ 

d 

10. P = a? + 6* 

a, h 

11 p 

11. ^ - ^2 

D 

12, y = o* 

a 

13. y = 

r 

14. E = 

V 

.e n 

IB. F = — 

r 

V 

16. a = 

t 

17. Z = Vfi* + 

R,X 

159 

L,C 

8d 

1 

<Fn 

d 

21. X = 1884VIC 

L, C 

22.x 

VLj • L, 

Lh L2 

2®' ^ S 

a, h 


^9 

4rp 

E. 

^ “ 2tVZC 

L,C 


Description 

Volume of a circular cylinder 
A formula used in navigation 

Ohm’s law for d.-c. circuits 

Electrical power 

Resistance of a wire 

Pythagorean theorem 

Force between two magnets 

Volume of a cube 
Volume of a sphere 
Kinetic energy 

Centrii)etal force 

Freely falling body 

Impedance of a resistance and 
reactance in series 

Frequency 

Horsepower for an automobile en¬ 
gine 

Wavelength in terms of induc¬ 
tance and capacity 

The coefficient of coupling be¬ 
tween two coils 


Time for one complete swing of 
a pendulum 

Vacuum tube formula for maxi¬ 
mum power output 

Resonant frequency of a capaci¬ 
tor, inductor and resistor in 
series in an a.-c. circuit 
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Given 

Solve for 

Description 

(rN)^ 

27. L = — .. 

9r + 10Z 

r 

The inductance of a single-layer- 
wound air-core coil 

.. „ 8.94S*A 

28. F = — —5— 

10 * 

B 

Tractive force of electromagnets 

1.26iV*AM 

10*. i 

N 

Inductance of long coils 

so. P - ’ 

D 

Determination of viscosity 

Air^n^T^u 

10 / 

n, r 

Inductance of long coils 

82. L = 0.0261A% 

d, n 

Inductance of a single-layer sole¬ 
noid 

83. = 0.24/2R7’ 

I 

Heating effect of a current 

84. y* = » 0 * + 2gh 

V,f;o 


36. Z = y - 

Ve^ + 

36. Z = VR^ + (Xx, - Xo)* 

/1 1 \ 

R,X 

R 

Impedance of a resistance and re¬ 
actance in parallel 

Impedance of an inductance, re¬ 
sistance and capacity in series 

se.«.""'f 

r* 

F 

r 

Radio-frequency resistance of a 
copper concentric transmission 
line 

Steel springs 


T 


, 0.315aW , 

40. L ~ uh 

6 a + 96 + 10c ^ 

N 

The inductance of a coil 


41. Il 


V2W + v^Lo^) 

43. I 


E 




1 V 

2irFL - —— ) 

2irfC/ 


44. Ip + It‘K(E,+^y 

Va + bla +b(M + 1)1^ • 10* 


4S. r, 


A\y/Ep “!• Eg 


Rqj Lo Alternating current of a class C 
amplifier 

Em Vacuum tube formula for power 

output 

R Ohm’s law for alternating-current 

circuits 


Eg, Ep Triode formula 

Ep + Eg Plate resistance of a tube 
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8-13. Related Graphs: The Power Function. Graphs of various 
algebraic functions were discussed in Chapter 3. In the present section 
we shall draw the graphs of the function 

j/ = x" 

for different values of n. This function is sometimes called a power 
function. 



Fio. 8-2. 












We now combine the six graphs given in tliis section in one figure. 
Thus in Fig. 8-7 are shown the graphs of 2 / = a:” for n = 1, 2, 3, 4. 

The student will be able to deduce for himself the relative positions and 
forms of the graphs of y = x" as n takes on various possible values. 



These graphs occur frequently, and it is therefore worth while to remem¬ 
ber the graphs given in this section and to be able to sketch quickly the 
graphs of y = a:” for various positive values of n. 


EXERCISES 


Draw graphs of each of the following functions. 

1. 2 / = 2. 2/ = 
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8-14. Related Graphs: The Exponential Function. Up to the present 

we have considered the exponent n in the equation 

2/ = x" 


as a constant and the base x as a variable. These roles can now be inter¬ 
changed, i.e., consider the base as a constant and the exponent as a 
variable. When tliis is done, we obtain the equation 

y = o!", 

called an exponential function. We shall consider only the exponential 
functions whose bases arc positive numbers different from unity. 

In this connection it should be pointed out that the exponent x in 
y = a^, can assume also irrational values. The quantity y = can, 
in this case, be computed with, any desired accuracy by replacing the 
irrational number x by a rational approximation: For example 3^ is 
approximately 3^'^^ because L41 is an approximation of \/2* 
Exponential functions occur frequently in engineering and it is impor¬ 
tant to be able to sketch them quickly. Consider, for example, the two 
functions 

2 / = 2® and y = 3® 


for which we obtain 

the following tables of values. 


X 

2/ = 2* 

X y 

- 3 * 

-3 

i 

^3 


-2 

T 

-2 


-1 

i 

-1 

i 

0 

1 

0 

1 

1 

2 

1 

3 

2 

4 

2 

9 

3 

8 

3 

27 

The corresponding graphs 

are drawn in Fig. 8-8. 


The functions of the form 

2 / = 2* and y — 3^ are 

exponential func- 


tions y == a^. All such functions have the property that they intersect 
the j/-axis in one point P whose coordinates are (0,1). At the point P 
(in Fig. 8-8) draw tangent lines to the two curves y — 2^ and y ~ 3*. 
These tangent lines form the angles a and P with the x-axis, called 

angles of inclixiation. 

Measuring, the student will find that a < 45° and ^ > 45°. For 
different values of a, graphs of a® may be plotted. The graphs will 
resemble those given in Fig. 8-8 and will intersect at point P. The 
tangent lines to these curves at the point will have various angles of 
inclinatioti. We shall call the particular curve for which this angle of 



Fig. 


inclination is 45® the standard curve. From Fig. 8-8 it is obvious that 
this standard curve is of the form y — where 2 < a < 3. In books 
on more advanced mathematics it is shown that for this standard curve 



^ 2 j 


Fig. 8-9. 

a = 2.718, approximately. Because of the importance of this number, 
a special notation e is introduced. Thus e =« 2.718 and y = is the 
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standard curve described above. In Fig. 8-9 j/ = 2®, 1 / = and y — e^ 
are all plotted on the vsame set of axes. 

The student should also plot the functions y = 2”*, y = e"“*, 2 / = 3“"^ 
and compare them with Fig. 8-9. 


EXERCISES 

Construct the graphs of the following functions. 

1. f/ = 2-^. 2. y ^ 4^ 3. 1 / = 5®. 

4. ^ = 3 “^. 5 . 2/ = 4 “^ 6. 2/ = 

7. 2/ = (ir. 8. 2/ = (I)". 9. 2 / = 2~^\ 

PROGRESS REPORT 

Exponents were introduced in Chapters 1 and-^&jtt-order to have a 
convenient notation for certain complicated com^Jutations, and a few 
rules involving exponents were derived. It is a fundamental idea in 
mathematics, whenever a symbol or an operation is defined, to extend 
its use as far as possible without essentially changing the rules con¬ 
cerning the symbol or the operation. Thus the use of exponents was 
extended in this chapter to all real numbers so that the same laws for 
operating with exponents hold in all cases. 

In addition to exponents, radicals were introduced, which are often 
very useful, although they are only another way of writing exponents. 

The greater part of the chapter was devoted to a detailed study of 
the formal niles which are involved in the operations with exponents 
and radicals. Equations containing radicals were also discussed. 

An important step was taken in the last few sections of this chapter 
where in the equation y = the quantity u or the quantity x was re¬ 
garded as a variable. Thus the power function and the exponential 
function were introduced and studied. 

A great many engineering formulas showed the usefulness of being 
familiar with exponents and radicals. 



CHAPTER 9 


LOGARITHMS 

In the applications of mathematics to the other sciences, many prob¬ 
lems involve long and tedious numerical computations. Logaritlims, 
which will be studied in this chapter, can be used to simplify many of 
these computations, and they can be used to establish results to any 
desired degree of accuracy. 

Logarithms are also used in many theoretical discussions in engineer¬ 
ing and the other sciences. The distance covered during acceleration 
or deceleration of an automobile, train, or ship varies not directly but 
as an exponential function of time. The response of the human senses 
to stimuli is not directly proportional to the stimulus, but proportional 
to the logarithm of the stimulus. Many engineering formulas are most 
simply and conveniently expressed in logarithmic form. 

9-1, Introduction. The discussions in this chapter will be based upon 
those of the preceding chapter on exponents. 

Consider the two numbers a = /T" and c = R"*. In \vriting a — 
we are associating an exponent m with the number a, and in writing 
c = 5" we are associating an exponent n with the number c. By the 
laws of exponents in Chapter 8, 


(1) 


(2) 

« _ _ R«.-n 

(3) 

a* = (B”’)'‘ = 


From (1) we see that the multiplication of a and c corresponds to the 
addition of the associated exponents m and n. From (2) we see that the 
division of a by c corresponds to the subtraction of n from m. From 
(3) we see that the operation of raising a to the A;th power corresponds 
to multiplying the exponent m (which is associated with a) by k. 

It is easier to add than multiply, easier to subtract than divide, and 
easier to multiply than raise to a powder. Therefore, provided that we 
had some way of associating with any number a an exponent m such 
that a = formula (1) would supply a convenient method for replac- 
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ing multiplication by addition; formula (2) would supply a method for 
replacing division by subtraction; and formula (3) would supply a 
method for replacing raising to a power by multiplication. For example, 
let us choose J5 = 2. Then for a = 2^, the following table can be easily 
compiled. 

TABLE 1 


a = 2«* 

Ar 

A 

■ 

■ 

i 

B 










m 



■ 

i 

-1 

0 

1 


3 



1 

1 

8 

9 


The use of this table is suggested in the following examples. 


Example 1. 


Example 2. 


^ X 128 « X 2’ 

« 2^ » 4. 
8* « (23)3 
= 2 » 


(By Table 1) 
(By the laws of exponents) 
(By Table 1) 
(By Table 1) 
(By the laws of exponents) 


« 512. (By Table 1) 

Of course, if the process suggested in this way is to have any practical 
value, the table must give exponents m for any a that occurs in compu¬ 
tations. It will now be shown how a simple table of this kind for posi¬ 
tive, two-digit numbers can be constructed on the basis of what the 
reader already knows. 

In Chapter 8 it was shown that when a positive number B is given, 
a — has a definite meaning for any number m. Regarding m as the 
independent variable and a as the dependent variable, this function can 
be plotted as shown in Sec. 8~14. Figure 9-1 shows the graph of the 
function a = 2”". 

From Fig. 9-1, we see that (a) for every value of m there is a corre¬ 
sponding value of a, (6) the values of a are always positive, (c) as m in¬ 
creases, a increases, and (d) as m decreases, a decreases, approaching 
zero as m becomes very small, i.e., negative with a very large absolute 
value. 

Suppose we now attempt to find an exponent m such that 5 = 2^. 
In Fig. 9-1 the straight line perpendicular to the a-axis at a =* 5 inter¬ 
sects the curve ^t P, whose abscissa is about m = 2.3. It can be con¬ 
cluded, therefore, that 6 « 2^*^ approximately. Actually the exact 
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value of ?n is irrational, and in calculus methods are developed to com¬ 
pute m to as many digits as desired, but this rough approximation is 
sufficient here. 

By drawing a careful graph like Fig. 9-1 to a large scale, the expo¬ 
nents in the following table can be easily determined. 



TABLE 2 
a - 2"* 


a 

m 

a 

m 

a 

m 

a 

m 

a 

tn 

a 

m 

1.0 

0.00 

2.5 

1.32 

4.0 

2.00 

6.5 

2.46 

7.0 

2.81 

8.5 

3.09 

1.1 

0.14 

2.6 

1.38 

4.1 

2.04 

5.6 

2.49 

7.1 

2.83 

8.6 

3.10 

1.2 

0.26 

2.7 

1.43 

4.2 

2.07 

6.7 

2.51 

7.2 

2.85 

8.7 

3.12 

1.3 

0.38 

2.8 

1.49 

4.3 

2.10 

6.8 

2.54 

7.3 

2.87 

8.8 

3.14 

1.4 

0.49 

2.9 

1,54 

4.4 

2.14 

5.9 

2.56 

7.4 

2.89 

8.9 

3.15 

1.5 

0.68 

3.0 

1.59 

4.5 

2.17 

6.0 

2.59 

7.5 

2.91 

9.0 

3.17 

1.6 

0.68 

3.1 

1.63 

4.6 

2.20 

6.1 

2,61 

7.6 

2.93 

9.1 

3.18 

1.7 

0.77 

3.2 

1.68 

4.7 

2.23 

6.2 

2.63 

7.7 

2.94 

9.2 

3.20 

1.8 

0.85 

3.3 

1.72 

4.8 

2.26 

6.3 

2.66 

7.8 

2.96 

9.3 

3.22 

1.9 

0.93 

3.4 

1.77 

4.9 

2.29 

6.4 

2.68 

7.9 

2.98 

9.4 

3.23 

2.0 

1.00 

3.5 

1.81 

5.0 

2.32 

6.5 

2.70 

8.0 

3.00 

9.5 

3.25 

2.1 

1.07 

3.6 

1.85 

5.1 

2.35 

6.6 

2.72 

8.1 

3.02 

9.6 

3.26 

2.2 

1.14 

3.7 

1.89 

6.2 

2.38 

6.7 

2.74 

8.2 

3.04 

9.7 

3.28 

2.3 

1.20 

3.8 

1.93 

5.3 

2.40 

6.8 

2.77 

8.3 

3.06 

9.8 

3.29 

2.4 

1,26 

3.9 

1.96 

5.4 

2.43 

6.9 

2.79 

8.4 

3.07 

9.9 

3.31 

2.5 

1.32 

4.0 

2.00 

5.5 

2.46 

7.0 

2.81 

8.5 

3.09 

10.0 

3.32 
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Computations may be performed by the use of Table 2 as illustrated 
in the following examples. 

Example 3. 

67 X 84 = 6.7 X 10 X 8.4 X 10 


= 6.7 X 8.4 X 10“ 



= 2“ “^ X 2* X 10“ 

(By Table 2) 


^ X 10“ 

(By the laws of exponents) 


= 2®-“ X 10“. 


Since the exponent 5.81 is not in the tables and since 10 = we can write 5.81 

* 2.49 + 3.32 and we have 


67 X 84 = 2“ ““ X 10“ 



= 2 “ '*“ X 2“ ““ X 10“ 

(By the laws of exponents) 


= 2“ '‘“ X 10 X 10“ 

(By Table 2) 


= 5.6 X 10“. 

(By Table 2) 

A slide rule computation easily verifies this to be the correct result. 

Example 4. 

67“ = (6.7 X 10)“ 



= 6.7“ X 10“ 

(By the laws of exponents) 


= (2“ “*)“ X 10“ 

(By Table 2) 


= 2“ ““ X 10® 

(By the laws of exponents) 


„ X 10“ 



= 2i ®* X (2» ““)“ X 10“ 

(By the laws of exponents) 


= 2* “* X 10“ X 10® 

(By Table 2) 

Example 5, 

= 3.0 X 10®. 

(6.6)“ “ = (2“ ‘‘“)“-“ 

(By Table 2) 

(By Table 2) 



(By the laws of exponents) 





S3 2 '- 33 + 2 ( 8 . 32 ) 



« 2^-®® X 

(By the laws of exponents) 


« 2.5 X 102. 

(By Table 2) 
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Example 6, 

512 _ 5.1 X 10^ 
67 ■" 6.7 X 10 


(By Table 2 ) 

(By the laws of exponents) 
(By Table 2) 
(By the laws of exponents) 

= 7.6 (By Table 2) 

Examples 4 and 6 can be readily checked on a Mannheim slide rule. 
However, Example 5 cannot be checked on a Mannheim rule. 

From these considerations we sec clearly how the use of exponents 
simplifies long computations by reducing the complexity of the opera¬ 
tions involved. The purpose of tliis chapter is to develop a system with 
the same properties as the one above, but which can be used for practical 
computations when more accuracy is desired than can be obtained by 
slide rule computations. Thus we shall reduce, for example, the multi¬ 
plication of 895.2 by 95.34 to the addition of two numbers. In this way 
tedious computations can be greatly simplified, with a corresponding 
saving in time and energy. Although we shall concentrate on computa¬ 
tions in which four-digit accuracy is required, the methods developed 
will apply no matter what degree of accuracy is required. 

EXERCISES 

Perform the following computations by the use of Table 2 . Express your results 
in scientific notation correct to two significant digits. 

1. 6.1 X 2.3. 2. 7.5 X 26. 3. 8.3 X 460. 

4. 47 X 1.8 X 32. 6 . (6.5)^ 6 . (1.8)^ ^ 

7. (6.7)2 X (1.4)1-^ 8 . (42)' ^ 7 ) 3 ^ 9 ^ 57 ^ 

10. 690 48. 11. 57 ^ 490. 12. 96 ^ 510. 

13. (36)3 ^ 4go. 14. (46)2.5 ^ ( 5 . 7 ) 3 . 15^ (5.6)3(3.7)2 ^ (7.3)^. 

9-2. The Definition of a Logarithm. By referring to Fig. 9-1, the 
reader will see that the function a = for any positive B greater than 
1, has the properties noted in the preceding section for a = 2"': 

(а) For every value of m there is a corresponding value of o. 

(б) The values of a are positive. 

(c) As m increases, a increases. 
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(d) As m decreases, a decreases, approaching zero as m is negative 
and its absolute value becomes very large. Thus a system of computa¬ 
tion like that devised in Sec. 9-1 can be devised for any positive number 
B greater than 1. The number B is called the base of the system. For 
any given B, the fundamental question in constructing the system is 
the same: Given any a, can an m be found such that a = B”*? 

From (6) above we see that a must be positive. As in Sec. 9-1, we 
see that if a > 0 and B > 1 are given, then an exponent m can he found 
such that a = B”^. 

In Fig. 9-1, a = was considered as a function with m as the inde¬ 
pendent variable and a as the dependent variable. If a is given and the 
corresponding value of m is desired, we are considering a as the inde¬ 
pendent variable and m as the dependent variable. We thus have the 
inverse function, m = /(a). For simplicity in theoretical discussions 
and in later computational work we shall introduce a notation for this 
inverse function. 

If a == B’", we say that a is equal to B raised to the exponent m. 
Inversely, m is the exponent to which B must be raised to obtain a. If 
the term exponent is replaced by logarithm, we may say that m is the 
logarithm to which B must be raised to obtain a. This latter statement is 
conveniently abbreviated by 

(1) m = logB a. 

For the sake of brevity, (1) is often read equals the logarithm to the 
base B of a” To summarize: 

IN WORDS 

B raised to the exponent m equals a 
m equals the exponent to which B must be raised to get a 
m equals the logarithm to the base B of a. 

By the definition above, only positive numbers have logarithms. In 
advanced treatises logarithms are defined for negative numbers, but such 
an extension of the above definition is beyond the scope of this book. 
The logarithms of positive numbers are sufficient for all computational 
work. 

Example, The exponential expressions given below are restated to the right in 
logarithmic notation. 

2 * « 8 is equivalent to log 2 8 » 3. 

2^ a* 4 is equivalent to log 2 4 =» 2. 

2 ^ » 2 is equivalent to log 2 2 =* 1. 

2 ® « 1 is equivalent to log 2 1 0. 

2 *"^ « ^ is equivalent to log 2 ^ » —1. 

2 “’* ^ is equivalent to log 2 i «■ —2. 


IN SYMBOLS 
B^ ^ a 

m = log/? a 
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Table 1 of Sec. 9-1 gives values of a and m for the relation a = 2^. 
Since m = loga a, the columns headed with an m could also be labeled 
log 2 a. The same can be said of Table 2. The information stated above 
can be read from either of these tables. 

Information gained from Table 2 can be stated in two ways as follows. 


2.5 = 2* 

is equivalent to 

log2 2.5 ““ 1.32. 

5.7 = 2^®^ 

is equivalent to 

log2 5.7 ~ 2.51. 

Likewise we see that: 

1000 = 10® 

is equivalent to 

logic 1000 = 3. 

100 = 10® 

is equivalent to 

logic 100 = 2. 

7 

o 

1—1 

11 

8 
d 

is equivalent to 

logic 0.001 = -3. 

9 = 3® 

is equivalent to 

logs 9 =2. 

125 = 5® 

is equivalent to 

logs 125 = 3. 

EXERCISES 

Write each of the following exponential expressions in logarithmic notation. 

1. 2** = 4. 

2. 2® = 32. 

3. 3* = 27. 

4. 10* = 100. 

6. 10-* = 0.01. 

6. 2-* = i 

7. 8* = 64. 

8. 6* « 216. 

9. 10“* = 0.001. 

10. 1.2* = 1.44. 

11. 11* = 121. 

12. 5-* = 

13. 16* = 225. 

14. 10* = 10,000. 

16. 10-‘ = tV- 

16. 2* = 128. 

17. 2-* = I. 

18. 3‘ = 81. 

19. 3-* - ^V- 

20. 6* = 36. 


Write each of the following logarithmic expressions in exponential form. 

21. log 2 32 ~ 6. 

22. logs 9 = 2. 

23. logs 125 = 3. 

24. logio 100 — 2. 

26. logio 1000 = 3. 

26. logs 64 = 2. 

27. log 2 i = -2. 

28. logs-ff = —2. 

29. log 7 49 = 2. 

30. logii xir “ "2. 

31. logisiV = —1. 

32. logs 25 = 2. 

33. logio 0.001 == -—3. 

34. logi.2 1.2 = 1. 

36. logi .2 tttt ~ ~2. 

36. log2i^ == —5. 

37. logio 0.001 = -3. 

38. logio \/T0 = 

39. logio = h 

40. logio 0.01 = —2. 


Find the values of the following logarithms. 


41. logOT^TT- 

42. logs 25. 

43. logs 81. 

44. logo 

46. log 2 

46. logio 100. 

47. logs 27. 

48. logs v- 

49. log 4 16. 

50. log4 2. 

61. logul. 

62. log 7 49. 

63. logio 1000. 

64. logio 0.001. 

66. logs 64. 

66. logs 2. 

67. logs 4. 

68. logs 216. 

69. logs 81. 

60. logs 125. 
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Find the number x such that: 


61. log2 X = 3. 

62. logs X = 2. 

63. logsx = —; 

64. logiox = —2. 

66. logs X = 2. 

66. logsx = 4. 

67. logs X = 3. 

68. logsx = —2. 

69. logi.6 X = 2 

70. logs X = 0. 

71. logic X = 0. 

72. logex = 

73. log 2 X = 5. 

74. log2X = —3. 

76. log 2 X = 

76. logs X = 

77. logic X = 2. 

78. logi5X = 1. 


79. Iog 2 o a; = 0. 

9-3. Simple Properties of Logarithms. In all the discussions which 
follow in this chapter, the reader should constantly remind himself that 
a logarithm is an exponent. 

If a == then m = log/j a. Obviously, then 

(1) 5*°*'*“ = a. 

Similarly, replacing a by S’” in logs a, we have 

(2) logB = m. 

• Example. 

10‘<wio8 „ 8 

= 9’ = 81. 
logs 2» = 3. 

log 3 9-« = logs (3*)"® = log 3 3-« = -6. 
logs = logs 5^ = 


logs ^ = logs 6 » = - 


EXERCISES 

Find the values of the following expressions. 

1. logs 27-®. 2. log 9 9\ 

3. log 4 64-^ 

4. logs 1. 

6 . logs 9®- 

6 . log 9 V^- 

7. logs 3-^. 

8 . logB B®. 

9. logs (6® X 6^). 

10 . log,e*. 

11 . log*e®'“«. 

12. logic (10“2’ X 

13. logs 

14. log? 

16. log^R. 

16. logA A*® + v\ 

17. log« (e®)®* + 1. 

18. logeC*”®. 

19. log« (e-* • e*). 

, /'io®xio-®\ 

20 . logic 10-® )■ 

21 . 2'®*2io 

22 . 10’®**“®^. 

23. 

24. 

26. 20*°**"®*. 

26. 

27. 2^®*2a:. 

28. 5'**® *** 

29. 

30. ^2* + 1)^ 

31. 5*®*® 

32. €*®*' + i. 

83. A'®*®^®. 

84. 

36. 49'®«« *®. 

36. 8*®*®**. 
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9-4. The Graph of the Function m = loga c. In Fig. 9-1 the function 
a = 2^ was plotted, where m is the independent variable and a the de¬ 
pendent variable. The inverse function is m = log 2 a. In this case a 
is the independent variable and m the dependent variable. Table 1 
of Sec. 9-1 gives the information necessary to plot the graph of m « 
log 2 a, shown in Fig. 9-2. 



In like manner, the graph of m == logio a can be plotted from the fol¬ 
lowing table: 

a 0.001 0.01 0.1 1 10 100 1000 

m= logic a —3—2—10 1 2 3 


The graph is shown in Fig. 9-2. 

Similar tables and graphs can be obtained for any function of the form 
wi = logs a, where B > 1. 

A study of the graphs in Fig. 9-2 yields the following information 
about the functions m = logs a, where B > 1. 

(a) For every positive value of the independent variable a there is a 
corresponding value of the dependent variable m. 

(b) When a > 1, m > 0; when a = 1, m = 0; and when a < 1, m < 0. 

(c) When a increases, m increases. When a approaches zero, m be¬ 
comes negatively infinite. 

(d) Since the graph extends only to the right of the 2 /-axis, there are 
no logarithms of negative numbers by this definition. 
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EXERCISES 

Plot on the same coordinate system the graphs of the following functions; x is the 
independent variable, and y the dependent variable. 

1. y = 3® and y = logs x. 2. 2 / = 10® and y = logio x, 

3. 2 / = 1.5® and y = logi.s x. 4. ?/ = 5® and y — logs x. 

6. y = 4® and y — log 4 x. 

6. Use the graph oi y = logs x to find approximate values of logs 4, logs 2, logs 
and logs 6. 

7. Use the graph of y = log 4 x to find approximate values of log 4 5, log 4 1.5, 
log 4 6, and log 4 3. 

8. What can be inferred from Fig. 9-2 about the relation between the values of 
logs X and logio x? 


9-6. Properties of Logarithms. The equations 

(1) • log 5 a = lUj logB c = n 

are equivalent to the equations 

(2) a = c = 

Since 

ac = B^B^ = 

it follows that 


(3) log^ ac = logi? 2?""+" = m + n = log^ a + log^ c. 


This proves: 

Property 1, The logarithm of a product is equal to the sum of the loga¬ 
rithms of the factors^ all logarithms being taken to the same base. Symboli¬ 
cally, 

logB (ac) = logi? a + logij c. 

Since 


it follows that 


a _ ^ 
B^ 




log = logs Bi^ ^ = m — n log^ a — log^ c, 

giving: 

Property 2. The logarithm of a quotient is equal to the logarithm of the 
numerator minus the logarithm of the denominator, all logarithms being 
taken to the same base. Symbolically, 



= logB a — logB c. 
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Since 

a* = 

it follows that 

logB a*" = logB - mk = k log^ a, 

giving: 

Property S. The logarithm of a power of a number is equal to the expo^ 
nent times the logarithm of the number, all logarithms being taken to the 
same base. Symbolicallyj 

logs a** = ft logs a. 


An important special case of the last property is the following. 

logB = - logB a. 

9 


There is no simple formula for the logarithm of a sum in terms of the 
logarithms of the members of the sum. The value of log^ (a + b) can¬ 
not be computed if only logn a and log^ b are known. 


Example 1. Express logB 27r 
letters or numbers. 



as the sum of logarithms of first 


powers of single 


logB 2ir 



=* logs 2 + logB 



» logB 2 + logs Tf 4- logs 



(By property 1) 
(By property 1) 


= logs 2 + logs ^ + logs V L - logs Vg (By property 2) 
= logs 2 4- logs IT 4- i logs L - i logs g- (By property 3) 

Example 2. Express ^ logic 2 — logic 3 4-3 logic 5 as a single logarithm, 
i logic 2 — logic 3 4-3 logic 5 

= logic 2^ — logic 3 4- logic 5® (By property 3) 

2^ a 

* logic 4- logic 5® (By property 2) 

o 


, 2 ^ . 6 » 

“ logio—^— 


(By property 1) 


Example S. Given logic 2 = 0.3010, logic 3 ■» 0.4771, and logic 7 »= 0.8461, find 
the value of logic 

12 3X2^ 

logic Y “ ^— “ ^ogio 3 4-2 logic 2 — logic 7 

- 0.4771 4- 2(0.3010) - 0.8461 « 0.4771 4- 0.6020 - 0.8461 


« 0.2340. 
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Example 4- 
Also 

Example 5, 


Find the value of log 2 8®. 

log 2 8® = 3 log 2 8 « 3 log 2 2® = 3 X 3 * 9. 

log 2 8® *= log 2 (2®)® = log 2 2® « 9. 

Find the value of log 2 (16 X 8). 
log 2 (16 X 8) = log 2 16 + log 2 8 

= log2 2^ -f log2 2® « 4 + 3 - 7. 


EXERCISES 


Express each of the following logarithms as the sum of logarithms of first powers 
of single letters or numbers. 


1 . logB PQR. 

2. logfl-g • 

3 . logB;^. 

4. logjgCl 

6 . logfl (C»Z)®). 

*• 

7. logic C-'^. 

8. logic 

9.1oga^. 

10. loga 

Il.l0g4 ^ ■ 


.. . 

18 - 

14 . logs • ij^). 

16 . \oe2^~ 


Express each of the following as a single logarithm 


16. logio 2 -H logic 3 — logic 5. 

18. logcX + logey. 

20. 6 log2 a -|- 3 log2 h — 2 log2 C. 
22. I loga X + ^ loga y - J logo «• 


17. log 2 5 + log 2 6 — log 2 7. 
19. 3 loge a; + 2 logc y. 

21. loge X + loge y + loge 
23. ^ logo 3 4- logo TT - logo X. 


24. illogic (s - a) + logic (s - 6) H- logic (s - c) - logic «]. 

26. ^ logic 3 + i logic 5 - i logic 15. 

26. I log 2 5 - log 2 7 4-2 log 2 14 — ^ log 2 35. 

27. ^ logj5 X 4- -3- logB y - i logfl z. 28. logs a 4* logs 5 ~ ^ logs C. 

29. 2 logs a 4- 3 logs 6 — 5 logs C. 30. log^ sin x — logs cos x. 


Given logic 2 = 0.3010, logic 3 = 0.4771, logic 5 = 0.6990, and logic 7 = 0.8451. 
Compute the values of the following expressions. 


81. logic 14. 

84. logic 

87. logic 

40. logic (7^). 
48. logic 168. 


32. logic 18. 
35. logic 

00 1 
**• 

.1 , ^ 

41. logio^- 


44. logic 126®. 


33. logic \/ 5 . 
36. logic 125. 

39. logic v^ld. 


42. logic 


36® 
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48. logig 
51. logsi 27. 
64. log 2 v '2 8 ^« 


Evaluate each of the following expressions. 

46. logs 4^. 47. log4 \/8- 

49. logs 81^*^. 60. logi 2 144®. 

62. logie 8 ®. 63. loga^s 27. 

66- log| 66. log 2 (16 X 22)3. 

67. logic (100)* - logavl (18)*. 68 . logs (^)-^ - logw (32)-» 

69. logs 125* — logs 60. logic 7 + logw 8. 

-r Rt 

61. Given i iqb ^ , show that log® i = log* to — 

L 

_ Ri 

62. Given i — to(l — c ^ ), show that log* (to — t) = logeto — 7 -* 


63. Given q = q^e show that logeg = loge go — 77 ^* 

CR 

t -JL 

64. Given log« (go — g) = log® qo — —f show that g = go(l — e 

CR 

66. Given log« t = log« go — log* C — logc R — , show that t = ^ e 

CR CR 


CR^ 


9-6. Simple Logarithmic Computations. Since logarithms are expo¬ 
nents, computations by their aid can be performed as suggested by the 
exponential computations of Sec. 9-1. In that section we used the rela¬ 
tion a = whence m = log 2 a. Thus, if we replace m by Iog 2 a in 
Tables 1 and 2 of that section, these tables become tables of logarithms 
to the base 2. The following examples indicate the parallel between 
logarithmic and exponential computations, using these tables. 

Example 1. Multiply 64 X 8, using Table 1 of Sec. 9-1. 

Exponential Computation Logarithmic Computation 


2* X2» 

(Table 1) 

log 2 (64 X 8) = log 2 64 -f- log 2 8 

(Property 1) 

2*+* 

(Laws of ex¬ 

log 2 64 — 6 

(Table 1) 

2» 

ponents) 

log 2 8*3 

(Table 1) 

612. 

(Table 1) 

log 2 (64 X 8) * 9 

64 X 8 * 512. 

(Table 1) 


Example 2. Multiply 2.6 X 1.9 X 5.2 using Table 2 of Sec. 9-1. 

Exponential Computation 
2.6 X 1.9 X 6.2 

» 2 '32 X 2® ®® X 22-33 (Table 2) 

„ 21-32+0.93+2,88 (Laws of exponents) 

» 2^-3® 

^ 2i-®i+® ®2 • 

« 2i ®i X 2®-®2 
- 2.6 X 10. 


(Table 2) 
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log 2 (2.6 X 1.9 X 5.2) 


= log 2 2.5 + log 2 1.9 -f log 2 5.2. 

(Property 1) 

log 2 2.5 =» 1.32 

(Table 2) 

log 2 1.9 * 0.93 

(Tabic 2) 

log 2 5.2 = 2.38 

(Table 2) 

= 4.63 


= 1.31 + 3.32. 


log 2.5 = 1.31 

(Table 2) 

log 10 = 3.32 

(Table 2) 

log (2.5 X 10) - 4.63. 

(Property 1) 


2.5 X 1.9 X 5.2 = 2.5 X 10. 

We will find in the following sections that logarithmic notation in ex¬ 
tended computations simplifies the mechanical details of the work very 
considerably. The examples given above are too simple, however, to 
illustrate this fact. 

EXERCISES 

Perform the following computations by means of logarithms to the base 2 as given 
in Table 2 of Sec. 9-1. Compare your computations with the exponential computa¬ 
tions of these same exercises which you performed previously. 

Exercises 1-15 of Sec. 9-1. 

9-7. Systems of Logarithms. The logarithms to a given base of all 
positive numbers constitute a system of logarithms. For illustrative 
purposes up to this point we have used the base 2. In practical applica¬ 
tions, however, two other bases are most frequently used. 

The common system of logarithms employs the base 10. Since 10 is 
also the base of the ordinary number system, many simplifications in the 
use of logarithms occur when this base is used. Therefore this base is 
the most convenient for computational purposes. It is sometimes called 
the Briggsian system after its inventor Henry Briggs (1560-1631). 

The natural system of logarithms employs as its base the number e 
discussed in Chapter 8. This number is irrational, and its value to 10 
decimal places is 2.71828 18285. This system is the most convenient for 
theoretical purposes and will be met in the study of the calculus. It is 
sometimes called the Napierian system, after John Napier (1550-1617). 

When the base is not expressed, the base 10 is understood. Thus 
log 2 = 0.3010 means logic 2 = 0.3010. The word logarithm will also 
mean common logarithm unless otherwise stated. For the natural sys¬ 
tem we write loge a as In a. Since these conventions are not entirely 
general, it is well to check the convention in any given text. 

As we have seen, a table of logarithms must be at hand if they are to 
be used for numeri^cal work. Very extended tables have been com- 
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puted for common logarithms and on a smaller scale for natural loga¬ 
rithms. The methods used in computing these tables depend upon cal¬ 
culus and will not be discussed here. 

9-8. Common Logarithms. Characteristic and Mantissa. We saw in 
Chapter 1 that a given positive number N can be written in scientific 
notation as 

( 1 ) N ^ MX 10 ^, 

where M is between 1 and 10, and n is an integer which may be positive 
or negative. Then 

log N = log (ilf X 10") = log M + log 10", 

and thus 

(2) log AT = n + log Af. 

The graph of the function m = log a in Fig. 9-2 shows that log 1 = 0 , 
log 10 = 1, and that the logarithm of a number between 1 and 10 is be¬ 
tween 0 and 1. Then, since M is between 1 and 10, log M is between 
0 and 1. Actually, log M may be an irrational niunber, but practically 
we shall consider only the first few places of its decimal equivalent. 
Thus (2) states that the logarithm of a positive number N can be written 
as the sum of an integer n {positive or negative) and a decimal fraction 
which is positive and between 0 and 1. 

The integral part n of the logarithm is called the characteristic. The 
portion of the logarithm which is the decimal fraction between 0 and 1 
is called the mantissa. 

Example. Given that log 2.56 = 0.4082, we find that: 


log 25.6 

= log 

(10 X 2.56) 

= log 10 

-h 

log 2.56 = 

1 

■f 

0.4082. 

log 256 

= log 

(100 X 2.56) 

== log 100 

+ 

log 2.56 = 

2 

4 - 

0.4082. 

log 2560 

= log 

(1000 X 2.56) 

= log 1000 


log 2.56 = 

3 

4 - 

0.4082. 

log 0.256 

= log 

(0.1 X 2.56) 

= log 0.1 

+ 

log 2.56 = 

~1 

+ 

0.4082. 

log 0.0256 

= log 

(0.01 X 2.56) 

= log 0.01 

+ 

log 2.56 = 

-2 

-h 

0.4082. 

log 0.00256 

== log 

(0.001 X 2.56) 

- log 0.001 


log 2.56 - 

-3 

4 - 

0.4082. 


Summarizing this information in a table, we have: 


Number Characteristic Mantissa 


2560 

3 

0.4082 

256 

2 

0.4082 

25.6 

1 

0.4082 

2.56 

0 

0.4082 

0.256 

-1 

0.4082 

0.0256 

-2 

0.4082 

0.00256 

-3 

0.4082 
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9-9. Rules for Finding the Characteristic. The definition of scientific 
notation supplies the rule for finding the characteristic of such numbers. 
If N is given in scientific notation as 

(1) AT = M X lO’^, 

then the characteristic of log N is the integer n. 

Since the characteristic of log N is the integer n of (1), the rule of 
Sec. 1-12 can be used to find its value for numbers given in positional 
notation. For the sake of convenience it will be restated here. 

Let N be a positive number given in positional notation, 

(а) If N > ly the characteristic of log N is 1 less than the number of 
digits to the left of the decimal point of N, 

(б) If N < ly the characteristic of log N is a negative number whose 
absolute value is one more than the number of zeros between the decimal 
point and the left-most significant digit. 

We see, then, that the characteristic of a logarithm depends only upon 
the position of the decimal point, and not upon the digits in a given 
number. 

When the characteristic is negative it will be often more convenient 
to use an equivalent form, writing the characteristic as the difference of 
two positive numbers, the number to be subtracted being a multiple of 

10. Thus we replace —1 by 9 — 10, —2 by 8 — 10, —4 by 6 — 10, etc. 


Example, 


N Characteristic op log N 


2.56 


0 



266 


2 



0.256 

-1 

or 

9 

- 10 

0.00256 

-3 

or 

7 

- 10 

35670 


4 



0.00008 

-5 

or 

5 

- 10 

2.3 X 10^ 


4 



2.3 X 10-® 

-3 

or 

7 

- 10 

2.3 X 10~^i 

-11 

or 

9 

- 20 

2.5 X 10-®i 

-31 

or 

9 

- 40 


EXERCISES 


Determine the characteristics of the logarithms of the following numbers. 


1 . 66 . 8 . 

4 . 0.438. 

1. 466.72. 
10. 0.423. 

18. 31.56. 

16. 2.3 X 10. 


2. 679. 

6. 0.095. 

8. 0.000056. 

11. 0.0597. 

14. T, 

17. 3.76 X 10*. 


3. 69.2. 

6. 0.00067. 

9. 66,785. 

12. 2.367. 

16. dTT, 

18. 6.82 X 10®. 
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19. 6.72 X 10-^ 

22. 8 X 10-*. 

26. 9.23 X 10-». 

28. 87.63 X IO-**, 


20. 8.97 X 10-». 

23. 9.2 X 10®. 

28. 8.76 X 10"®. 

29. 9.76 X 10“. 


2L 9 X 10"*. 

24. 8.567 X 10». 
27. 9.47 X 10-**. 

30. 2.314 X 10-**. 


Place the decimal point in the sequence 
ing characteristics: 


31. 

3. 

32. 

1. 


34. 

0. 

36. 

9 

10. 

37. 

5. 

38. 

6 - 

10. 

40. 

4. 

41. 

10. 


43. 

18. 

44. 

2 - 

20. 


digits 6689 as determined by the follov- 


33. 2. 

36. 8 - 10. 
39. 7 - 10. 
42. 14. 


9-10. Properties of the Mantissa. We have seen that the character¬ 
istic depends only on the position of the decimal point. Now we shall 
show that the mantissa is independent of the position of the decimal 
point. 

If two positive numbers Ni and N 2 have the same significant digits 
arranged in the same order, then regardless of the position of the decimal 
point in each number, we say that Ni and N 2 have the same sequence 
of digits. For example, the numbers 85.6, 856, 0.00856, 8560, and 
85,600,000 have the same sequence of digits. 

The two numbers Ni and N 2 can be written in scientific notation as: 

(1) Ni = Ml X lO-, 

(2) N 2 = M 2 X 10"*, 

where Mi and M 2 are between 1 and 10, and ni and 712 are integers. 
Now, if Ni and N 2 have the same sequence of integers, then Mi = M 2 . 
The following example illustrates this fact. 

Exatnpk 1. 


N JV = ilf X 10" 


isitional notation) 

(in scientific notation) 

M 

n 

85.6 

8.66 X 10 

8.56 

1 

856 

8.56 X 10=* 

8.56 

2 

0.00856 

8.56 X 10-» 

8.56 

-3 

8560 

8.56 X 10* 

8.56 

3 

85,600,000 

8.56 X 10’ 

8.56 

7 


All the numbers given above have the same sequence of digits, and hence all the 
numbers M are the same. 

From (1) and (2), 

log Ni - ni+ log Ml, 
log N 2 -n 2 + log M 2 , 
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and thus the characteristics of log Ni and log N 2 are rii and 112 respec¬ 
tively. The mantissa of log iV'i is log Mi, and the mantissa of log N 2 
is log M 2 . If Ni and N 2 have the same sequence of digits, Mi = M 2 , 
and therefore log Mi = log M 2 . 

Since the mantissa is positive by its definition, we now have these 
two important properties of the mantissa: 

Property 1, The 'tnaniissa is always a positive number. 

Property 2. The common logarithms of numbers which have the same 
sequence of digits have the same mantissas. 

The example in Sec. 9-8 illustrates Property 2. This property of the 
mantissa, which holds only for (common logarithms, makes common 
logarithms superior for computational purposes to natural logarithms 
or to logarithms with any other base. 


Example 2. Given that log 8.56 — 0.9325, we may obtain the information given 
below: 


N 

Characteristic of log N 

Mantissa of log N 

Log N 

86.6 

1 

0.9325 

1.9325 

856 

2 

0.9325 

2.9325 

0.00866 

7-10 

0.9325 

7.9325 - 10 

8660 

3 

0.9325 

3 9325 

85,600,000 

7 

0.9325 • 

7.9325 

8.66 X 10"i® 

2-20 

0.9325 

2.9325 - 20 


Log 0.00856 = 7.9325 — 10 has actually the value —2.0675, but written in this 
way the logarithm does not exhibit its characteristic and mantissa. Hence we 
always write log 0.00856 as 7.9325 — 10, so that the characteristic is clearly 7 — 10, 
and the mantissa is 0.9325. 

Example 3, If the logarithm of a number is —2.3765, what is the characteristic 
and mantissa? 

The entire quantity —2.3765 is negative, and the mantissa is always positive. 
If we rewrite —2.3765 as 7.6235 — 10, then it can be seen that the characteristic is 
7 — 10, and the mantissa is 0.6235. 


EXERCISES 

State the characteristic and mantissa of each of the following logarithms, 


1. 2.9325. 

4. 0.00323. 

7. 1.5692 - 10. 

10. -0.4631. 

13. -6.6093 + 10. 
16. -6.6932 + 20. 
19. -2.3167. 


2. 3.60912. 

6. 5.6194. 

8. 4.6357 - 10. 

11. -3.2294. 

14. -9.2317. 

17. 3.2159. 

20. -8.6732 + 20. 


3. 0.315796. 

6. 8.7325 - 10. 

9. 6.6392. 

12. -4.6732 + 10. 
16. -4.6735 + 10. 
18. -1.23452. 
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Given log 892 - 2.9504, log 6.76 = 0.7604, log 13.4 = 1.1271, and log 45.9 * 
1.6618, find the logarithms of the following numbers: 


21. 8.92. 

24. 0.000892. 

27. 0.469. 

30. 0.134. 

33. 0.00576. 

36. 1.34 X 10“®. 
39. 6.76 X 10®. 


22. 676. 

26. 134. 

28. 0.00459. 

31. 57,600. 

34. 4590. 

37. 5760. 

40. 1.34 X 10^0. 


23. 8920. 

26. 4690. 

29. 0.892. 

32. 0.00134. 

36. 8.92 X 10®. 

38. 4,590,000. 


9-11. Using a Table of Logarithms. The mantissas of the logarithms 
of most numbers are unending decimal fractions. Methods are devel¬ 
oped in advanced treatises for computing the values of these mantissas 
to as many decimal places as desired. Such computed values are usually 
given in a table of mantissas, called also a table of logarithms. These 
are called four-place, five-place, etc., according to the number of decimal 
places in the tabulated mantissas. While the mantissas are decimal 
fractions, the decimal point is usually omitted in the table for conven¬ 
ience in printing. 

A four-place table is sufficient for most engineering purposes, and 
such a table is attached to this book (Table 2). We shall illustrate the 
use of this table, and the student can adapt these methods to the use of 
other tables. In the four-place table, the mantissas are given for the 
logarithms of all numbers which are written with a sequence of three sig¬ 
nificant digits. The table is arranged so that the first two significant 
digits of the given number are located in the left-most column of the 
table, and the third digit is located at the top. For example, if the 
given number has the sequence of digits 738, then 73 is located in the 
column to the left and 8 is located at the top of the table. Going down 
from this 8 to the line corresponding to 73, the mantissa 8681 is found. 
To find the logarithm of a number, 

(a) Determine the characteristic by the rules of Sec, 9-9, 

{b) Find the mantissa corresponding to the given sequence of digits by 
using a table of logarithms. 


10 , 

10 . 


Example 1. To find log 73.8: 

(a) By the rule of Sec. 9-9 the characteristic is 1. 

(b) As we saw above the mantissa is 8681. 

Hence 

log 73.8 - 1.8681. 

In the sfune way it is found that 

log 7.38 = 0.8681, 
log 73800 = 4.8681, 
log 0.738 - 9.8681 - 
log 0.000738 = 6.8681 - 
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The process of finding the number corresponding to a given logarithm 
is the inverse of the process given above. The number obtained is some¬ 
times called the an^ogarithm (abbreviated antilog) of the given loga¬ 
rithm. 

To find the number corresponding to a given logarithm: 

(а) Determine the sequence of digits corresponding to the given mantissa 
by using the table. 

(б) Place the decimal point in the position given by the characteristic 
and the rules of Sec. 9-9. 

Example 2, Find x such that log x = 1.6463. 

From the table it is found that 6463 is the common mantissa of all numbers with 
the sequence of digits 361. Because a positive characteristic of a logarithm is 1 less 
than the number of places to the left of the decimal point of the corresponding 
number, x has two places to the left of the decimal, for the characteristic of log x is 1. 
Hence 

X = 36.1. 


In the same way it is found that if 

log X — 2.6463, X « 361; 
log X = 4.6463, X = 36100; 
logx * 8.5463 - 10, X * 0.0361; 
log X = 9.5453 - 10, X = 0.351; 
log X = 7.6463 - 10, X = 0.00351. 


EXERCISES 


Using a four-place table, find the logarithm of each of the following numbers. 


1 . 3.24. 

4 . 96.3. 

7 . 0.00672. 

10 . 0.000675. 
13 . 4.23 X 10®. 


2. 6.76. 

6. 495. 

8. 95,900. 

11 . 69.6. 

14 . 5.96 X 10-®. 


3. 78.2. 

6. 6780. 

9. 0.864. 

12. 0.0892. 

16. 6.43 X 10®. 


Using a four-place table, find the number of three significant digits corresponding 
to each of the following logarithms: 


16 . 2.6198. 

19 . 4.6632. 

22 . 7.8943 - 10. 
26 . 0.6021. 

28 . 9.6474 - 10. 


17. 1.6922. 

20 . 2.9053. 

23 . 6.9430 - 10. 
26 . 3.4378. 

29 . 2.8976. 


18 . 9.2810 - 10. 
21. 8.8261 - 10. 
24 . 6.6315. 

27 . 0.6378. 

30 . 1.9360. 


9-12. Interpolation. If a number has four significant figures, the man¬ 
tissa of its logarithm cannot be found directly from a four-place table. 
The mantissa of the logarithm of a four-digit number lies between the 



^ 12 ] 


INTERPOLATION 


321 


mantissas of two consecutive three digit numbers which are given in the 
table. Thus, to find the mantissa of the logarithm of a four-digit num¬ 
ber, the process of interpolation can be employed. This process was 
used in Chapter 4 in connection with the trigonometric tables. 

The following examples illustrate the process of interpolation: 


Example 1. Find log 35.64. 

The characteristic of this logarithm is 1. The logarithm of the number with the 
digits 356 has the mantissa 5514; the logarithm of the number with the digits 357 
has the mantissa 5527. We can then set up a scheme similar to that used in Chap- 
ter 4: 


0.10 


0.04 


log 35.60 
.log 35.64 


log 35.70 


1.55141 

X 


1.5527 


0.0013 


Since the logarithm increases by 0.0013 as the number increases by 0.10, then as 
the number increases by 0.04 the logarithm will increase by 

0.04 

a; = — X 0.0013 « 0.00052. 


Since this last statement is only approximately true (see below), and since the four- 
place mantissas given in the table are rounded of! from longer decimals, we round 
off the result of this interpolation to four places and call x =* 0.0005. Adding this 
amount to log 35.60 we obtain 

log 35.64 » 1.5519. 

A shortened scheme can be set up as follows. 


Number 


Mantissa 




■ raseo 

55141 



10 

^3564 

...J- 

13 



3570 

5527 




X = X 13 

= 5.2 or 5. 

Then 


log 35.64 

= i.6519. 


Example 2, 

Find log 0.01947. 



Setting up the simplified scheme, 




Number 

Mantissa 



\ri940 

28781 



10 

lim 


22 



1950 

2900 



re - tV X 22 - 15.4 or 15. 


Adding 16 to 2878 we obtain 2893, Since the characteristic of log 0.01947 is —2 
or 8 — 10, then 


log 0.01947 - 8.2893 - 10. 
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Example 3, Find x such that log x = 4.8079. • 

The mantissa of this logarithm is 8079. From the table we find that 8079 lies 
between 8075 and 8082, which correspond to the numbers 642 and 643 respectively. 
Setting up the scheme, we have: 

Number Mantissa 



r6420 

8075-1 " 

10 


8079 J 


6430 

8082 


Proceeding as before, 

a; = y X 1 ^ “ ^ 

approximately. Adding 6420 and 6 we obtain 6426, the sequence of digits in x. 

Since the characteristic of log a; is 4, x has five digits in front of the decimal point 
consequently 

X - 64,260. 


Example 4- Find x such that log x = 8.4864 — 10. 
Setting up the scheme, we have: 

Number Mantissa 



r3060 

48571 ■ 

10 


4864 J 


3070 

4871 


X = X 10 = 5. 


The sequence of digits is 3065, and since the characteristic is 8 — 10, 

a; = 0.03065. 

Example 5. Find log 557.5. 


Number Mantissa 



■, r5570 

74591 

10 

® [5575 

••■J" 


5580 

7466 


X = X 7 = 3.5. 


Since the result of the interpolation is 3.5, we round off to 4, in accordance with 
our convention of rounding off to the even digit. This is done before the correc¬ 
tion is added to the smaller mantissa. Hence the result is 


log 557.5 = 2.7463. 

By the process of interpolation, a four-place mantissa can be found for 
a number of four significant figures when a four-place table is used. Simi¬ 
larly, five-place mantissas can be found by interpolation from five-place, 
tables when numbers of five significant figures are given, etc. That accu¬ 
rate results by interpolation are limited to one digit more than the num¬ 
ber of digits for which the table is tabulated is a consequence of two 
facts: 
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(a) The mantissas given in the tables are approximations, rounded off 
from longer decimals. 

(b) The process of interpolation is based on the assumption that for 
small differences in numbers, the changes in the mantissas are propor¬ 
tional to the changes in the numbers. This assumption is not strictly 
true, but the results based on it are sufficiently accurate for practical 
purposes if we consider numbers of four significant digits with four- 
place tables, numbers of five significant figures with five-place tables, 
etc. For this assumption to be precisely true, the curve of y = log x 
would have to be a straight line. Figure 9-2, of course, shows that this 
curve is not a straight line. However, small sections of it are very 
nearly straight, and this assumption merely states that they are close 
enough to being straight that we may consider them so for practical 
purposes. 

After some practice, the student will be able to perform the process 
of interpolation mentally. Some tables contain aids to interpolation in 
the form of tables of proportional parts. When the process of interpola¬ 
tion is well understood, the use of such aids is immediately clear. There¬ 
fore they will not be discussed here. 


EXERCISES 


Find the value of the following. 


1 . 

log 7.564. 

2. log 85.96. 

3 . 

log 107.9. 


4 . 

log 423,500. 

6. log 1,487,000. 

6 . 

log 86.43. 


7 . 

log 0.2372. 

8 . log 0.8142. 

9 . 

log 0.09355. 


10 . 

log 0.0005415. 

11 . log 0.1056. 

12 . 

log 0.00007365. 

13. 

log 149.6. 

14 . log 2.358. 

16. 

log 389.4. 


16 . 

log 5012. 

17. log 64,010. 

18 . 

log 700,500. 


19. 

log 3.142. 

20 . log 2.718. 

21 . 

log (3.672 X 

10‘®). 

22 . 

log 0.1956. 

23. log 0.007948. 

24 . 

log (7.314 X 

10-®“). 

25 . 

log (5.321 X 102). 

26 . log (5.295 X 102). 

27 . 

log (6.829 X 

10-®). 

28 . 

log (6.493 X 10®). 

29. log (8.476 X 10'^). 

30 . 

log (8.561 X 

10-®). 

31. 

log (9.111 X 10®). 

32. log (9.401 X 10“3). 

33 . 

log (2.147 X 

10). 

34 . 

log (1.143 X 10®). 





Find the numbers whose 

s logarithms are given by: 




36 . 

0.8165. 

36 . 3.4900. 

37 . 

5.8551. 


38 . 

1.0186. 

39. 0.4774. 

40 . 

21.7785. 


41 . 

8.6086 - 10. 

42 . 9.9168 - 10. 

43 . 

6.3040 - 10. 


44 . 

9.5296 - 10. 

46 . 6.6994 - 10. 

46 . 

0.8457 - 26. 


47 . 

0.6983. 

48 . 3.4138. 

49 . 

1.0150. 


60 . 

5.2930. 

61. 4.3002. 

62 . 

0.0770. 


63 . 

8.8424 - 10. 

64 . 9.4105 - 10. 

66 . 

6.6004 - 10. 


66 . 

8.9830 - 10. 

67 . 9.7997 - 10. 

68 . 

3.1450 - 10. 
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9-13* Computations by Means of Logarithms. The examples of this 
section are designed to illustrate a number of important details of pro¬ 
cedure in logarithmic computations. It is very important that work of 
this kind be carried out neatly and systematically. Several convenient 
ways of arranging the work are indicated in the examples. Before using 
the tables, the student should first analyze the problem to see what 
operations are involved. Then he should prepare a skeleton outline of 
the work to be performed, in which each operation is indicated and in 
which a place is provided for each number and logarithm entering into 
the computation. Finally, this outline can be filled in from the tables 
and the work completed. This procedure is the most conducive to 
speed and accuracy. 

Example 1. Compute 89.46 X 0.04137 X 0.3214 by logarithms. 

If N denotes the result of this computation, then by Property 1 of Sec. 9-6, 

log N = log 89.46 + log 0.04137 + log 0.3124. 

Before using the tables, we prepare the following outline. 

log 89.46 = 
log 0.04137 « 
log 0.3124 « 


log AT = 

N « 

The characteristics can be filled in easily, and finally the table is used to complete 
the work. The completed computation is given below. 

log 89.46 = 1.9516 
log 0.04137 = 8.6167 - 10 
log 0.3124 = 9.4947 - 10 


log N * 20.0630 - 20 - 0.0630 


N « 1.156. 


An abbreviated form is very useful. In it the numbers are always to the left of 
the vertical line, their corresponding logarithms on the same horizontal line to the 
right of t^ie vertical line. This form for this example is given below: 


Numbers 

Logarithms 

89.46 

1.9516 

0.014137 

8.6167 - 10 

0.3124 

9.4947 - 10 

N 

20.0630 - 20 


N - 1.156. 
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Example 2, Compute 


0.08942 X 3.592 
105.2 X 0.5127 


by logarithms. 


If N denotes the result of this computation, then by Property 2 of Sec. 9-6, 

log N » log numerator — log denominator, 

where log numerator =* log 0.08942 -f log 3.592, 

log denominator = log 105.2 + log 0.5127. 

The computation is carried out below: 

log 0.08942 = 8.9514 - 10 
log 3.592 = 0.5563 

log numerator = 9.5067 — 10 ~ 9.5067 — 10 

log 105.2 = 2.0220 
log 0.5127 = 9.7099 - 10 


log denominator = 11.7319 — 10 =» 1.7319 
log N 


- 7.7748 - 10 

N « 0.005954. 

The abbreviated form for this computation can be set up as foUows. 


Numbers 

Logarithms 

0.08942 

8.9514 - 

10 

3.592 

0.5553 



9.5067 - 

10 

105.2 

2.0220 


0.5127 

9.7099 



11,7319 



N 


9.5067 - 10 


1.7319 


7.7748 - 10 


N = 0.005954. 


47 82 

Example S. Compute by logarithms. 
815.1 

If N denotes the result of this computation, 


Then from 


log N = log 47.82 - log 815.1. 
Numbers Logarithms 


47.82 

815.1 


1.6796 

2.9112 


we see that the logarithm 2.9112 which is to be subtracted is larger than 1.6796. 
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If we replace 1.6796 by 11.6796 — 10, the computation can be carried out as follows. 


Numbers 

Logarithms 

47.82 

11.6796 - 10 

815.1 

2.9112 

N 

8.7684 - 10 


N = 0.05867. 

Example Compute V'^To84 X (0.4231)^ by logarithms. 

If N denotes the result of this computation, 

log N = log ^^6.1084 + log (0.4231)^ 

and by Property 3 of Sec. 9-5 

log AT = ^ log 0.1084 + 5 log 0.4231. 

Now log 0.1084 = 9.0350 — 10. To find J log 0.1084, it is more convenient to write 
log 0.1084 - 29.0350 - 30, and then i log 0.1084 = ^ (29.0350 - 30) = 9 6783 - 
10 . 

The complete computation is carried out below. 


Numbers 

0. 1084 

V^O.1084 

0.4231 

(0.4231)® 

N 

N 


29.0350 


Logarithms 
• 30 


9.6264 - 10 
48.1320 - 50 


N = 0.006461. 


Example 5. Compute 


(0.04163)® X ^0.001574 


9.6783 - 10 
8.1320 - 10 


17.8103 

7.8103 


20 

10 


(0.3157)2 X 5.123 
If N denotes the result of this computation, then 


by logarithms. 


N =» log numerator — log denominator, 

AT » [3 log 0.04163 -f- i log 0.001574] - [2 log 0.3157 + log 5.123]. 
The computation is tabulated below. 


Numbers 


Logarithms 

0.04163 

8.6194 - 10 


(0.04163)® 

25.8582 ~ 30 

5.8582 - 10 

0.001574 

7.1970 - 10 


■^0.001674 

1.4394 - 2 

9.4394 - 10 

Numerator 


15.2976 - 20 



fr-13] 


COMPUTATIONS BY LOGARITHMS 


327 


Numbers 


Logarithms 



0.3157 

(0.3157)2 

5.123 

9.4993 - 10 
18.9986 - 20 

8.9986 - 10 
0.7095 



Denominator 


9.7081 - 10 

9.7081 

- 10 

N 

N = 

0.00003886. 

5.5895 

- 10 


EXERCISES 


Compute each of the following expressions by a four-place table of logarithms. 
Each number is assumed to be accurate to four significant figures, and hence each 
result should have four significant figures. 


1 . 3.766 X 4.821 X 378.0. 

3 . 0.4241 X 96.47 X 0.03766. 

6. 476.3 X 0.006681 X 43.79. 

7 . 66.37 X 41.62 X 0.03102. 
9 . 4.832 X 8.976 X 604.2. 

11 . 

9.426 

366.2' 

0.02187 

3.620 

0.0008672 

‘ 0.007650 ’ 

_ 12.56 X 0.004127 

19 .- 

46.30 

4.692 X 314.5 

- 

__ 48.67 

’ 31.00 X 42.12 


2. 0.0004376 X 86.41. 

4 . 0.0007156 X 47.56 X 0.6510. 
6. 1.262 X 80.72 X 0.06254. 

8. 2.736 X 3.829 X 4.562. 

10 . 6.004 X 0.00005682 X 814.2. 


9.867 

56.80 

0.009672’ 

89.62 

47.92* 

1 3.42 X 0.04169 
514,2 

8.964 X 77.70 
2810 

_ ^20 _ 

46.20 X 0.004137* 


38.42 X 91.50 
3.765 X 2.834 
4.628 X 7.105* 

3.821 X 0.007650 
■ 0.05162 X 6.423 
31.67 X 4263 
* 4081 X 623.1* 

33 . (3.462)2. 

36 . (31.42)« X (0.3146)2. 


’ 485.2 X 0.07600 

28.97 X 0.8236 

’ 0.4123 X 5.678 

46.32 X 9460 

30 ,- 

4135 X 67.32 

4868 X 6762 

■ 81.81 X 463.4 

34 . (81.46)*. 

36 . (4.672)* X (61.32)2. 
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87 . (0.3762)* X (6.612)* X (0.01234)*. 
39 . (576.2)i. 

41 . V673.6. 

43 . V'O.008962. 

46 . '^0.8790. 

47 . (7.953)i 

49 . V46.62 X -^63.42! 

61 . (86.61)i 

63 . (7.953)*. 

66. (3.415)®*. 

67 . (69.37)® *. 

69 . (4.639)i-*. 

61. (3.460)* X (672.3)* 



38. (0.4127)® X (3.127)* X (0.3456)*. 
40. -^76.24. 

42. •^0.01326. 

44. V3.769. 

46. -^^3. 

48. v^O.08957. 

60. (0.4609)* X (6.723)*. 

62. (0.9476)*. 

64. (0.004321)*. 

66. (45.67)® *. 

68. (2.314)®-®. 

60. (3147)*-*. 



•^676.2 

V5i^‘ 


66 . 


67. 


69 . 


71 . 


85.21 X •^'^4^ 
V46.82 X 6.230 


■^672.2 X 36.10 

66..^ 

1 86.42 

■V^ 416.2 

■^56^82’ 

4 / 0.6732 

68. .g 

1 586.2 

\ 3.146 * 

(31.25)*' 

3 /( 57 . 20 )* 

70. ^ 

[486.2 X 0.1669 

\ (31.42)*’ 

(21.20)* 


72 . 


91.04 X V31.20 X '^4162 
418.2 X 45.92 


73 . 


76 . 


48.19 X V56.02 
431.6 X ^46.25 X Vieisi 
si 48.19 X 312.5 
69.26 X V^32’ 


'■ 4 ; 


.008150 X 0.08532 
0.01234 X -^0.09166 
f0.08 162 X 1.^ 
96.27 


74 . 


76 , 


78 . 


38.49 X V616.2 
•^41.36 X 916.6 

/ 35.20 X 0.4^ 
’■ \ 616.3 

3 / 51.31 X 8^ 
418.2 X 56.81 ‘ 


80 . 


/ 0.8531 3 /^ 
\ 9.327 \61.5: 


2 
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9-14. Accuracy in Logarithmic Computations. All the numbers in the 
computations of the previous section were accurate to four significant 
figures. Therefore, by the rules of Sec. 1-15, the results of these multi¬ 
plications and divisions will be accurate to four digits. We have seen 
that the ordinary logarithmic computation with four-place tables gives 
precisely this accui^acy. The following examples illustrate the use of 
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logarithms in computations in which the question of the accuracy of 
the result arises. 

„ , , ^ 3.464 X 9.8766 

Example I. Compute-- 

46.674 

Assuming that the numbers given are accurate in accordance with the agreements 
of Sec. 1-13, we see that there is one four-digit number and that there are two five¬ 
digit numbers. We can expect a result accurate to four digits. In order to use four- 
place logarithms, it will be convenient, without affecting the accuracy materially, 
to round off all the numbers to four digits and then to compute as usual. 

_ 3.464 X 9.876 


Numbers 


Mantissas 

0.5396 

0.9946 


Numerator 


11.5342 - 10 


N 9.8661 ~ 10 

N « 0.7347. 

We can assure ourselves that no major error has occurred during the computation 
3 46 X 9 88 

by computing — by the slide rule. The result is 0.734. 

46.6 

r, , ^ . 0.462 X 9.567 

Example 2. Compute- - - 

Since there is a three-digit number in this computation, we can expect a result 
accurate to at most three digits. It is convenient, then, if logarithms are to be 
used, to round off all the numbers to three digits before computing: 

„ 0.462 X 9.67 


EXERCISES 

Compute each of the following quantities by logarithms, assuming that each num¬ 
ber given has the number of eignificant digits specified by the usual agreements. 


1 . 67.24 X 81.576 X 95.6786. 
3. 4.63 X 0.05162 X 2.31. 

6. 4.76 X 0.0008143. 

69.26 X 0.084673 
0.12346 

/ 0.0$951 X 6.3251 
* \ 48.632 


2 . 3.7654 X 6.672 X 0.31563, 
4 . 3.25 X 4.62 X 6.1676. 

6. 673.2 X 0.089164 X 0.6843. 
6.632 X 6.4786 
30.042 
659.34 

■ \ 0.06430 X 9.6673' 
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3/ 67.31 X 46.843 
’ \ 946.878 

13. 46.27 X 19.5 X 6.4218. 

16. 47.2 X 0.008926 X 0.096432. 

17. -^6.42 X 9.862. 


'46.8 X 69.5. 


12. 36.2 X 4.356 X 19.2. 

14. 35.1 X 0.00689 X 0.068120. 
16.‘ V56.8 X 97.31 XOOm. 


^5.673 X 0.00915. 


14.64 X 6.32 


3 / 60 ^^ 
\ 108( 

^ sj 4^ 

’ \ 19.6 X ( 


5 X 81.34 


23. The wavelength of a resonant circuit is given by 

X = 1884\^LC meters, 

where L is the inductance in microhenries and C is the capacitance in microfarads. 
In a certain circuit the inductance was measured and found to be 5.0 microhenries. 
The capacitance was 0.54 microfarad. Find the wavelength of the circuit at reso¬ 
nance. 

24. The approximate inductance of a single-layer solenoid is given by the formula 

^ ^ where L is the inductance in microhenries, a the radius in centi- 

0 

meters of the coil, n the number of turns, h the length in centimeters of the coil, and 
2a 

K is a function of • The length of a certain coil is 5 cm. and its diameter 1 cm. 
b 

Let K = 0.5255. Find the approximate inductance of the coil if it is wound with 
200 turns. 

26. The time required for a bomb released from an airplane to reach the ground 

is given by the formula T — \ — where T is the time in seconds, aSi the height in 

\ g 

feet of the plane above ground, and g is the acceleration due to gravity which is 32.16 
ft. per sec. per sec. If a plane is at a height of 2.14 miles, what is the elapsed time 
in seconds from the release of the bomb till it strikes? 

26. Horsepower in the case of the prony brake is given by the expression H = 
2irPLN 

—where P is the pressure in pounds at the end of the lever arm, L is the length 
33,000 

in feet of the lever arm, and N is the speed in revolutions per minute. In a given 
engine test, the pressure was 84.9 lb., the lever arm had a length of 3.15 ft., and the 
speed was 148 revolutions per minute. What horsepower was developed by the 
engine? 

9-16. Hints about Logarithmic Computations. The negative expo¬ 
nent is defined by the relation 




We can use this definition to compute numbers with negative exponents 
by logarithms as shown in the following example. 
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Example 1, Compute (0.6192) 


N = (0.6192)-2 = 


(0.6192)2 


log N =• log 1—2 log 0.6192. 


Numbers 

1 

0.6192 

(0.6192)2 


Logarithms 


9.7918 - 10 
19.5836 - 20 


10.0000 - 10 


9.5836 - 10 


N * 2.609. 

We have defined logarithms only for positive numbers. However, 
they can be used for computations with negative numbers as well, for 
in any operation with negative numbers involving multiplication, divi¬ 
sion, raising to powers, or extraction of roots, the sign of the result can 
be determined independent of any calculation, and then the absolute 
value of the result can be found by logarithms. The following example 
will illustrate. 


Example 2, Compute N 


.3/ (-0.8 16 2)(-4.673) 
\ ’-5.160 


Since each of the three factors in the radicand is negative, the radicand itself is 
negative; and since the cube root of a negative number is negative, the result is 
negative. The result is, then, the negative of 


3/0.8162 X 4.673 
V 5.160 


which we shall compute as usual. 

Numbers 


Logarithms 


9.9118 - 10 
0.6696 


Numerator 

5.160 


10.5814 

0.7126 


and 


Radicand 9.8688 - 10 29.8688 - 30 

M 9.9563 - 10 

M = 0.9042, 

N = -0.9042. 


Since there is no formula for log (M + N) in terms of log M and log N, 
computations involving sums or differences must be found arithmetically, 
as indicated in the following example. 
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Example 3. Compute (0.8921) ^ + (1.231)*. 

Each term must be computed separately, and the results added. 


(0.8921)”i 
log (0.8921)~^ 


1 

(0.8921)^ 

log 1 - ^ log (0.8921) 


log (1.231)® - 3 log 1.231. 


Nttmbbbb Logarithms 

1 10.0000 - 10 

0.8921 9.9504 - 10 

(0.8921)4 4.9752 - 5 9.9752 - 10 


0.0248 

(0.8921)”4 = 1.059 


The final result is: 


Numbers Logarithms 

1.231 0.0903 

(1.231)3 0.2709 

(1.231)3 - 1.866. 

1.059 -h 1.866 - 2.926. 


The identity — 6^ = (a + 6) (a — b) can be used to advantage in 
certain logarithmic computations, as indicated in the following example. 


Example 4 . Compute N == V(45.63)3— (31.67)^ by logarithms. 
Using the indentity 

\/(46.63)2 - (31.57^ « V(46.63 -f 31.57)(45.63 - 31.67), 

we obtain _ 

N » \/77.20 X 14.06. 


This expression is easily computed by logarithms, for 

log AT - i [log 77.20 + log 14.06). 


Numbers 

Logarithms 

77.20 

1.8876 

14.06 

1.1480 


3.0356 

N 

1.6178 

N 

« 32.95. 
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EXERCISES 


Compute each of the following by logarithms. Obtain results accurate to as many 
significant di|^ts as possible, assuming that the quantities are accurate only to the 
given number of significant digits. 


1. (6.573)-®. 

3. (5.123)-». 

6. (0.05137)-®. 

7. (0.5678)~*. 

9. (0.5181)-“ *. 

11. (0.513)-®. 

13. (6.2)-®. 

16. (6.312)-' X (81.57)* 

17. (0.3296)-“* X (9541)-*. 


19. 


(46.3)-* X 957 


18.4 

21. (-8.732)(-9.591)(- 

23. "^-687.3. 

26. (-569.3)*. 

27. (-47.81)®. 

29. -9.516. 

31. (-957.3)*. 


157.2). 


33. 


/ 81.43 Y 

■ \ 0.0967/ 


- 67.35)* 
6994 


/ (-67.: 
’* \ -69 

■4 


(-6.782) • (9421)* 


-567.3 


39. (418.3)® + (619.1)®. 
41. (56.2)^ + 61.3. 

43. (81.37)-* + (9.25)-*. 

46. __ 

(61.3)® - (5.93)® 


_ (61.73)® + (98.6)* 

-iliii- 

_ (89.67)-* 

"•“eor- 

61. V(0.8912)® ^ (0.06412)®. 
63. V (81.21)® - (31.23)®. 

66. -^(56.81)® - (18.23)*. 


2. (6.573)-*. 

4. (0.4127)-®. 

6. (95.37)-*. 

8. (5.673)-* ®. 

10. (0.00006612)-*. 

12 . ( 5 . 21 )-*. 

14. (6.67) 2(2.316)-®. 

16. (315)-* X 65.27. 

18 X (19.67)* 

(954.0)-* 

20. (-16.43) X (-47.69). 


22. -67.3 X 96.1. 

24. \/(-69.2) (-81.6). 
26. (-669.4)®. 

28. (-6.96)*. 

30. (-6.891)-*. 

32. -^68.43. 

34. -^(-6.816)®. 




2 

712)® 


38. “^856 • (-6.73)*. 


40. (9.812)* - (1.423)-®. 

42. 14.2(81.3 + 57.2®). 

44. (9.366)* - (8.219)*. 

tC 31.6 

’ (8.16)* + (6.23)* 

•'^eiii + ^96.63 

48 .-- 

616.4 


60. \/(61.62)® - (21.59)®. 

62. V (95.23)® - (61.47)®. 
64. V'(4.96)® - (3.21)®. 
66. V (61.59)® - (42.22)®. 
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63. 37.59‘>J^(51.67)2 - (67.42)2. 


61.59 • 48.6 


V (48.63)2 -- (56.92)2 
78,950 



62. 45.2 • 61.5 • ^(18.1)2 - (36.2)2. 
64. -V^ (6187)2 - (516^2, 


9-16. Solution of Right Triangles with the Use of Logarithms. 

Logarithms can be used to simplify computations involving trigono¬ 
metric functions. In this section we will use logarithms to perform 
computations like those considered in Sec. 4-15. 



b 


Fig. 9-3. 


From Fig. 9-3 we see that 

(1) a = c sin a. 

From this relation it follows that: 

(2) log a = log c + log sin a. 

In order to compute log sin a, we could first find sin a in the table of 
trigonometric functions and then find the logarithm of the number 
sin a. This procedure would necessitate using the table of trigonometric 
functions and the table of logarithms. To avoid the inconvenience of 
using two tables, we have at our disposal a table in which the logarithms 
of the trigonometric functions are given. In the Appendix, Table 4 is a 
table of this kind. For example, from Table 3, the table of natural func¬ 
tions, we find that 

sin 40° = 0.6428 


and from the table of logarithms 

log sin 40° = log 0.6428 = 9.8081 - 10. 

However, this last value can be found directly from Table 4. It should 
be noted that the r-10 of the negative characteristics of logarithms of 
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trigonometric functions is omitted from Table 4 to save space. It will 
have to be supplied, of course, in computations. 

Example L In a right triangle a = 44.74 and a = 52.35®. Find the remaining 
parts of the triangle. 

As in Sec. 4-15, we have the following formulas. 

6 = a cot Of, c = ^ =* 90® — a. 

sm a 

Taking the logarithms of the first two expressions, we have 

log 6 = log a + log cot Of, 


log c = log a — log sin a. 
The logarithmic computation is shown below. 


Numbers 

Logarithms 


a = 44.74 

1.6507 

(Table 

cot Of = cot 52.35® 

9.8873 - 10 

(Table 

h = 34.52 

1.5380 

(Table 

a = 44.74 

11.6507 - 10 

(Table 

sin a — sin 52.35® 

9.8986 - 10 

(Table 

c = 56.51 

1.7521 

(Table 


Hence 


6 - 34.52, c « 56.51, $ = 37.65®. 


These computations can be checked by means of the Pythagorean theorem in the 
form 

a = Vc- - b‘‘ = \/(c + f))(c - 6). 

Since 

c = 56.51 and b = 34.52, 

we have: 

Numbers Logarithms 

c+ 6 = 91.03 1.9592 

c- 6 = 21.99 1.3422 


(c +h)(c - h) 3.3014 

V(c + b)(c - b) 1.6607 

The logarithm 1.6507 found for V? — is equal to the value of log a found in the 
preceding computations and hence we have a check on the work of this example. 

Example 2. Compute the coordinates of the terminal point of a vector A whose 

magnitude A = 57.25, direction angle a. = 123.28®, and which has its initial point 

at the origin. 

From Sec. 6-5, we have 

xa — A cos ay Pa ^ A sin a; 
log I I = log + log 1 cos a 1; 

log 1 yx I =» log .4 + log 1 sin a 1. 
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Since sin 123.28° = sin 56.72° and cos 123.28° =• — cos 66.72°, we have; 

1 sin 123.28° 1 - sin 56.72° and ] cos 123.28° 1 = cos 66.72°. 


The computation follows. 



Numbers 

Logarithms 

Numbers 

Logarithms 

A * 57.25 

1.7578 

A = 57.25 

1.7578 

1 cos a 1 « cos 56.72° 

9.7394 - 10 

1 sin a 1 = sin 56.72° 

9.9222 - 10 

|*.l| “31.42 

1.4972 

1 1 = 47.87 

1.6800 

Since xa is negative and i/a positive. 




Since 


XA = -31.42, UA “ 47.87. 


A* = XA^ + i/A^ 

yj? = A* - xj^ = (A + xa){A - xa) 
id _ 

1J/A I = ^^(A 4- xa)(A - xa)- 
The computations follow: 

A * 57.25, XA “ -31.42. 


Numbers Logarithms 

- XA = 88.67 1.9478 

A 25.83 ^ 1.4121 

(A + xaXA - xa) 3.3599 

1 yA t “ V(A + xa)(A - xa) 1.6800 


Since log | 2/a 1 = 1.6800 here as well as in the first computation, we have a check 
upon our work. 

In computations of this kind, where lengths are measured to four significant digits 
and angles to the nearest hundredth of a degree, four-place logarithms give results 
to the same degree of accuracy. 


EXERCISES 

Solve the following right triangles and check. 


accuracy of the given data. 

1. c - 165.2, a = 27.6r. 


3, a = 4682, a = 15.76^ 

6. 6 = 0.05196, a = 73.82°. 

7. a = 4.184, 6 « 5.744. 

9 . 5 * 6.73 X 10^2^ c = 7.18 X 10 ^ 2 ^ 
11. c « 162, a « 32.1°. 

13. a 18, a » 48°. 


Give your results to the degree of 

2. c » 0.2643, i3 - 63.81°. 

4 . o = 79,430, /3 = 5.21°. 

6. 6 = 1.316, ^ = 12.35°. 

8. a = 79,630, c = 91,180. 

10. a = 0.00023, h = 0.0037. 

12. c « 0.361, - 67.2°. 

14. a » 56.2, /3 « 19.4°. 
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Each vector A given below has its initial point at the origin. If A is the magnitude 
of A and a its direction angle, find by using logarithms the coordinates of the ter¬ 
minal point of A. Give your results to the degree of accuracy of the given data. 


15. A - 87.42, a = 38.61°. 
17. A = 0.3571, a = 157.62°. 
19. A = 659.2, a = 305.67°. 
21. A = 5.63, a = 36.8°. 

23. A = 0.0612, a = 179.2°. 
26. A = 3.2, a = 302°. 


16. A = 2387, a = 157.62°. 

18. A = 48.69, a = 65.26°. 

20. A = 0.08167, a = 236.52°. 
22. A = 89.7, a = 208.2°. 

24. A = 2.8, a = 189°. 

26. A - 95.7, a = 165.7°. 


Find the magnitude A and direction angle a of the vector A whose initial point 
is at the origin and whose terminal point is (a: a, 2/a)- Give your results to the degree 
of accuracy of the given data. 


27. ZA = 4.867, VA = -3.216. 
29. XA = 108.2, 2/A = 306.8. 
31. a:A = 6.93, i/a = -3.21. 
33. XA = 3.85, 2/A = 4.92. 


28. xa — —9.345, 2/a — —8.412. 
30. xa = -0.06792, yA = 0.05123. 
32. XA == —5.27, j/A = —8.67. 

34. XA = —0.28, 2/A == 0.57. 


Using the method described in Sec. 6-5, find the sum of the vectors in each exer¬ 
cise. Give your results to the degree of accuracy of the given data. 


36. A : A = 65.47, a - 36.29°. 

B ; R = 48.62, 109.57°. 

37. A : A = 615.2, a = 45.32°. 

B : B = 895.1, = 350.19°. 

39. A : A - 486, a = 56.2°. 

B : R = 592, /3 = 318.9°. 

41. A : A = 937, « - 36.4°. 

B : R = 156, p = 142.5°. 

C : C = 886, 7 = 232.8°. 

43. A : A = 0.03167, a = 63.25°. 
B : R = 0.05129, /3 = 149.67°. 
C : C - 0.03256, 7 = 252.37°. 


36. A : A = 48.69, a = 118.69°. 

B : R = 96.43, = 215.37°. 

38. A : A = 65.3, a = 47.8°. 

B : R = 36.2, jS = 137.2°. 
40. A : A = 0.0512, a = 128.3°. 

B : R = 0.0316, ^ = 208.5°. 
42. A : A = 48.6, a = 59.2°. 

B : R = 39.2, = 118.6°. 

C : C = 51.6, 7 240.1°. 

44. A : A = 5.361, a = 0.00°. 

B : R = 7.594, jS = 166.82°. 
C : C = 3.962, 7 == 270.00°. 
D : Z> = 4.111, d = 305.76°. 


46. Find the height of a tower if the length of its shadow is measured as 165.6 ft. 
at a moment when the elevation of the sun is 49.85°. 

46. An observation balloon 825 ft. above a battery observes that the angle of 
depression of an enemy battery is 5.64°. What is the distance between the two 
batteries? 

47. A certain plane can climb at an angle of 25.5° while making 215 m.p.h. How 
long will it take for the plane to reach an altitude of 12,500 ft.? 

48. A radio tower is on top of a building. From a point 3250 ft. from the building, 
the angles of elevation of the top of the building and the top of the tower are 3.42° 
and 5.16° respectively. How high are the building and the tower? 

AdditioniBLl exercises can be formed by selecting problems from Secs. 4-15, 6-4, 
and 6-5 for logarithmic computation. 
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9-17. Logarithms to Other Bases than 10. Suppose it is required to 
find logo N when the available table of logarithms has the base b. By 
the definition of logarithms 

N = 

Then 

logtN = log6(o'°'^'^) 

= (loga AOClogb a). 


From this last relation, dividing by log* o, we have 

logi, N 


loga N = 


logt, a 


or 

( 1 ) 


loga N =-l0g6 N. 

log6 a 


The special case of this relation in which we arc primarily interested 
is the one in which a — e and b = 10, where e = 2.71828 • • •. We have 
then 

(2) log* N = - -logio N. 

logic e 

Since logic e = 0.4343, \—-— = 2.302G and (2) can be written 
logic « 

(3) loge N = 2.3026 logic N. 

Using (3), we can thus compute logarithms to the base e from a table of 
logarithms to the base 10. From (2), we have 

(4) logic N = 0.4343 log* N. 

Using the conventions of writing logic A" as log N, and log* A as In A, 
(3) and (4) can be written 

(6) In A = 2.3026 log A, 

(6) log A = 0.4343 In A. 

The values of log A are found on most slide rules and, therefore, formula 

(5) can be used to find In A with the slide rule alone without tables. 
The so-called log log scales which are found on certain types of slide 

rules permit us to .find directly the natural logarithm of a number with¬ 
out any computations. 
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EXERCISES 

Using Table 2 in the Appendix, evaluate each of the following to four significant 
figures. Verify the first three figures by the slide rule. 

1. In 64.30. 2. In 46.29. 3. In 6.423. 

4. In 8.915. 6. In 0.08640. 6. In 9.812. 

7. In 0.0004126. 8. In 8142. 9. In 95.67. 

10. In 9.812. 

Find N in each of the following to three significant figures. 

11. \nN ^ 2.301. 12. In V = 5.609. 13. In V = 0.412. 

14. InV = 3.218. . 16. In V = -2.301. 16. InV = -0.509. 

17. In V = -5.623. 18. In V = -0.823. 

9-18. Exponential Equations. An equation in which the unknown 
occurs in an exponent is called an exponential equation. Thus, 2^ = 7, 
examples of exponential equations. 

There is no general method for solving exponential equations. Many 
exponential equations, for example, 

2 ^ + 3 ^ = 10 , 

cannot be solved by methods studied in this book. There is one case, 
however, which may be solved easily by taking the logarithm of each 
member. This case is the one in w^hich the equations have the form 

= 6 , 

where a and b are given and x is to be found. Taking the logarithm of 
each member, we obtain 

X log a = log by 

and hence 

log b 
^ log a 

Example 1. Solve 2* = 30 for x. 

Take the logarithm of each member and obtain 

' log 2^ = log 30, 

X log 2 = log 30, 

and 

- ^ - 1.4771 

iog2 ” 6.3010' 

If two or three place accuracy is desired, the last division can be performed on the 
slide rule. When greater accuracy is wanted, we use logarithms and obtain: 

Numbers Logarithms 

1.4771 10.1694 - 10 

0.3010 9.4786 - 10 

4.907 0.6908 

The answer, to four significant figures, is 4.907. 
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Example Solve 3®"^ « 12 for x. 

Taking the logarithm of each member and proceeding as in the previous example* 
we obtain 

log 3*“^ =» log 12, 

{x - 2) log 3 » log 12, 


x-2 


log 12 
log 3 


x = 4.262. 


1.0792 

0.4771 


= 2.262, 


EXERCISES 

Solve the following equations. 


1 . 10 * - 20 . 
4. 0.8* = 0.3. 


7. 1.05-* - 0.562. 

10. 1.04* = 2. 

13. 1.6*-“® - 1. 

16. €* - 50 (e == 2.718). 


2. 3* - 50. 

6 . 12* = 30. 

8 . 15®* = 75(3*). 

11. 1.04*+^® = 1.08*. 


3. 5* - 0.7. 

6 . 0.63* = 8.1. 


9. 


1 . 03 *-^ 

0.03 


= 8.892. 


12. 2* = 5. 


14. 2®* ' 5®*“^ = 4* • 3*+\ 
16. e“®* = 0.5. 


9-19. The Slide Rule and Logarithmic Paper. The construction and 
use of the Mannheim slide rule are based on the results which have been 
established in this chapter. 

Suppose that the distance between the two index marks on the C or D 
scales is L. Then L is the length of the scale. The location of the marks 
1, 2, 3 • • * 10 is found as follows. 1 is located at the left index mark. 
The point marked 2 is found so that the length from 1 to 2 is L log 2. 
In the same way, the length from 1 to 3 is L log 3, the length from 1 to 4 
is L log 4 and so on. 

Thus, if the left index of the C scale is set at a point, marked with p 
on the D-scale, and a point, marked with g, is located on the C-scale, 
then the distance from the left index of the D-scale to the point q on the 
C-scale is 

L log p + L log g = L(log p + log q) 


= L log pg. 


Therefore, the mark on the D-scale opposite g on the C-scale is pg. Thus, 
the slide rule is simply a mechanical device for adding and subtracting 
logarithms. 

The scales A and B are constructed in like manner, with a basic length 
which is one-half the length of the scales C or D. The distance from the 
index to a certain number, say 5, on scale A is half as great as the dis¬ 
tance from the index to the mark 5 on scale D, and, therefore, corre¬ 
sponds to the number \/5 on scale D. 
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Thus logarithmic scales, on which the points, 1, 2, 3 • • • are not marked 
at equal distances from each other, but at distances from the origin of 
the scale which are proportional to log 1, log 2, log 3, etc., are the basis 
of the slide rule. A little cxpcrinSbntation will soon reveal how the other 
scales on any given rule are constructed. 

Scales of the same kind can be used in order to simplify the construc¬ 
tion of graphs of certain functions. Graphs are usually plotted on cross- 
section paper on which horizontal and vertical lines are printed at equi¬ 
distant intervals, so that the whole area is covered with small squares. 
On the so-called semi-logarithmic paper, the scale on the a:-axis (or 2/-axis) 
is replaced by a logarithmic scale and the vertical lines are printed in 
distances corresponding to this scale, but the horizontal (or vertical) 
lines are at equidistant intervals as on ordinary cross section paper. 

On logarithmic paper, both systems of lines are printed corresponding 
to a logarithmic scale. A few examples will show how to use these papers. 



Example 1. Construct a graph of the function 

(1) y - 2 X 1.6*. 

This equation can be written in the equivalent form 

log y « log 2 + X log 1.6; 

and, if log y *■ u, 

(2) u = 0.3010 + 0.2041X. 

Since w is a linear function of x, the graph of (2) is therefore a straight line, which 
can be constructed easily. In order to locate the values of y on the graph without 
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computations, a logarithmic scale is used on the vertical axis, so that the numbers 
2, 3, 4 • • • are located at the distances u « log 2, w « log 3, u = log 4 • • •, 

The most convenient way to plot the graph is to find two of its points. If a; » 0, 
y = 2; and if a; = 4, 2/ = 2 X 1.6^ = 2 X 6.55 = 13.10. The graph is plotted on 
semi-logarithmic paper in Fig. 9-4. 

This graph can now be used to solve certain problems. If ~ 2 X 1.6^*® has to 
be computed, point A of the graph gives approximately the answer y = 6.5. If we 
desire the value of x such that 2 X 1.6® = 10, point B of the graph shows that 
X a= 3.4 is the answer. 

Example 2. Plot a graph corresponding to the equation u^y^ = 1. 

Computing the logarithms on both sides of this equation, we have 2 log a; -f- 
3 log y =* log 1 =* 0. This is a linear equation between log x and log y. Therefore 



if we plot log y against log x we obtain a straight line. We plot this graph by plotting 
X and y on logarithmic scales. 

In order to plot the graph, two sets of corresponding values of x and y are used.. 
For example : 

xi == 1 , = 1 ; 

X2 = 4, 2/2 = y /— 0.397. 

The graph is plotted in Fig. 9-5. 

It is very easy to construct a system of graphs corresponding to the equations 
x^y^ as c for different values of c. From the corresponding equation 2 log a; + 
3 log ^ « log c it can be inferred that, on logarithmic paper, all these graphs are 
parallel straight lines. They are easily constructed, observing that for 2/ = 1, 

X « \/c- 

In Fig. 9-6 the graphs corresponding to the values c « 1 2, 3, 4, 9 are plotted. 
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EXERCISES 

Plot the graphs connected with the following equations on logarithmic or semi- 
logarithmic paper. 

1. li = 3.7 X 10". 2. u = 6 X 2.72‘ ««. 

4. p X 2.72<' ««» = 10. 6. a: = 0.78 • j/*. 

7. 400VLC = 1. 8. M 

9. Construct a graphical table for the equation xy — C for the integral values of 
C from —10 to -f-10. 

Q 

10. Make the same construction as in Exercise 9 for the equation x = ~ • 

r 


3. 2/ = 


100 


2 * 

6 . = 1 . 


9-20. Engineering Applications of Logarithms. Relationships of the 
type y = log x are frequently encountered in science, thus giving the 
logarithm particular significance in certain engineering problems. For 
example, the response of the human ear to sound is proportional to the 
logarithm of the power producing the sound. 

The power used to produce a sound A is called the power level Pa of 
the sound and is measured in convenient power units, usually in watts. 
It is difficult to define a unit for the loudness of a sound; it is easier to 
compare the loudness of two sounds and to introduce a unit for the dif¬ 
ference in loudness between the sounds. This unit is the decibel and 
is defined as follows. 

If Pa oral Pb are the power levels of two sounds A and J5, then the dif¬ 
ference in loudness between the sounds A ami B, measured in decibels 


P 

{denoted by db.) islO log -f- • This value is often called decibel gain or loss. 
Pb 


Thus the number of decibels corresponding to a power ratio 
10 


. Pa 


Pb 


10 : 1 is 10 log — = 10. In this way, the following table can be con¬ 


structed. 


Power Ratio 

DB. 

Power Ratio 

DB. 

0.1 : 1 

-10 

10 : 1 

10 

1 : 1 

0 

100 : 1 

20 

2 : 1 

3 

1000 : 1 

30 


Experiment shows that a difference of 1 decibel is the smallest change 
in sound intensity which the ear can detect. The usefulness of the 
decibel in engineering problems is shown by the illustrative problem 
below. , 
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Example 1. If the power output of a public address system were increased from 
20 to 22 watts, would the change in loudness be discernible to the ear? 

Finding the decibel gain: 

Decibel gain = 10 log 

= 10 log 1.1 

« 10 • 0.041 = 0.41 db. 


The change is less than 1 decibel and is not apparent to the ear. 

The number of decibels corresponding to a given power ratio can be 
used to characterize this power ratio. In electrical circuits, it may also 
be used to measure current or voltage ratios. For this purpose the 

formula P = PR ~ ~ is used where I is the current, E the voltage, 
R 

and R the resistance. The expression for the number of decibels corre- 

Pa 

spending to the power ratio — may then be rewritten as follows. 

Pd 

Ja^Ra Ra 

lOlog-^-^ = lOlog^. 


(1) Decibel gain (or loss) = 10 log 


Pb 


Ib^Rb 


Rb 


If the resistances Ra and Rb are equal, these expressions become 

( 2 ) 


Decibel gain (or loss) = 10 log ~ 20 log ^ , 

Ib Ib 


Ea^ Ea 

(3) Decibel gain (or loss) = 10 log —g = 20 log — • 

Eb Eb 


Since the decibel gain or loss depends on either a power, current, or 
voltage raiio in the above cases, the units in which the quantities are 
given are immaterial as long as they are the same in both cases. 

Example 2. A motion picture sound amplifier delivers a voltage of 80 volts at a 
frequency of 800 cycles and 20 volts at a frequency of 90 cycles across a constant 
resistance. What is the decibel loss in the amplifier between these two frequencies? 

The decibel loss of an amplifier delivering various voltages across a constant re¬ 
sistance is given by the expression (3). The decibel loss which occurs in the amplifier 
between the two frequencies is then given by 

E A 80 

Decibel loss - 20 log- 20 log— = 201og4 - 20 • 0.602 - 1.204 db. 

Eb 20 


Example 3. The resistance of a tungsten lamp filament varies with the tempera- 

ture and is given by the relationship ^ ^ 1 where Ri is the resistance in 

R 2 \*2/ 
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ohms of the filament at room temperature T\y measured in degrees Kelvin, and 
R 2 and T 2 are the operating resistance and temperature. A given lamp was meas¬ 
ured at a room temperature of 293Kelvin and found to have a resistance of 24 ohms. 
What is the operating temperature at a measured operating resistance of 348 ohms? 
The operating temperature in terms of the other factors may be obtained from 

the given equation I I *= 

\T2/ R 2 

By inversion 

R2 T2 

Ri Ti 

whence 


(r 


/RA— 

I — U-2. 
\«l/ 


Ti = Ti 


\RiJ 


Substituting the specific values given in the example, we obtain, 
T 2 

Solving by logarithms, 


14.5 

1 

14 . 51 * 

1.1614 

0.9678 

293 

2.4669 

T 2 = 2721 

3.4347 


The operating temperature T 2 of the filament is therefore 2721® Kelvin. 


(^\n 

\ 24 / 


= 293 

Numbers 


1 

2 = 293(14.5)^-2. 
Logarithms 


EXERCISES 

1. A loudspeaker requires 1.2 watts to produce proper volume output in a room. 
If the power supplied is 1.8 watts, how many decibels have been added to the original 
output? 

2. If the output varies 4 db. above and 3 db. below the original output of 1.2 
watts in Problem 1, between what power levels does the amplifier operate? 

3. The ratio of power in speech may vary as much as 260 to 1. What is this 
range in decibels? 

4. The undistorted power output of a 45 type tube is 2.0 watts and that of the 
2A3 is 3.6 watts. How many decibels greater is the output of the 2A3 tube? 

6. The 6F6 pentode tube delivers 3.2 watts with a plate voltage of 250 volts. 
When the plate voltage is increased to 285 volts, the power output is increased to 
4.8 watts. How many decibels increase in power does this represent? 

6 * A resistance carries a current of 42 milliamperes. If the current is reduced 
to 8 milliamperes what is the change in decibels? 

7. A single 45 type tube delivers 2.0 watts of output. When two such tubes* 
are used in a push-pull circuit the output is increased to 12.0 watts. What change 
in decibels does this represent? 

8. How much must the output of an 8.0-watt amplifier be increased if .the output 
is to be raised 3.4 db.? 
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9. The energy loss in iron due to repeated magnetizations, such as occurs in 
transtormer cores, is given by the Steinmetz hysteresis equation W = ® where 

W is the loss in energy in ergs in 1 cu. cm. of iron for each cycle of magnetization, 
and 1 ? is the hysteresis coefficient which for a particular kind of iron has a value 
of 2.6 X 10“^. The maximum magnetic induction density in maxwells per square 
centimeter is designated by 5. In testing a sample of iron the energy loss per cubic 
centimeter was measured to be 2150 ergs. If the hysteresis coefficient is as given 
above, determine the maximum magnetic induction density. 

10. The cold resistance of a tungsten lamp filament was measured at a room tem¬ 
perature of 295Kelvin and found to be 30 ohms. The temperature of the filament 
under normal operating conditions was determined and found to be 2610° Kelvin. 
What is the resistance of the filament under operating conditions? 


PROGRESS REPORT 

The work involved in numerical computations is so great that the value 
of methods by which calculations may be simplified cannot be over¬ 
estimated. Logarithms, defined as the exponents to which a base must 
be raised in order to obtain given numbers, permit us to transform 
complicated computations into simpler ones, thus saving energy and 
time. This chapter was devoted to the examination of the properties 
of logarithms, to the explanation of tables of logarithms, and to the 
discussion of the use of logarithmic tables for numerical computations. 

Two systems of logarithms were mentioned, the common logarithms 
and the natural logarithms, and it was shown that there is a constant 
ratio between the logarithms of any number in the two systems. 

It was explained how the construction of the slide rule is based on 
logarithms and how the idea of logarithmic scales is used on logarithmic 
papers to permit us to simplify the graphs of many curves. 

Logarithms are not only a tool for numerical computation but also 
are used to describe many relations in science. As an example, the 
comparing of power levels by decibels was discussed. 



CHAPTER 10 


THE FUNDAMENTAL RELATIONS OF TRIGONOMETRY 


In Chapter 7 identical and conditional equations were discussed. Both 
types of equatioas occur frequently in trigonometry where the variables 
involved are angles and functions of angles. Most of this chapter will be 
devoted to the discussion of trigonometric identities, that is, trigono¬ 
metric relations which are true for all values of the variables (angles) 
involved. At the end of this chapter, a few conditional trigonometric 
equations will be discussed. 

Trigonometric identities have many uses in mathematics. Most im¬ 
portant is their use in the simplification of trigonometric expressions and 
formulas which occur in various engineering applications. 

10-1. The Fundamental Trigonometric Identities. There are several 
trigonometric identities which are so frequently used that they are com¬ 
monly known as the fundamental identities. These are 


( 1 ) 


( 2 ) 



sin 0 
cos 0 

tan 0 


1 

CSC 6 * 

1 

sec 0 ’ 
1 

cot 0 ’ 


CSC 0 

sec 0 

cot 0 


sin 0 


cos 0 


tan 0 




tan 0 


sin 0 
cos 0 


cot 0 


cos 0 
sin 0 


sin^ 0 + cos^ 0 = 1. 

(3) 1 + tan® 0 = sec® 0. 

1 + cot® 0 = CSC® 0. 

All these relationships are proved by using the original definitions 
of the trigonometric fxmetions as given in Chapter 4. For example, the 
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first three identities of group (1) are proved immediately from the 
definitions in the following manner (see Fig. 4-6 of Chapter 4): 


1 

CSC d 


1 

r 


- = sin S, 
r 


y 

1 ^ I 

sec.d r 


- = cos 6. 
r 


X 


1 1 2 / 

-= - = ^ = tan 

cot 0 X X 

y 

The other three identities of (1) are proved in the same manner. 
Similar proofs apply to the identities of group (2). For example, 


y 

sin ^ r y r y ^ ^ 

-= - = tan 0. 

cos B X r X X 

r 


In order to prove the third set of identities, we again use the funda¬ 
mental definitions, this time in connection with the Pythagorean the¬ 
orem. For every angle 6 the sides of the reference triangle satisfy the 
relation 


(4) + r2. 

Dividing both sides of the equation by we obtain 


2 2 
^ + - = 1 


or 




Now, substituting the definitions sin 0 , cos ^ - in the above 

r r 

equation, we obtain the first identity of (3), namely, 

sin^ 6 -f cos^ 0=1. 

This relation is true for every angle 0. 

The second and third identities are proved in a similar manner, divid¬ 
ing (4) by x^ and respectively. 

Since the fundamental identities hold for all values of 0, they are 
frequently useful in the simplification of trigonometric expressions. 
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Consequently, it is of great value for the student of applied mathe¬ 
matics to be able to manipulate and use these identities as the occasion 
demands. 

Example 1. In a certain problem, to find a length L when given an angle B and 
another length a, an engineer developed a formula 

^ sin^ 0 cos^ 6 
CSC B tan B 

Can he, by use of identities, simplify this formula? 

Factoring the numerator, and substituting in the denominator the identities 


we obtain 


I sin B 

CSC B = -— , tan B =- 

sin B cos B 

_ a^(sin^ B 4- cos^ B) 

£, = .^ ■. 

1 sin B 

sin 6 cos B 


But from (3) of this section sin^ B cos^ d = 1. Therefore 

• 1 


1 


1 

cos B 


= cos B. 


Example 2. Simplify 


1 4“ cos ^ ^ sin jS 


sin fi 


1 4- cos d 


Adding the two fractions by finding the common denominator, we obtain 

1 4" 2 cos /3 -f cos^ -f sin^ 
sin /3(1 4- cos 

Upon substituting the identity sin^ /3 4* cos^ /3 = 1, this becomes 

2 4“ 2 cos /? 
sin/3(1 4" cos/3) 


Factoring the numerator and substituting — = esc /3, we get 

sm/3 

2(1 4- cos /3) 2 

--^-- - -— - 2 CSC /S. 

sin /3(1 4- cos /3) sin ^ 

Example $, Express in tenns of cos a: 


1—2 sin^ a 
1 4" tan* a 
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Substituting sin^ a = 1 — cos^ a (derived from siii^ a + cos^ a = 1) and sec^ a 
= 1 tan^ a, we obtain 


K = 


1 — 2(1 — cos^ a) 2 cos^ a — 1 


But sec^ a = —r- • Therefore 
cos*^ a 


2 cos2 a - \ ^ ^ , 

K = — - . - = 2 cos^ a — cos^ a. 


Since the procedure depends on the type of result desired, there are 
no general instructions which can be given for the manipulation of 
trigonometric expressions. At first the student cannot do much more 
than proceed by trial and error. Gradually, after som(^ experience has 
been gained, a certain intuition may develop. There is no necessarily 
correct method of procedure. Often several methods will yield the 
same result. 


EXERCISES 


Test each of the fundamental identities for the particular angle given. 

1. e ^ 30^ 2. 0 = 300°. 3. 0 = 45°. 4. 0 = 140°. 

6. 0 = 330°. 6. 0 = 76°. 7. 0 = 161°. 8. 0 = -25°. 

9. 0 = 90°. 10. 0 = 180°. 11. 0 - 0°. 12. 0 - 12.21°. 

By use of the fundamental identities express each of the six trigonometric functions 
in terms of the given function, assuming 0 to be in the first quadrant. 

13. sin 0. 14. cos 0. 16. tan 0. 

16. cot 0. 17. sec 0. 18. esc 0. 


Simplify each of the following trigonometric expressions as much as possible. 
19. sin 0 cot 0 sec 0. 


El cos 0 , E 2 

21. ^ “T 


2 2 sec 0 

Im sec A 


25. 

27. 


1 -f tan^ A 

2 CSC 0 — 1 

cot 0 
cos^ /3 
1 — cos^ /3 


29. cos A'^ sec^ A — ^2 — sin ^ ■ 
sin^ a; 4- sin a: + cos^ x 


31. secx — 


cos X 


sin 0 cos 0 

20. -- -j—:—-• 

cos 0 sm 0 


_cos 0 

22.-— sin 0 CSC 0. 

sec 0 


24. sin^ A(1 + tan^ A), 
tan 45° + tan^ A 


26. 


cot 45° 4" cot^ A 


El — cos Zi ^ 

28,- El sec zi. 

cos Zi 

30. cos^ 0 — sin^ 0 + 2 sin^ 0. 

2 sin , 1 + cos j3 
32. ; - + ■ 


1 + cos ^ 


i sin/3 
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Vsec/ ^ — 1 

33. — —. 

VI - sin2 d 

36. tan a sec a — 


Sir 

El sm - 

J &2 sin ^^(tan ^ + cot /3) 


CSC^ 0 £ — 1 — CSC (ir + a) 


sin 2 4- 2 sin z cos z 
2 — 2 sin‘^ z 4- cos z 
(1 + cos t tan 0 sec^ t 
1 4" (tan t 4- sec t)'^ 
cos B I — sin d 
1 — sin 0 cos 6 


— 2 tan 0. 


Prove the fundamental identities. 


37. sec^ tot — 


(sec — 1) tan^ <ot 


sec cot “h 1 


tanO 

39.-h cos 6. 

CSC 0 


41. CSC 0 — 


43. cot 0 — 


46. 1 -h tan*'* 0 = sec^ ( 


42. sec 0 — 


cos 0 

44. cot 0 = - 

sin 0 

46. 1 4" cot^ 0 = csc^ 0. 


10-2. Some Trigonometric Formulas. Following the fundamental 
identities are three groups of important identities known as the addition 
formulas, the double-angle formulas, and the half-angle formulas. 

The Addition Formulas. We shall accept without proof the following 
formulas: 

sin (i4 4“ 5) = sin A cos B + cos A sin B. 
sin (A — B) = sin A cos B — cos A sin B. 

cos (A 4- ^) = cos A cos — sin A sin 5. 

(2) V -T- / 

cos (A — 5) = cos A cos i? 4- sin A sin 5. 

yfan A 4- tan B 

tan (A + ^) = 7 - 

1 — tan A tan B 


tan (A — B) — 


tan A — tan B 
1 4" tan A tan B 


The Double-Angle Formulas. If the two angles considered in (1) and 
(2) are equal, (i.e., if A = B), then the addition formulas (1) and (2) 
become respectively 

sin (A 4“ A) = sin A cos A 4- cos A sin A, 
cos (A 4“ A) = cos A cos A — sin A sin A. 


( 4 ) 


sin 2A = 2 sin A cos A. 
cos2A = cos^A — sin^A. 
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The Half-Angle Formulas. Two more expressions can be derived 
from the second of formulas (4) by the substitutions cos^ A — 1 — sin^ A 
or an* .4 = 1— cos* A. The results of these substitutions are 


(5) 


2 sin* 4 = 1 — cos 24. 
2 cos* 4 = 1 -f- cos 24. 


Formulas (5) are true for all values of A. They remain true, therefore, 
if 4 is replaced by — and 24 by 4. 


( 6 ) 


2 sin* - = 1 — cos 4. 
2 

2 cos* 2 “ ^ 


A A 

Using (6), it is easy to compute sin — and cos — in terms of 4. 

4 S A 


(7) 


cin ^ -U /l - COS 4 
Sin — = ± \l - 

2 > 2 


4 ll + cos 4 

cos2=±V- - - 


The sign + is chosen in these formulas if sin ~ ^or cos is posi¬ 


tive; the sign — is chosen if sin - 


/ ^v 

I or cos — J 1 


is negative. 


The above formulas are often useful in the manipulation of trigo¬ 
nometric expressions. Corresponding formulas for the other trigono¬ 
metric functions are given in exercises of this section; the proofs are left 
to the student. 

Various examples using the formulas (l)-(7) of this section will now 
be shown. 


Example 1. Evaluate sin 90° using 90° = 60° + 30°. 

Substituting A B - 60° -f 30° in the addition formula of (1), 

sin 90° = sin (60° -f* 30°) = sin 60° cos 30° H- cos 60° sin 30°, 

and evaluating, 

+ l 1.1 + 1.1 

2 ’ 2 "^2 2 4'*’4 


Bin 00' 

vdiich is the correct value., 
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(ft) cos 16® = + ■ 


1 + cos 30® 




Why was the plus sign chosen before the radical? 

Example 5. Show that 

E1E2 

E 1 E 2 sin <at cos ojt — E 1 E 2 cos (cof + 90°) = —— [sin 2u)t + 2 sin o)t]. 

Ji 

Multiplying the first term of the left-hand side by | and expanding the second 
term by the proper formula, we obtain 


1 sin 0)1 cos a)t 


[cos cot cos 90° — sin cot sin 90° 


Substituting sin 2w< for 2 sin cot cos ot and evaluating, we get 


0 -h sin uot 




■ [sin 2cot •+• 2 sin cot]. 


EXERCISES 

Using the fundamental identities and formulas (1)~(7) of this section, prove the 
following identities or formulas. 

^ l^an A — tan B 

1. tan (A - B) = — - — - -■ 

1 + tan A tan B 

. . cot A cot B — 1 

2. cot (A + R) = 

cot B -f cot A 

, . ^ot A cot B “h 1 

3. cot (A - B) = ——-• 

cot B — cot A 

^ 1 ^ CSC A CSC B T sec A sec B 

sec (A d= B) CSC A esc B sec A sec B 

1 sec A CSC B zh esc A sec B 

5 « - - -'• 

CSC (A db B) CSC A CSC B sec A sec B 

^ ^ ' 2 tan A 

6.tan2A=— 


7. cot2A = 


8 . cos 2A ~ 


cot^A — 1 
2 cot A 

csc^ A — sec^ A 
csc^ A sec^ A 


9. sin 2A = 


sec A CSC A 


10. tan A =» 


— cos 2A 
“h cos 2A 
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11. tan A 

12. tan A 


1 — cos 2A 
sin 2A 
sin 2A 
1 + cos 2A 


13. Develop a formula for cot A in terms of functions of the angle 2A. 

14. Develop a formula for sec A in terms of functions of the angle 2A, 

16. Develop a formula for esc A in terms of functions of the angle 2A. 

16-30. For each of the indentitles in Exercises 1-15, determine the values of the 
unknown angles for which the equality fails. 


By the addition formulas (1) and (2) find, without tables, the sine, cosine, and 
tangent of: 


31. 

60°, using 60" = 30" 

+ 30°, 

33. 

75". 


36. 

90°. 


37. 

-345". 


39. 

X 



” 12* 


Expand and simplify. 


41. 

/3x \ 


cos(^y-^j. 


43. 

sin (30" - A). 


46. 

co«(“+i)- 


47. 

cos (—A) — cos (0° 

-A). 

49. 

tan (—A). 



32. 60", using 60" = 90" - 30". 
34. 15". 

36. 195". 



42. sin 

44. sin (A - 30"). 

-f 

48, sin { — A). 

60. sin [x + (a + /3)]. 


46. tan (I 


Evaluate sin (A + B), cos (A 4* B), sin (A — B), and cos {A — B) in each of the 
following cases. 

61. Given cos A = I, cos B = A and B in the first quadrant. 

62. Given sin A == | , cos B = yV, A in second, B in first quadrant. 

63. Given tan A = cot B = 3, both acute angles. 

64. Given sec A = 4, sin B = — y, sin A negative, cos B negative. 

66, Given sin A = cos B = —yf» ^ ^ same quadrant. 

66. Given cot A = — ^, sec B = > 180" < A < 360", 0® < B < 270®. 

67. Given sin A = ^, cos B = A and B in same quadrant. 

68 . Given cot A = ^,csoB=i90'><A < 360°, 90" < B <360°. 

2 2 

69. Given esc A = —1, esc B = —2, cos B > 0. 

60. Given tan A = 2, sin B * A and B in first quadrant. 
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In Exercises 61-70 express the sine and cosine of the given angle in terms of func¬ 
tions of an angle (a) half as large (6) twice as large. 

61. 40^ 

Example: 

(a) sin 40® = 2 sin 20® cos 20®, 
cos 40® = cos2 20® - sin^ 20®. 

Il - cos80' 

(b) am 40° = - - - 

/l + cos 80 

” V-2- 

62. 142'. 63. 200'. 

7ir 

67. >r. 68. —• 


64. 40. 66. 6z. 66. 

2 

69. 189. 70. iA. 


Using the double-angle formulas find the sine and cosine of 

71. 90®. 72. 60®. 73. 120®. 74. 360®. 76. 270®. 76. 0®. 


Using the half-angle formulas find the sine and cosine of 
77. 16®. 78. 180®. 79. 30®. 80. 45®. 81. 90®. 82. 0®. 

A A 

Find sin 2A, cos 2A, sin ;r , cos ~ ♦ 

83. Given sin A = A in second quadrant. 

84. Given cos A = f, A in fourth quadrant. 

85. Given cot A = sin A > 0. 

86 . Given tan A = —4, A in third quadrant. 

87. Given sec A = —3, A in tliird quadrant. 

88. Given esc A = 450° < A < 640®. 

89. Given cos A = — 1, 0° < A < 360®. 

90. Given sin A = A in first quadrant. 


In each of the following exercises transform the expression on the left-hand side 
of the equal sign into that on the right-hand side. These are transformations used 
in electrical engineering. 


91. 


R{Jm sin a)^ _ RIJ 
TF 2ir 


(1 — cos 2a). 


93. 


Em sin a cos B Em cos a sin ^ Em 
/3*—a a — a 

El cos d El cos (2a -f B) El 


sin (a -f 9). 


— [cos 9 — cos 2a cos B -f sin 2a sin 5]. 

2ir 


2ir 2ir 

94. Given p » ef, where e ~ Em sin (d and % » Im sin d. Show that 
p * (1 — cos 2wf). 
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96. If Pr = El cos S, Px El ^ 6, show that 

VPr^ + = El. 

96. Show that 


(d — sin {d + 90®)] = Em sin {oit — 45®). 


Hint From Chapter 4, sin (co< + 90®) = cos oiL 

97. Show that 

Em sin d — Em sin {d -f 240®) 


= \/3 Em sin {u)t -|- 30®). 


V'^3 

sm a't -\ -- cos co< 


98. Show that Em sin (d 4* 120®) — Em sin ut = \/3 Em sin (cot + 150®). 

99. Show that Em sin (U + 240°) — Em sin (cot 4-120®) = \/3 Em sin (cot 4- 270®). 

100. Show that Em sin (cot — 120®) = Em sin (cot + 240®). 

101. Show that Em sin (cot — 240°) = Em sin (co< -h 120°). 

102. Show that 

r l — cos 2af 

---cos 6i cos 02 4“ 


sin 2a . sin 2a . 14" cos 2a . 

—^ ^2 4-cos 02 sm 0i 4-r-sm 0i sm 02 


1- 


10-3. Other Trigonometric Formulas. The following formulas are also 
used in mathematics and engineering for the manipulation of trigo¬ 
nometric expressions. 

The product formulas, 

sin i4 sin S = ~ [cos (A — B) — cos (A + S)l, 

A 

(1) sin A cos S = ^ [sin (A — B) -f sin (A B)], 

A 

COS A cos B = ^ [cos (i4 — B) 4- cos (A + B)], 

A 


are useful in expressing products of sines and cosines in terms of sums of 
those functions. 

The proofs follow readily from the addition formulas. For example, 
to prove the first of the above identities, the addition formula 

cos (A 4- B) = cos A cos B — sin A sin B 
is subtracted from 

cos (A — B) ^ cos A cos B 4- sin A sin B, 


cos (A — B) — cos (A 4” B) = 2 sin A sin B 


giving 
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which may be solved for the desired result: 


sin A sin B = 5 [cos (A — B) — cos (A + B)]. 

In similar fashion the other product identities can be readily derived by 
adding or subtracting the proper pair of formulas in (1) and (2) of 
Sec. 10-2. 


The sum formulas, 
sin 


( 2 ) 


. „ ^ . (A + B\ (A-B\ 

iin A + sm B = 2 sm I—-— I cos I—-— I, 

. „ « fA + B\ . /A-B\ 

sm il — sm S = 2 cos I— - — j sm I—-— I, 

. „ „ tA + B\ fA- B\ 

A + cos B = 2 cos I—-— j cos I—^— J > 

. « ^ + /A- B\ 

A — cosB — —2 sm I—-— I sm I—-— I , 


cos 


sin + cos 


B = 2 sin ^ 


A - B 


-f-46 


' A — B 

sin A — cos B = 2 cos 1 —::-h 46 


cos 


A + B 
2 

A+B 



are utilized when it is necessary to change a sum of sines and cosines 
into a product of similar functions. These formulas can be derived from 
the product formulas discussed in the first part of this section. 


Example 1. 


Express sin 7y 


cos ^ as a sum of trigonometric functions. 


Using the second formula of (1), and taking A — 7y, B — 


y 

2 ' 


sin 7y • cos ^ = 




-|- sin 





. 13s/ , . 16y 


]■ 


Example 2, 


Express j^cos (“‘■0 -cos«t] 


as a product of trigonometric 


functions. 
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For the difference of cosines the fourth identity of (2) is used. Taking A = 

~ i) ’ ^ 

i A , . f-i'l 

COS I oj^ ” 2/ ~~ ~ ■' j sin J 

= -2sin^a,t-j^sin^-^y 

, . • ( ^\ • ^ V2 

and since sin I ~ - J = — sin - = —, 

\ 4/ 4 2 ’ 

cos ^C*)^ ~ 2 ) ~ ~ ~ i) 

An alternative method for achieving the final result would have been the substi¬ 
tution sin 03t = cos ( 5 -“) = cos (-0 in the given expression, resulting in 

sin Oil “ cos oit. This could then have been expressed as a product by the last 
identity of group (2). 


Derive the formulas: 


EXERCISES 


1. sin A cos B = ^[sin (A — B) -f- sin (A -f B)]. 

2. cos A cos B = §[cos (A — B) + cos (A + B)]. 

3. sin A sin B = ^ [cos (A — B) — cos (A + B)]. 


4. 

5. cos 


o -f 

cos A 4- COS B = 2 cos I—^— I cos I —^— I • 

„ ^ . (A ^B\ , (A B\ 

A — cos B = —2 sm I—^— I sm I—^— I- 

cos 

■)“( 


/A - B 

6. sin A 4- cos B - 2 sin ( —;;-h 45 


7. sin A — cos B = 2 cos 


sin 


2 

A - B 


A -fB 
2 

A 4 B 



Write the following as sums, using (1) of Sec. 10~3. 


8 . sin 30° cos 50°. 

10. cos 2d cos 40. 

e 

12. cos:: cos 0. 

2 

14. sin (2x — a) cos (2x 4 a)* 
16. sin cot sin (cof 4 a). 

18. cos (6ooi — a) sin (2co^ 4 2a). 


9. sin 70° sin 40°. 

11. sin fix cos 3x. 

13. sin - sin 77 • 

7 14 

16. cos at cos (’’’at), 

IT. cos (0 4 a 4 <^) cos (0 — a 4 0)* 

19.8in(x-^)cos(^-x). 
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Write the following as products, using (2) of Sec. 10-3. 
20. cos 60® + cos 40®. 


. . IT . 2ir 

21 . sm - — sm 

8 3 


e 

22 . sin $ 4 - sin - • 

4 

24. cos — cos 2x. 
2 


23. cos 2a — sin 4a. 

26. sin 20co cos 30oj. 

27. sin {o>i — a) — sin (a — 3w0* 

29. 


( 77r\ 

9. cos 4a>i — cos I lOw^ ——y 


26. cos (2a - 60®) + cos (2a -f- 60®). 

28. sin (2uit -f* 30) 4- sin (2u:t 4- 30). 

30. sin (a — ^) — cos (3a — 7^). 

31. cos (^x + y + - sin • 

In each of the following exercises convert the left-hand side of each of the equalities 
into the right-hand side by means of the identities in this chapter, particularly those 
of Sec. 10-3. 

^ ^ sin 90® cos 60® 

32. sm 150 4- cos 60 = 8 —---- 

33. sin 150° — cos 60° = \/3 cos 90°. 

34. sin 30 4- cos 50 — [cos 0 — sin 0][cos 40 4* sin 40). 

36. sin A 4“ sin (A 4- 2ir) = —2 sin (A 4- tt). 

cos2x — cos6x 


36. 

37. 

38. 

39. 


sin 6 x — sin 2 x 
sin 5a -f- sin 3a 
cos 5a — cos 3a 
cos 47° 4- cos (-133°) 


=* tan 4x. 

= — cot a. 

= 0 . 


sin 47° — sin ( — 133°) 
sin 110 ° cos 20 ° 1 


1 4- sin 130° 

40. cos 191° cos 11° = — sin^ 101®. 

7ir 


41. 

42. 

43. 

44. 


4 


29ir ISr 

cos — cos ~ = cos ' ^ 
22 22 22 

sin 10a 4” sin 14a — sin 4a 

sin 10a 4- sin 14a 4" sin 4a 

tan a 


= tan 5a cot 7a. 


cot /3 cot y 
sec A -+- tan A 


= tan a 4 - tan ^ 4 ” tan 7 . 
I 


sec A -f tan A -f 1 


tan 




Follow the above procedure in Exercises 45-50. These are manipulations used by 
electrical engineers. 

A ' 

46. If cos 0 n =* - 7 =====^===== , show that if 0 ° ^ 0n 90® and Bn > 0 , 

VaJ+ b ,* _ 

A„ ain »ia + B» cos na = V + B„* sin (na 4- 0n). 
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46 . If p « ei, where e - Em sin a and i = Im sin (a + ^), show that 

Em Itn ^ Em Im ^ 

P = —-— COS $ --— COS (2a + 

^ z 

47 . Given ei = 110\/2 sin (-+i) , €2 ~ 110\/2 sin (i)tf show that 

ei + €2 = 220 sin • 

48 . If p == ei, where i — Im sin a and e — Em sin (a -f 90°), show that 

P ” "g" Em Im silX 2af. 

49 . What will be the result in Exercise 48, if e = Em sin (a — 90°)? 

50. Express as a product of trigonometric functions: 

e = 10 sin ut -f- 10 sin (3a>f -f“ 

61. In a circuit, the transferred power P is given by 

^ _ E^ Zl cos f) 

[Z cos <t> Zl cos of “b sin <l> + Zl sin Of 

This has a maximum value when Zl — Z, Show that 

cos 0 

" 2Z[1 + cos (<^ - tf)] 

by substituting Zl — Z in the formula for P. 

10-4. A Useful Application of the Trigonometric Identities. In Chap¬ 
ter 5 it was shown that a function which is the sum or difference of two 
or more functions may be graphed by composition of ordinates. Various 
questions arise in connection wdth this process, particularly when the 
elementary functions used are periodic. One question which is of par¬ 
ticular interest to the engineer is: ‘‘Under what conditions will a curve 
which is the sum or difference of sine and cosine curves again be a sine 
or cosine curve?'' 

The question may immediately be simplified by recalling from Chap¬ 
ter 4 that for all values of x, cos x = sin (i-«) • Hence any sum or dif¬ 
ference of sine and cosine functions may be rewritten as a sum or difference 
of sine functions alone. 

Example 1. The function f(t) = sin 2i — 4 cos Zt -E cos ^2f — ^ may be re¬ 
written with sine functions only: 

fit) = sin a - 4 sin [i " ~ 01 


- ) may be re- 


i sin -f- 4 sin ^3^ • 
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Hence, the question now is: ‘‘Under what conditions will a curve 
which is the sum or difference of sine curves again be a sine curve?^' 
We shall consider two cases. First, the sum of two sine functions with 
unequal periods, and second, the sum of two sine functions with equal 
periods. It will be shown in the following example that the sum of two 
sine functions with unequal periods is not necessarily a sine curve. 

Example 2. By composition of ordinates show that 

y = sin ‘2j* shi x 

is not a sine function. 

Graphing yi == sin x and y^ — sin 2x (Fig. 10-2) whose periods are 27r and tt re¬ 
spectively, we see that the composite function ~ sin x 4- sin 2x obviously is not a 
sine function. 

Y 



In the second case a very useful theorem can be stated: 

The sum of the two sine functions which have the same 'period, 

A\ sin (wf -j- ofi) “f" 2I2 sin (co^ -f- ofo), 

is aqain a sine function 

A sin + a) 

with amplitude A = 's/and initial phase ot^ a being an angle in 
standard position whose terminal side passes through (M, N), where M and 
N are given by the relations 

M — Ai cos ai + A2 cos a2, 

N ^ Ai sin ai + A2 sin a2- 
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The proof of this theorem is not difficult. Consider the sum function 

f{t) = Ai sin ((at -f- ai) + A2 sin (cat + 0:2). 

Using the addition formula ( 1 ) of Sec. 10 - 2 , the above sum may be 
expanded into the form 

f(t) = ill sin cos ai + Ai cos cat sin ai + A2 sin (at cos 0:2 + 

il2 COS (at sin a2 

= [ill cos ai + il2 cos a2] sin + [ili sin ai + il2 sin a2] cos (at, 
and, if we set 

M = ill cos ai + .I2 cos a2, 

( 1 ) 

N — Ai sin + il2 sin a2, 

this may be written 

( 2 ) f(t) = M sin (at N cos (at, 



where M and N are determined by ili, A2, «i, a2- 
angle a such that (M, N) is on its terminal side, 
reference of a (Fig. 10 - 3 ) 


( 3 ) 


sin a. = 


N 

Vm^ + N'^ ’ 


cos a = 


M 

Vm^ + 


We can now find an 
From the triangle of 


Thus, if we multiply and divide the right-hand side of ( 2 ) by y/ -f- N^, 


, _r M N 1 

m - + J 

and by ( 4 ) 

f{t) = V[sin o>t cos a •+• cos «< sin a]. 
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Using the addition formula (1) of Sec. 10-2 


f{t) = y/M^ + sin (cat + a); 

we thus obtain 

Ai sin (o)t -f- ai) + A2 sin (o)t -[- a2) == y /sin (wt -f- a) 

where M and N are given by (1) and a is given by (3). In short, the sum 
of the two given sine functions is again a sine function with amplitude 
\/m^ + and initial phase a. 

It is obvious that the sum of any number of sine functions with the 
same period is again a sine function with the same period, for by taking 
two functions at a time and applying the theorem just discussed the 
sum can finally be reduced to a single sine function. 

Example 3. Express sin t 2 sin + tt) as a sine function. 

For purposes of verification, we will first perform the addition graphically by 
composition of ordinates. Adding the ordinates of graphs yi = sin t and y 2 = 
2 sin (i -f t), we obtain the graph y - sin t + 2 sin (« -}- tt), which appears to be 
also the graph of y = sin {I -f- ir), (Fig. 10-4). 



Let us perform this operation by the methods of this section. For this example 
0 ) = 1, Ai = 1, A 2 = 2, ai = 0, a 2 = Hence by the relations (1) 

M = lcos0 + 2cosir = l—2« ~1, 

N = 1 sin 0 -I- 2 sin T = 0 “H 0 == 0. 

Thus a «* also 

A = Vm^ + = Vi + 6 =■ 1. 

Hence, by the theorem the sum Is 

A sin {<d 4“«) = sin + ir), 
as was predicted from, the graph. 



1(M] APPLICATION OF THE TRIGONOMETRIC IDENTITIES 365 


Example 4. Given that 

e = Emi sin (at -f Em^ sin {wt - 90°), 


show that 


e = Em sin ((at — B), 


(Assume that E,„i ^ 0 and Em 2 ^ 0.) 

To use the theorem of this section, take <a = w, A\ = Bmj, A 2 = Em2, otl « 0, 
a 2 = —90°. Then by the relations (1) 

M = Emi cos 0° + Em 2 cos (—90°) = Emi- 

N = Em[ sin 0° + Em 2 sin (-90°) = -Emy 

Therefore, in the wave A sin (o3t -f a) obtained by addition, 

A = VaFTI^ = 

and 

, N 


C = y/~Emi + Emi + «)• 


If we take a — — B, then 


e = V B,ni^ + sin {tat - B) 


where tan (—B) = — or tan B = 


EXERCISES 


Express as a single sine function: 

1 . sin X + 2 sin x. 

2. sin X + 2 cos x, 

3. 2 sin (at 3 cos (at. 


(-0 


+ 2 cos (at. 


6. sin (x — 30°) + 3 sin (x — 60°). 

6. 3 cos (x - 30°) - t sin (x + 30°). 

7. 3.7 sin ^ ^ 

8. 2.1 sin ^x + + 1.8 sin ^x ” 

9. 100 sin (x - 46.2°) - 110 cos (x - 41°). 

10 . 11 cos {(at H- 2) 4" sin {(at — 3.75). 

11 . 2 sin ^(at + + 2 sin ^(at — • 

12 . 7.3 sin (x - 17.8°) + 8.5 cos (x -f 11.0°). 

13 . 21.9 sin (x - 22.2°) - 32.2 sin (x + ILl**). 
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14. 62.2 sin (wt - 16°) + 61 cos 



16. 3 sin («< + 37.1°) + 6 sin (3to< - 14.2°). 

.. ... / / 1W\ 

16. 10 cos l u)< — —: I — cos I 0)1-I • 

V 18/ V 18 / 


17. 10.2 sin M - 28.1°) - 9.1 sin (a,< + 11.8°). 

18. 1.7 sin {wt - 12.2°) + 2.2 cos M - 17.6°). 

19. 2 sin cot — 3 cos {cot — 20°) + 3 sin (cot -}- 20°). 

20. 2 sin co^ -f 3 sin (cot — 30°) + 4 sin (cot — 60°). 

21. Given that 

Co — I mR sin cot -|- I mXh ('OS cot 

Show that 


Co = I mZ sin (cot -|- 6) 


where Z = R'^ -f A' l“ and tan 0 — - 


10-6. Trigonometric Equations. In trigonometry as in algebra there 
exist identical equalities and conditional equalities, the former being 
true for all values of the angles involved, the latter being true for only 
certain specific angles. For example, suppose that power in a particular 
circuit is given experimentally by 

P = 110 cos df 

and it is desired to find for what values of d the power will be 55. The 
conditional equation 

55 = 110 cos 6 or cos 6 = = 0.5 

is obtained. This is certainly true only for certain values of namely, 


IT Stt 7ir IItt 



There are many types of trigonometric equations. Frequently the 
equations are of such a nature that the methods of algebra may be 
applied directly. 

Example 1. Find all values of 0, 0® ^ 0 < 360°, which satisfy the equation 

3 sin 0 + 2 sin 0 = 4. 

. * This is solved in much the same way as the algebraic equation 3af + 2a; = 4. 
Combining the tenns on the left-hand side, 

6 sin 0 = 4, 
and 

sin 0 « I = 0.8000. 


0 = 63.13°, 126.87°. 


Then from the tables 
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Example 2, Find all values of x, 0 < a; < 360°, for which cos 3x = 0.8910. 

Since cos 3x is not equal to 3 cos a*, we cannot here divide both sides of the equa¬ 
tion by 3. Instead, with the aid of the table we find the possible values for the 
angle 3a:, noting that to obtain values of x between 0 and 360° we must find values 
of 3a; between 0 and 3 • 360° = 1080°. Thus 

3a: = 27°, 333°, 387°, 693°, 747°, 1053°, 

and 

a: = 9°, 111°, 129°, 231°, 249°, 351°. 

Example 3. Find all values of 0, 0° < ^ < 360°, for which 2 sin^ 0 -h 3 sin 0 == 2. 
This equation is solved in the same way that the equation 2x^ -j- 3a; — 2 would 
be solved in algebra. Thus, sul)tracting 2 from both sides. 


2 sin- 0 -f 3 sin 0 — 2 = 0. 

Factoring, we obtain 

(2 shi 0 — 1) (sin 0+2) =0. 


Now, since the product of the two factors may be zero only when one of the factors 
is zero, this equation will be tnic if either 

2 sin 0 - 1 =0 
or 


From these conditions 

sin 0 


sin 0 + 2 = 0. 

' 2 , and therefore 0 = 30°, 150°, 


or 


sin 0 = — 2, which is impossible. 
Hence the permissible values of 0 are 30° and 150°. 


Frequently, before algebraic methods can be used, the form of an 
equation must be changed by use of the identities already discussed in 
this chapter. No general procedure can be given which will be suc- 
cesvsful in all cases. In many equations which involve several different 
trigonometric functions, it is often expedient to write the equation so 
that only one function is involved. 


Example 4 . Find Jill values of 0, 0° ^ 0 < 360°, which satisfy the equation sin 0 
= CSC 0. 

To write the equation in terms of only one trigonometric function, substitute the 

identity esc 0 == • Thus 

sm 0 2 

sin 0 = — , 
sin 0 

and 

sin^ 0 = 1. 


Transposing, 
and factoring, 


sin^ 0 — 1=0, 

(sin 0 — l)(sin 0 + 1) = 0. 
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If each factor is set equal to zero, 

sin 0 ~ 1, and therefore B = 90®, 
sin 0 = —1, and therefore B = 270®. 

Thus B = 90®, 270® are the only angles between 0° and 360° for which sin B * esc B, 

In many cases, the method of solving a trigonometric equation must 
be suggested by the solver’s intuition. Each problem may require a 
new method of attack. The following examples will serve as illustrations. 


Example 5. Find 0® ^ 0 < 360® such that sin 26 = cos B, 
Transposing, 

sin 26 — cos d = 0, 

and substituting 2 sin 0 cos 6 = sin 26 , 

2 sin 0 cos d — cos 0 = 0. 


Factoring the left-hand side, 
Thus 


cos B (2 sin 0 — 1) = 0. 


from which 


cos 0 = 0, 

2 sin 0 — 1 =0, and therefore sin 0 = §, 


0 = 90®, 270® and 0 = 30®, 150®. 
Thus the solution to our problem is 0 = 30®, 90®, 150°, 270®. 


Example 6. Find 0® ^ a; < 360° such that 2 sin a; — 3 cos x = —2. 
There are two methods by which this equation may be solved. 

Method 1, Substituting the identity sin x = drV 1 -• cos^x, we have 


±2'n/ 1 -- cos^ a; = 3 cos a; — 2. 


Squaring both sides 
from which 


4 — 4 cos^ a; = 9 cos^ x 


13 cos^ a; — 12 cos a; = 0. 


12 cos x •+■ 4, 


Factoring 

whence 

giving 


cos a:(13 cos a; — 12) = 0, 

cos a; = 0, cos a? = ^ = 0.9231, 

X = 90®, 270® and X = 22.61®, 337.39®. 


However since both sides of the equation were squared, extraneous roots may have 
been introduced. Upon checking. 


X « 22.61® and 270® 
are the only roots which satisfy the original equation. 



10 - 6 ] 


TRIGONOMETRIC EQUATIONS 


369 


Method 2. Since the left-hand side of the equation written as 
2 sin X -h 3 sin (x — 90°) 

is the sum of two sine functions with the same period, the method of the previous, 
section may be used to write this as a single sine function. Here w = 1, Ai = 2, 
A 2 = 3, ai = 0°, a 2 = —90°, and hence 

M = 2 cos 0° + 3 cos (-90°) = 2, 

= 2 sin 0° -f 3 sin (-90°) = -3. 


Thus for the sum function 

A = Vm* + IP' = V 4 + 9 = v/l3, 


tan a 



and therefore a - 303.69°, 


and substituting the sum function “s/13 sin (x + 303.69°) in the left-hand side of 
the given equation for 2 sin x — 3 cos x, we have: 

Vl3 sin (x + 303.69°) = -2. 

Now, dividing both sides by \/TS, 

2^/T3 


sin (x -f- 303.69°) = — —^ or — 


13 


= -0.6647. 


Thus the angle x + 303.69° « 213.69°, 326.31°, and hence 
[ 213.69° - 303.69° = -90° = 270°, 
[ 326 . 31 ° - 303.69° = 22.62°. 


X = 


EXERCISES 


In the following exercises, find all the angles greater than or equal to 0° and less 
than 360° for which the given equation is true. 

1. sin X == 0.4540. 2. cos x = —0.8990. 

3. 2sin0 = -1.7642. 4. 1.7 tan a = 6.7641. 


6. 2 cos X -b 3 cos x = —4.7162. 

6. 0.5 cot X -b 0.5 tan (90° — x) = 1.0000. 


7. 3.1 sin X — 0.8445 = 4.3 sin x. 

^ 0.8187 ^ 

9. - == 0.6800. 

CSC X 

11. sin 2x = 0.3264. 

<x> 


13. sin 


COS 


16. 


(1) 


0.7428. 


-0.1992. 


8. sec0 = -2.7777. 

10. 3 sin /3 = -6.4980. 

12. cos 3y = 0.5000. 

14. tan = -2.0000. 


16. 


7 sin 1.8< 
8 


0.7403. 
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17. 2 sin 2x + 3 sin = 4.8015. 


19. 2 sec 


= 2.81. 


21. (sin X — ^)(sin a; + 0. 

23. cos2 0-1=0. 


18.8in(|) = 10co8(|). 

20. 3 cos 2x = 86.4900. 

22. sin^ 0 — = 0. 

24. cos^ y — \ - 0. 


25. (2 cos X — \/3 )(2 cos x + \/2 ) = 0. 

26. 4 cos*^ j: — 4 cos x + 3 = 0. 


27. 6 tan^ x + 12 = 17 tan x. 28. 6 sin x + 8 sin^ x = 2. 

29. 6 sec2 a - 6 sec a = 12. 30. sin^ a - 0.6723 = 0. 


31. sin2 a + 0.6723 = 0. 

33. 4 cos 0 = sec 0. 

36. 17 - 13 sin 0 = 24 cos^ 0. 

37. 6 tan x sin x — 10 tan x = 0. 


32. sin 0 - -A- = 0. 
sm 0 

34. cos^ X — sin X — 1 =0. 
36. sin 0 (2 4“ 3 tan 0) = 0. 

7 cos X . ^ . 

38.-h 2 sm X = 0. 

CSC X 


39. 2 sec 0 tan 0 + 10 = 4 sec 0 + 5 tan 0. 


40. tan 0 — 2 sin 0 = 0. 

42. 4 sin 30 — 3 cos 30 = 4. 


41. 


43. 


cos 20 
2 sin^ a + 


2 sin 40 
2 sin a 


CSC a 


= 0. 

= 4 — 4 cos^ a. 


44. 3 sin 2x cos 3x — 3 cos 2x sin 3x = —2. 


0 0 

45. cos -- cos 0 — sin - sin 0 = 0.7142. 
2 2 

47. cos 6x — 3 cos 3x + 2 = 0. 

49. sin 0 cos 20 tan 30 = 0. 

51. 4 sin 30 — 3 cos 30 = 4. 

53. sin 3x + sin X = 0. 

66. COS 3x = sin X + cos x, 

67. 1.76 sin 2x — 2.42 cos 2x = 6.71. 


46. cos 2i + 3 cos ^ + 2 = 0. 

48. cos^ X — sin^ x = — cos x. 

X 

60. 2 sin^ - + cos X = 1. 

52. \/3 sin x — cos x = 1. 

64. sin (3x — ir) — sin x = 0. 

56. sin 0 + sin 50 = cos 20. 

68 . 10.2 sin ^ + 14.0 sin § = 8.8. 
2 2 


PROGRESS REPORT 

In this chapter two kinds of trigonometric equations were considered, 
identities and conditional equations. The identities were used to 
simplify or chaise the form of many trigonometric expressions, and 
their usefulness in this connection for applications was illustrated. 
Finally, several common types of conditional trigonometric equations 
were solved. 



CHAPTER 11 


THE OBLIQUE TRIANGLE 


In Chapter 4 we discussed the use of the trigonometric functions in 
finding unknown sides and angles of a right triangle. However, a right 
triangle is a special type of triangle, and it is obvious that many problems 
will arise in which the triangle involved is not a right triangle. A tri¬ 
angle not a right triangle is called an oblique triangle. In this chapter 
we shall develop the law of sines and the law of cosines, two relations 
which hold for any triangle. These relations permit the solution of any 
triangle problem in which enough parts are given to determine the tri¬ 
angle. The law of cosines can also be used to find the magnitude of the 
vector which is the sum of two given vectors. Finally, we shall con¬ 
sider the inverse trigonometric functions. 

11-1. The Law of Sines. Throughout this chapter we shall label the 
sides of a triangle a, 6 , and c; the opposite angles will be labeled respec¬ 
tively a, and 7 ; and the vertices of these angles will be labeled respec¬ 
tively A, By and C, This is done in Fig. 11 - 1 . 

The law of sines states that in any triangle the sides arc 'proportional 
to the sines of the opposite angles. Expressed symbolically: 


( 1 ) 


a 6 c 
sin a sin p sin ^ 


This law is readily verified. Consider any oblique triangle ABC 
(Fig. 11 - 1 ). In the figure we have the only two possible types of 



oblique triangles, the first with three acute angles, the second with one 
obtuse and two acute angles. The steps in the proof below are vali3 
for both triangles. 
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From the vertex C draw the altitude h, denoting by D the point at 
which h meets the opposite side or its projection. Then 


sin a = 7 or h — b sin a, 
b 

h 

sin /S = - or h = a sin p. 
a 

From these^two equalities 

a sin /3 = 6 sin a. 


Dividing both sides b}^ the quantity sin P sin a, we obtain 

a b 


( 2 ) 

Similarly, the relation 
(3) 


sin a sin p 

b _ c 
sin p sin 7 


may be verified by using the altitude fix)m vertex A to the opposite 
side. When (2) and (3) are combined, the law of sines as stated in ( 1 ) 
is obtained. 

11-2. The Law of Cosines. The law of cosines states that in any 
triangle the square of any side is equal to the sum of the squares of the other 

two sides less twice the product of those sides and the cosine of their included 

angle. Expressed symbolically, we have the three forms: 

( 1 ) — 2 bc cos 

( 2 ) — 2 ac cos p, 

(3) + b^ — 2ab cos 7 . 



Consider any oblique triangle ABC (Fig. 11-2). From the vertex C 
m each triangle draw the altitude ft, denoting by D the point at which ft 
meets the opposite side or its projection. 
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Now for both cases 

= + (DBf, 

and 

^ (DA)^. 

Substituting for from the second relation into the first, 

(4) - {DAf + 

Equality (4) applies to both triangles. The remainder of the proof 
must be carried out separately for each figure. In 

Fig. ll-2a Fig. 11-26 

DB = c- DA DB = c +DA 

Substituting for DB in (4), Substituting for DB in (4), 

a 2 = + (c - dA)^ = b^ - (DA)^ + (c + DAf 


or 


= 62 + c2 - 2c(DA). 
From the figure, 

DA = 6 cos a 


whence 

= 6^ + — 26c cos a. 


or 

a2 = 62 + c2 + 2c(Z)A). 
From the figure, 

DA = 6 cos UDAC) 

= 6 cos (180'^ - a) 
= —6 cos a 

whence 

= 6^ + c2 — 26c cos a. 


Thus in both cases we have the result given in (1). Relations (2) and 
(3) may be obtained in like manner by using other altitudes of the 
triangles. 

11-3. The Classification of Oblique Triangle Problems. A triangle 
has three sides and three angles, a total of six parts. When any three 
are given, at least one of which is a side, the triangle can be constructed 
by means of a ruler and compass. When three angles are given, the tri¬ 
angle is not uniquely determined. For more details see the Appendix. 

In plane geometry, the ruler and compass serve as the tools for con¬ 
structing a triangle if any three parts, at least one of which is a side, 
are given. From the constructed triangle, we can find the missing parts 
by measurement. In trigonometry the law of sines and the law of 
cosines are the tools for computing the missing parts of the triangle. 
Thus 

1 . In geometry we construct; in trigonometry we compute. 
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2. The tools of geometry are nder and compass; the tools of trigo¬ 
nometry are formulas. 

To use the law of sines, any two of the three ratios in (1) of Sec. 11-1 
may be selected to give an equation; for example, 

a c 
sin a sin 7 

Any such equation contains four parts of the triangle, in this case 
a, c, a, y. Therefore, if any three of these parts are known, the fourth 
may be found by solving the equation. In like manner, each form of the 
cosine law involves four parts of the triangle. For example, 

— 2ac cos /3 

involves b, a, c, /3. Here again, if any three of these parts are known, 
the fourth may be found by solving the equation. Thus, in general, if 
three parts of a triangle are known and it is desired to find a fourth 
part, the proper procedure is to select a form of the sine law or the 
cosine law which contains the four parts mentioned. After substitution 
of the known values in the pertinent equation, the unknown clement 
can be found. 

In order to systematize the procedures for solving triangles, we shall 
classify all oblique triangle problems into the following four cases. 

Case L Given two angles and any side. 

Case 2, Given two sides and the included angle. 

Case 3. Given two sides and an angle opposite one. 

Case 4. Given three sides. 

In some problems the given parts may be of such a nature that no 
triangle is possible. In other problems the given parts determine one or 
two triangles. In many instances these possibilities can be recognized 
after a sketch of the triangle has been carefully made with a ruler and a 
protractor. Hence, before attempting to solve a problem by means of 
trigonometry, it is advisable to construct the possible figure or figures 
from the given parts. Finer criteria, to be used when a sketch is unsatis¬ 
factory, will be given as the various cases are discussed. 

The computations may be performed in any convenient manner. If 
only two- or three-figure accuracy is required, a slide rule having trigono¬ 
metric scales is most satisfactory. For greater accuracy, logarithms 
should be used. The computations in the examples of this chapter will 
be performed with logarithms. 

There are various methods of checking the accuracy of computations 
of this kind. Measurement of the unknown sides and angles in the care¬ 
fully dr^iwn sketch is usually enough of a check, although it will detect 
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only major errors. Other more accurate methods of checking these 
computations are discussed in books on trigonometry, but they will not 
be considered here. 

11-4. Case 1: Given Two Angles and Any Side. This case may be 
summarized in the following way. 

(a) Number of triangles: 

(1) None if the sum of the two given angles is greater than or equal 

to 180^, 

(2) One if the sum of the two given angles is less than 

(b) Method of solution: Law of sines. 

The number of triangles. For the discussion of this case and the geo¬ 
metrical construction, see the Appendix. 

The method of solution. When the sum of the two given angles is less 
than 180°, the difference between 180° and this sum gives the third 
angle. With the three angles of the triangle known, each of the unknown 
sides can be found by means of the sine law relation involving an un¬ 
known side and the known side. 


Example. Given an oblique triangle in which a = 77.00°, ^ = 72.00°, and c 
10.20. Find 7 , a, 6 . 

The triangle is sketched in Fig. 11-3. To find 7 we have 
at once 

7 = 180.00° - (77,00° 4- 72.00°) = 180.00° - 149.00° 

7 = 31.00“. 

Now to find h and a we use 


whence 


sin ^ sin 7 


and 


sin a. sm 7 


c sin /3 10.20 sin 72.00° 

sin 7 

c sin a 
sin 7 


sin 31.00° 

10.20 sin 77.00° 
sin 31.00° 



Fia. 11-3. 


Performing the computations by logarithms we have the following: 


Numbers 

Logarithms 

Numbers Logarithms 

10.20 

1.0086 

10.20 1.0086 


sin 72.00° 

9.9782 - 10 

sin 77.00° 9.9887 

- 10 

10.20 sin 72.00° 

10.9868 - 10 

10.20 sin 77.00° 10.9973 

- 10 

sin 31.00° 

9.7118 - 10 

sin 31.00° 9.7118 

- 10 

h 

1.2760 

a 1.2855 


h « 

18.83 

0 = 19.30 



That these results are correct can be checked roughly by measuring the figure 
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When, as in this example, lengths are given accurate to four significant 
figures, and angles to the nearest hundredth of a degree, computation by 
four-place logarithms gives results of the same degree of accuracy. 
When lengths are given accurate to three figures and angles to the near¬ 
est tenth of a degree, the logarithmic computations can be carried out 
with a four-place table precisely as in the example above and the answers 
rounded off to the same degree of accuracy. Thus in the example, if 
the data given were a == 77.0°, 13 ~ 72.0°, and c = 10.2, the work would 
be the same, but the result would be rounded off and given as 7 = 31.0° 
b = 18.8, and a = 19.8. A similar remark can be made if thci data are 
given to the two significant figures and the nearest degree. The slides 
rule can, of course, be used if the desired degree of accuracy is three 
significant figures and the nearest tenth of a degree, or less. (See 
Sec. 4-3.) 


EXERCISES 


Solve the following triangles for the three unknown parts. Give results which are 
as accurate as the data will permit, assuming that they are accurate in accordance 
with the agreements about significant digits. 


1 . a = 2r, ^ = 82", a = 11. 

3. /3 = 39.9", 7 = 11.8", b = 2.35. 

6 . 7 = 77.2", a = 13.4", a = 2.22. 

7. « = 6.2", a = 8.4", c = 21.7. 

9. 7 = 46.85", = 31.47°, a = 1764. 


2. a = 47.1", /I = 53.3", b - 72.7. 

4. a = 111.6", 7 = 44.8", c = 16.5. 

6. = 100.0", 7 = 48.4", c = 0.476. 

8. or = 71.74", 7 = 79.18", b = 16.73. 

10. = 106.7", 7 = 76.1", a - 11.15. 


In each of the following triangles find the unknown part listed. Give results which 
are as accurate as the data will permit. 

11. a = 22", 7 = 14", c = 172, 0 = . 

12. ^ = 108.2", a = 44.3", a = 11.2, b = . 

13. 7 - 73.4", ^ = 43.4", b = 122, c = . 

14. = 121.2", 7 = 27.2", a = 31.6", a = . 

16. ^ = 121.2", 7 = 27.2", h = 28.4, a = . 

16. i3 - 121.2", 7 == 27.2", a = 743, c = . 

17. a == 44.7", = 52.3°, c = 4.26, b = . 

18. 7 = 102.3", a = 61.7", c = 137.8, a = . 

19. = 14.20", 7 = 9.72", b = 0.4467, c = . 

20. a = 113.46", 7 = 20.98", b = 0.4467, a = . 

21. State the law of sines, assuming that one of the angles of the triangle is a right 
angle. 

22. State the law of cosines, assuming that one of the angles of the triangle is a 
right triangle. 

11-6. Case 2: Given Two Sides and the Included Angle. In this case 
we have the following. 

(а) Number of triangles: One, 

(б) Method of solution: Law of cosines. 
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The number of triangles. If the angle included between the two given 
sides is less than 180°, a single triangle is determined and can be easily 
constructed (sec the Appendix). 

The method of solution. The third side can beiound by the lavr of 
cosines. Then with the three sides known the law of sines can be used 
to determine the two unknown angles. For example, if a, 6 , and 7 are 
known, c can be found by the cosine law in the form 

(? = c? + 2ah cos 7 . 

Knowing a, c, and 7 , we can find a by the sine law; or knowing 6 , c, amd 7 , 
we can find 0 by the sine law. Of course, a and ^ can also be found by 
using other forms of the cosine law, but the sine law is more convenient 
for computations. In general, w^henever either the law' of sines or the 
law" of cosines can be used, w"e shall use the former, for the law of sines 
is much better adapted for logarithmic or slide rule computations. An 
advantage of computing both a and by the sine law" is that the relation 
« + /3 + 7 = 180° can then be used as a check on the accuracy of the 
computations. 

Example Given an oblique triangle in which a = 12.4, c = 20.7, = 26.0®. 

Find a, 7 , h. 

First w'e make an accurate sketch (Fig. 11-4). Using the law of cosinee to find 6 , 
we write, 

6 - = a- -f- c- — 2 ac cos 



c = 20 7 
Fig. 11-4. 


The computation carried out to three significant numbers gives . 


qJ = 12.42 ^ J54^ ^2 = 

20.72 = 428. 

The term 2ac cos ^ is computed by logarithms: 

Numbers 

Logarithms 

2 

0.3010 

0 = 12.4 

1.0934 

c = 20.7 

1.3160 

cos (3 == cos 26.0® 

9.9537 - 10 

2ac cos jS = 461 

2.6641 

From the computed values 

62 = 154 + 428 - 461 = 121, 


b - 11 . 0 . 
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In finding y from log sin 7 , there is some question as to whether 7 is acute or 
obtuse, that is, whether 7 = 66 . 6 ® or 7 ~ 180® — 56.6® = 124.4®, since both have 
the same sine and log sine. However, Fig. 11-4 shows that 7 is obtuse. 

To check, a -f /3 + 7 ~ 29.6® + 26.0® + 124.4® - 180.0®, whence the computa¬ 
tions are accurate. 


When the angle in question is very nearly a right angle, it might be 
difficult to determine from the figure whether to choose the acute or 
obtuse value of the angle. In such cases, solve for the angle opposite the 
shortest side first It will always be an acute angle. 


EXERCISES 

Solve the following triangles for the three unknown parts, giving results which 
are as accurate as the data will permit. 

1. a = 21.4°, 6 = 10, c - 12. 2. /3 = 44.8®, o = 20, c = 30. 

3, a = 74.3°, 6 - 11, c - 14. 4. 7 = 33°, 6 - 22, a =* 19. 

6 . i3 = 112®, c - 42, a - 76. 6. a = 89®, c = 89, 6 = 43. 

7 . 7 = 72.6°, a = 0.473, h = 0.818. 8 . a = 132.2®, h = 1.88, c = 6.71. 

9 . = 13.21°, c = 0.4261, a = 0.9824. 

10. a == 63.6®, c * 1.82, b - 6,49. 

In each of the following triangles determine the fourth part listed, giving results 
which are as accurate as the data will permit. 

11. a « 72®, 6 = 15, c = 21 , a = . 

12. « 32°, a = 12, c = 30, 6 « . 

13. 7 « 123.7°, a « 172, h « 94.2, c » . 

14. « 88.1°, c = 0.243, a « 1.73, 7 = • 
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15. 7 * 66.2®, h = 1250, a - 1076, c = . 

16. 7 « 37.63®, a = 11.80, 6 = 16.26, a = . 

17. a = 82.2®, c = 0.431, b = 1.21, 0 * . 

18. ^ = 64.12®, c = 1.716, a = 4.810, a = . 

19. a - 14®, h = 1039, c = 2321, y = . 

20. ^ = 47.2®, a - 21.8, c = 18.2, 6 = . 

11-6. Case 3. Given Two Sides and an Angle Opposite One. In this 
case the given parts may form two, one, or no triangles, depending on 
the relative size and position of the parts. When a figure will not give 
the number of triangles possible, the table given below may be used. 
The case in which there are two triangles is often referred to as the 
ambiguous case. 

Consider a triangle in which a, 6, and a are given and the problem is 
to determine the other parts^ Using the law of sines to find angle P we 
have 

h . 

sin - sin a, 
a 

We shall now use this expression, sin jS, to enumerate the various cases 
arising from this problem: 

(a) Number of triangles. Assuming that a, 6, and a are given, we have 
the following possibilities. 


When a ^ 90® 

When a < 90® 

If a > 6, 
there is me 
triangle and 
/3 is acute. 

If a ^ h, 
there is tw 
triangle. 

If a ^ 6, 
there is me 
triangle and 
g is acute. 

If a < 6, and 

If sin ^ < 

1, there are 
Uco tri~ 
angles, ^ \ 

being acute 
in one and 
obtuse in 
the other. ^ 

If sin /3 = 

1, there is 
one triangle 
and /8 = 

90®. 

If sin /3 > 

1, there is 
no triangle. 


(6) Method of solution: Law of sines. When parts other than a, 6, a are 
given, the table must be interpreted with a replaced by the given angle, 
a by the side opposite, and b by the second given side. 

Number of triangles. We shall illustrate geometrically the various 
possibilities given in the above table for a < 90°. A similar discussion 
for the case 90° is left for the student. 
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The construction must be performed in the following way (Fig. 11-6). 

( 1 ) Draw the given angle a, 

(2) Lay off length b on one side of a. 

(3) Draw an arc of radius a from the end point C of b. The result 
depends on the relative lengths of a and b. The different possibilities 
are plotted in Fig. 1 1-5 in order to indicate clearly how the number of 
solutions depends on the relative sizes of a and 6 . 



The case a > bis represented by the circle Ki, This circle meets the 
horizontal side of the angle a in Bi and Bi. The triangle ABiC is the 
only triangle formed with the parts a, 6 , a. 

If the length a is chosen so that a — b, the circle K 2 is obtained. In 
this case, the one triangle AB 2 C is formed by the given parts. 

If a < 6 , three different cases are possible, corresponding to the circles 
K 3 , Ki, and The circle Kz meets the horizontal side of a in the 
two points Bz and Bz, and the two triangles ABzC and AB 3 C are 
formed from the given parts. If a is sufficiently small, a circle like Kq 
is found which does not meet the horizontal side of a, and there is no 
triangle. There is also an intermediate case in which the circle has only 
a contact point with the straight line. As shown by the circle K 4 , only 
one triangle (triangle AB^C) is obtained in this case. 

Method of solution. When two sides and an angle opposite one are 
given, the remaining parts of the triangle can be computed by the use of 
the law of sines, as illustrated in the following examples. 

Example 1. Solve the triangle /3 = 44®, fe = 17, a = 10, assuming that a has two 
significant digits. 
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From a sketch of the triangle (Fig. 11-6) we can conclude that only one triangle 
is possible and a is acute. To find a, we have by the law of sines 



Fig. 11-fi. 


Using logarithmic computations we have: 

Numbers Logarithms 

10 1.0000 

sin 44° 9.8418 - 10 

10 sin 44° 10.8418 - 10 

17 1.2304 

sin a 9.6114 — 10 

a = 24° 


To find the angle y we have: 


whence 


7 = 180° - (44° + 24°) = 180° - 68° 
7 - 112 °. 


Finally, to obtain c we write 


6 sin 7 _ 17 sin 112° 
sin /3 sin 44° 


Numbers Logarithms 

17 1.2304 

sin 112° 9.9672 - 10 

17 sin 112° 11.1976 - 10 

sin 44° 9.8418 - 10 

c 1.3568 


c = 23 
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Example 2. Solve the triangle y *= 62®, c = 6 . 1 , a = 8 . 2 . 

From the sketch (Fig. 11-7), we can conclude that there is no solution. We shall 
now sketch this conclusion computationally with the aid of the table of various cases 
given above. In this example, y < 90® and c < a, so it is necessary to evaluate 


' a 8.2 

sin a = - sin a = — sin 62® = 1.27 > 1, 
c 6.1 


which shows that there is no solution and no such triangle is possible. 




Example 3. Given y = 30.02®, c = 6.123, h = 10.04. Find the other parts of 
the tnangle. 

Making the sketch (Fig. 11-8), we find that there are two such triangles. Using 
the law of sines we have 


6 . 10.04 . 

sm /3 * - sm 7 = sin 30.02®. 
c 6.123 


Computing: 


Numbers 
10.04 
sin 30.02® 

10.24 sin 30.02® 

6.123 

sin /3 


Logarithms 
1.0017 
9.6993 - 10 
10.7010 - 10 
0.7095 


9.9916 - 10 

Since there are two triangles, there are two angles ^ such that log sin jS = 9.9916 ~ 10 . 


= 78.70® 

For the third angle ai we have 

«i - 180.00® - (7+/3 i) 

= 180.00® - 108.72® 
ai = 71.28®. 

Finally, to find ai we write 

c sin ai 6.123 sin 71.28® 


ai 


smy 


02 = 101.30® 

For the third angle a 2 we have 
a2 « 180.00® - (7 -f 02) 

= 180.00® - 131.32® 
a 2 » 48.68®. 

Finally, to find 02 we write 

CBina 2 5.123 sin 48.68® 
02 - = -—• 


sin 30.02* 


sm 7 


sin 30.02' 
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Computing: 

Numbers Logarithms 

6.123 0.7095 

sin 71.28^ 9.9764 - 10 

6.123 sin 71.28® 10.6859 - 10 

sin 30.02® 9.6993 - 10 

ai 0.9i>66 

ai = 9.696 
Hence the triangle is: 
ai = 71.28®, ai = 9.696 
/3i = 78.70®, h = 10.04 
7 = 30.02®, c = 6.123 


Computing: 

Numbers Logarithms 
5.123 0.7095 

sin 48.68® 9.8767 - 10 

5.123 sin 48.68® 10.5862 - 10 

sin 30.02® 9.6993 - 10 

02 0.8859 

02 = 7.690 
Hence the triangle is: 
a2 = 48.68®, 02 = 7.690 
^2 = 101.30°, 6 = 10.04 
7 - 30.02®, c = 6.128 


That these results are correct may be checked roughly by measuring the figure. 


EXERCISES 

In each of the follo^dng exercises, determine the number of triangles possible and 
find the missing parts, giving results as accurate as the given data will permit. 

1 . a = 32.3®, a = 10.7, h = 10.7. 2. a = 143®, o = 184, 5 = 161. 

3. o - 0.092, /3 = 55®, h = 0.131. 4. c = 1.90, h = 1.87, 7 - 78.8®. 

6. 6 - 641, c = 636, 7 - 78.8®. 6. ^ - 48.3®, o - 0.21, h = 0.17. 

7. a = 62.7®, o = 38.2, c = 41.2. 8. c = 22.2, 7 = 27.1®, h - 51.5. 

9. c = 17.31, o = 17.31, a = 98.72®. 10. h == 102.3, o = 108.2, = 102.24®. 

In each of the following exercises find the fourth part listed, giving results as 
accurate as the given data will permit. There may be two, one, or no possible values. 

11. a = 95.1®, 6 = 107, a = 142, /3 = . 

12. c = 12.0, a = 12.3, a = 85.2®, 7 = . 

13. c = 1.21, ^ = 143.4®, h = 0.87, 7 = . 

14. j3 = 72.6°, h = 2.28, a - 1.84, a = . 

16. 7 = 57.3®, c = 24.4, a = 22.1, a = . 

16. 7 = 30°, 6 = 200, c = 100, o = . 

17. ^ = 76.84®, c = 0.5121, h = 0.5041, a = . 

18. h = 22.1, 7 = 57.3®, c = 20.6, a = . 

19. a = 0.4800, c = 0.5120, a = 76.84®, ^ = . 

20. c = 22.1, h = 18.2, /3 = 67.3°, a = . 

11-7. Case 4. Given Three Sides. For this case we have: 

(а) Number of triangles: 

(1) iNTone, if the sum of any two sides is less than or equal to the third 

side, 

(2) One in any other case, 

(б) Method of solution: Law of cosines. 

Number of triangles. From plane geometry we know that in any tri¬ 
angle the sum of the lengths of any two sides is greater than the length 
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of the other side. Hence if the three sides given do not satisfy this con¬ 
dition, no triangle is possible. If the three sides given do satisfy this 
condition, one triangle is determined. The geometrical construction of 
this triangle is found in the Appendix. 

Method of solution. Since none of the angles arc known, it is first 
necessary to use the law of cosines to find one angle. Then a second 
angle may be found by the law of sines, and the third angle by subtract¬ 
ing the sum of the first two from 180°. 

An angle of a triangle is always smaller than 180°. From this fact 
it follows that when the cosine of an angle is given, the angle can be 
uniquely determined. When the cosine is positive, the angle is acute; 
when the cosine is negative, the angle is obtuse. In following the pro¬ 
cedure given above, it is most convenient to find the obtuse angle first, 
if the triangle contains such an angle. The remaining two angles are 
acute, and to find them we can use the law of sines conveniently, without 
any fear of the ambiguity mentioned in Sec. 11-5. When using the law 
of cosines, therefore, the largest angle (that is, the angle opposite the largest 
side) should he found first. 

Example. Given a = 7.30, h = 10.1, c = 12.7. Find a, ft y. 


A 



The sketch of the triangle is given in Fig. 11-9. Since c is the longest side, y is 
the largest angle, and we find it first by the law of cosines: 


which gives us 


c 2 = -|- 52 _ 2 ab cos 7 , 

+ 52 - c2 (7.30)2 + (jo.i)2 - (12.7)2 


cos 7 ~ 


2a& 


2(7.30) (10.1) 
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Performing the computations we obtain 

COS Y = —0.0406, 
y = 180° - 87.7°, 
Y - 92.3°. 

To find |3, we use the law of sines, 


h sin Y 

sin (i — - 

c 


10.1 sin 92.3° 
12.7 


Finally, 


Numbers Logarithms 

10.1 1.0043 

sin 92.3° 9.9996 - 10 

10.1 sin 92.33° 11.0039 - 10 

12.7 1.1038 

sin 9.9001 - 10 

0 = 52.6° 


a = 180° 180° - (92.3° + 52.6°), 

a = 35.1°. 


EXERCISES 

Find the angles of each of the following triangles, giving results as accurate as the 
given data will permit. 

1. a = 1.23, b -= 4.16, c = 3.71. 2 . a = 231, b = 412, c = 202. 

3. a = 0.492, b = 1.013, c - 0.763. 4. a - 27.2, b = 26.8, c = 35.8. 

6. a = 1051, b = 2218, c = 1298. 6. a = 8.23, b = 9.71, c = 9.06. 

7. a = 48.6, b = 51.3, c = 72.8. 8. a = 87.12, b = 105.03, c = 87.12. 

9. a = 102, b = 76.2, c = 21.2. 10. a - 0.213, b == 1.43, c = 0.863. 

In each of the following exercises find the angle listed, giving results as accurate 
as the given data will permit. 

11. a = 2.6, b = 4.8, c = 3.5, a = . 

12. a = 1.82, b = 0.82, c = 1.10, y = . 

13. a = 0.843, b = 1.121, c = 0.922, y = . 

14. a = 87.2, b = 52.2, r = 79.2, jS = . 

16. a = 154, b = 138, c = 92, a = . 

16. a = 17.2, b = 23.3, c = 19.8, ^ = . 

17. a = 32.4, b = 76.1, c - 11.8, y = . 

18. a « 112.2, b = 76.8, c - 201.2, fi = . 

11-8. Application to Vector Analysis. The methods of solving oblique 
triangle problems permit simple solutions of many problems which would 
require involved procedures if the methods of solving right triangles 
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were used. Any problem which can be set up in terms of triangles may 
now be solved, provided, of course, that enough parts are known. 

The solution of oblique triangles places at our disposal a second method 
applicable to some of the operations with vectors which were discussed 
in Chapter 6. The problems of finding the resultant of two given vec¬ 
tors (Sec. 6-3) and of finding the components of a given vector in two 
given directions (Sec. 6H1) may be carried out by solving triangles, as 
shown in the following illustrations. 


Example 1. Find the resultant of the two vectors 

D: D = 10.0, 5 == 31.0®; E: E = 15.0, « = 296.0®, 

where the italicized capital letters denote the magnitudes of the vectors and the 
corresponding Greek letters denote the direction angles. 

The graphical solution of this problem is given in Fig. 11-10. The vectors D 
and E with their resultant L = D + E form an oblique triangle. Denote the angles 



of this triangle by a, /3, and y. Our object is to find the magnitude and direction 
angle of the vector L, that is, the length L and the angle a — 6. 

From the triangle, we have 

/3 = 6 - (180.0® H- «) = 296.0® - 180.0® - 31.0°, 

/3 « 85.0®. 

To find L we use the law of cosines and obtain 

c= D* + jgr* - 2DEcoa/3 - 100 + 225 - 300cos85.0® « 299, 

L « 17.3. 


n-«] APPLICATION TO VECTOR ANALYSIS 

To find a we use the law of sines and obtain 
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Thus L = D + E is the vector given by 

L: L = 17.3, X - 331.3^ 

Example 2. Resolve the vector L: L — 200, X = 63® into two components D and 
E whose direction angles are 0® and 122° respectively. Assume that L is given to 
two significant figures. 



Fig. 11-11. 


We first construct the diagram shown in Fig. 11-11. From fhe figure and the 
law of sines 

„ Z/sinX 200 sin 63® 

E = — = 210. 

sin a sin 58 

Since 

/3 = 180 - (a + X) = 180® ~ 121® = 69®, 

we have also 

^ Lsin^ 200 sin 69® 

D - « 202. 

sm a sin 68 

Hence the components of L are 

D: D « 202, 5 = 0®; E: ^ « 210, € « 122®. 
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^ EXERCISES 

In each problem find the magnitude and direction angle of the resultant of the 
two given vectors. State your results as accurately as the given data will permit. 


1 . A: A = 12, a = 23**; B: B = 16, ^ = 81°. 

2 . A: A = 7.8, a - 116°; B: B = 11.2, = 73°. 

3 . A: A = 122, a = 63°; B: B = 183, ^ = 231°. 

4 . A: A = 0.44, a = 312°; B: B = 0.71, ^ = 10°. 

6. A: A = 2.61, « - 227°; B: B - 7.82, /3 = 213°. 

6. A: A = 17.6, a = 312°; B: B = 28.2, ^ = 270°. 

7. A: A = 1420, « = 162°; B: B = 2000, ^ = 98°. 

8. A: A = 18.87, a = 7.2°; B: B = 31.26, /3 = 112.5°. 

9. A: A = 66.2, a = 206.3°; B: B - 141.3, /3 = 251.8°. 

10 . A: A = 137, a - 374°; B: B = 284, ^ = 292°. 

11 . A: A = 1.34, a = 80.1°; B: B = 6.80, 0 = 246.2°. 

12 . A: A = 165, a = 114.5°; B: B - 371, ^ = 342.2°. 

13 . A: A = 72.3, a = 132.3°; B: B = 211, 3 = 194.0°. 

14 . A: A = 0.82, a = 219.3°; B; B = 1.23, /3 = 336.3°. 

16 . A; A = 55.2, a = 8.6°; B: B = 460.1, p - 177.3°. 

16 . A: A - 7.81, a = 348.8°; B: B = 13.34, = 191.7°. 


In each problem find the components of the given vector in the directions (a) 10°, 
112°, (6) 60°, 330°, and (c) 90°, 240°. State results which are as accurate as the 
given data will permit. 


17 . A: A = 625, a = 48°. 

19 . A: A = 1420, a - 90°. 

21. A: A = 47.8, a - 300°. 

23 . A: A - 0.718, a = 61°. 

26 . A: A - 1.23, a - 336.3°. 

27 . A: A = 31.26, a = 112.5°. 
29 . A: A = 1076, a = 45°. 

31 . A: A - 18.87, « = 7.2°. 


18 . A: A = 55.2, a = 23.7°. 
20 . A: A = 28.2, a - 98°. 

22 . A: A - 1.34, a - 236°. 
24 . A: A = 7.83, a = 200°. 
26 . A: A = 284, a = 292°. 

28 . A: A = 7.81, a = 348.8°. 
30 . A: A = 10,540, a - 156°. 
32 . A: A = 0.82, a = 180°. 


33. Two men at points A and B, 1400 ft. apart on the south bank of a river, sight 
a point C on the north bank of the river. If angle CAB = 84.2° and angle CBA 
=y82.7°, how far are A and B from Of 

^^34. To find the distance of a lighthouse A from a point C on shore, a base line 
CB, 2500 ft. long, is laid off the shore, and the angle ACB = 82.7°, ABC = 44.2°. 
Find the distance CA. 

^ 36. A and B are points at opposite ends of a lake. At a point C, 4000 ft. from A 
and 10,820 ft. from B, the line AB subtends an angle of 152°. How long is the 
l^ke? 

36 . An engineer wishes to build a trestle from point A to point B across a swamp. 
At a point C which is 6420 ft. from A and 7480 ft. from B the angle ACB is 146°. 
How long must the trestle be? 

^37. A man at point A observes a point 0 across a lake and a point C to the left 
of 0 and the lake. The angle OAC is 38.7°. He then walks directly to C measuring 
the distance as 2760 ft.,^ and from C to 0 measuring that distance as 1640 ft. Find 
the length of the lake from A to 0. 
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38 . At a point A, a man finds the angle of elevation of a certain mountain peak 
to be 12.2®. If he walks 1500 ft. on a level plain toward the peak, the angle of 
elevation becomes 18.6®. How high is the peak? 

39 . An observer in a balloon 600 ft. above the ground sights a tower. The angles 
of depression for the top and l)ottom of the tower are 38.2° and 42.6° respectively. 
How high is the tower? 

40 . A plane flies from A to R, a distance of 52 miles, and then from R to C, a 
distance of 41.7 miles. If at C the angle BCA is 21.5®, how far is C from A? 

41 . The angle of intersection of two straight highways at point A is 67.8°. Along 
one road the distance to a town B is 20 miles, and along the other the distance to 
a point C is 25 miles. Assuming all the highways are straight, how far is C from Bf 

42 . If town A is 13.2 miles from B and 28.2 miles from C, and if C is 21.6 miles 
from B, find the angles at which straight roads joining the three towns will intersect. 

43 . A farmer has a triangular field with sides 2642, 1820, and 942 ft. long. What 
is the area of the field? 

44 . A vertical antenna 100 ft. tall is to be erected at a point P on a sloping street 
which makes an angle of 10° with the horizontal. If the antenna is to be supported 
by guy wires fastened 10 ft. below its top, how far down the street must a 150-ft. 
guy wire be secured? 

46 . In Exercise 44, determine how long the guy wire which is secured up the hill 
must he if it is to make the same angle with the antenna. 

46 . Two ships A and B are 2300 ft. apart. Both sight a buoy O near a reef. 
They measure angles GAB = 86.8° and OB A — 79.3°. What arc the distances of 0 
from A and Bf 

47 . An observer A is stationed 7840 ft. from another observer B. If the two 
observers simultaneously sight an airplane C, and find the angles CAB = 76.2° and 
CBA = 68.7®, what is the distance between the airplane and Bf 

48 . If a tender leaves a ship at an angle of 38°, how^ far will the tender be from 
the ship in 30 minutes if both travel on straight lines, the tender averaging 25 knots 
and the sliip 15 knots? 

49 . A scouting party travels 6400 ft. from its ba.se B to a point C, At C it turns 
and travels 3000 ft. to another point A. At A it observes that angle BAC = 12.6°. 
How far is the party from its base? 

60 . An observer can see two guns, one at A and one at B. He observes that the 
time interval between the flash and the report of the gun is 5 seconds for A and 
3 seconds for B. If the angle at his eye subtended by the guns is 72°, find the distance 
from B to A. Sound travels at approximately 1100 ft. per second. 

61 . An attacking force is located at a point A, 10 miles from objective O. The 
plan is to divide into three groups. The first group is to go to the left at an angle 
of 42° with the line AO for a distance of 17 miles, at which point it will turn and come 
directly at O. The second grouj) is to proceed directly toward 0 from A. The third 
group is to proceed to the right at an angle of 37° with OA for a distance of 20 miles, 
at which point it will turn and advance directly toward O. Find the angle through 
which the first and third groups must turn and the average speed each must make 
to reach 0 in l| hours. 

62 . A mountain top is observed by two surveyors A and B who are 10,000 ft. 
apart and at the same height above sea level. To surveyor A the horizontal angle 
between the mountain top and surveyor B is 60.12°, and the angle of elevation of 
the mountain top is 25.2°. At B the horizontal angle between surveyor A and the 
mountain top is 56.6°. Find the height of the mountain above the level of the 
surveyors. 
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63. An airplane is observed simultaneously from two stations 10,500 ft. apart. 
At station A the horizontal angle of the plane and station B is 73.8®, and the angle 
of elevation of the plane is 18.7®. At B the horizontal angle between A and the 
aircraft is 48.6®. How high is the plane? 

64. In the previous exercise, if the aircraft stays at the same height and one 
minute later the observer A finds that the angle of elevation is 12.9® and the new 
line of sight makes a horizontal angle of 108® with the old line of sight, how fast is 
the plane traveling? 

66. An airplane travels 200 m.p.h. in a straight line bearing 122°. At the end of 
2.75 hours how far south and how far east of the starting point will the plane be? 

66. A speedboat travels 72 miles on a line bearing 47.3° and then 64 miles on a 
line bearing 242.2®. How far and in what direction must the boat travel to get 
back to its starting point? 

67. A plane traveling at 200 m.p.h. flies for 17 minutes on a line bearing 126.2® 
and then for 32 minutes on a line bearing 91.8®. How far and in what direction 
must the plane fly to get back to its base? 

68. A ship going directly north observes at 1 o’clock a lighthouse at 13.7°. Two 
hours later the bearing of the lighthouse from the ship is 143.8®. If the ship travels 
15 m.p.h., find the distance of the ship from the lighthouse at the time of the second 
observation. 

69. A ship observes two lighthouses A and B which are known to be 46 miles 
apart. The bearing of A is 86.7®, of J3, 44.2®. One-half hour later the bearing of 
A is 138.6°, of Bf 82.1®. Flow fast and in what direction is the boat sailing? 

60. A train starts from a station A and goes 410 miles to a city B. The bearing 
of B from A is 144®. Then the train is to proceed to a city C, 200 miles from B. 
From C, it returns to its starting point, a distance of 256 miles. What is the bearing 
of C from B and of A from Cf 

61. A submarine is at rest 10 miles outside a harbor, and the bearing of the harbor 
from the sub is 84®. An enemy ship sails from the port at 15 miles per hour along 
a line bearing 248®. At what speed and in what direction should the sub go to 
contact the ship after the ship has gone 9 miles? 

Solve the following exercises by using vectors. Give all results to one decimal 
place. 

62. Two forces, one of 110 lb., the other of 72 lb., act simultaneously on an object. 
The angle between their directions is 37°. Find the resultant and the angle it makes 
with each force. 

63. A 2.7-lb. force and a 6.3-lb. force are pulling on a weight in such a way that 
the angle between their directions is 106.3®. Find the resultant force and the angle 
it makes with each force. 

64. Two forces are acting simultaneously on an object P. The angle between 
the forces is 132®. If one of the forces is 200 lb. and the resultant force is 350 lb., 
find the second force and the angle that the resultant force makes with each com¬ 
ponent. 

66. If a force of 640 lb. is acting with an unknown force at an angle of 13® to 
produce a resultant force of 800 lb., find the magnitude of the unknown force and' 
the angle that the resultant makes with each of the other forces. 

66. A man pulls a wagon In such a way that he exerts a force of 88 lb. at an angle 
of 34° with the horizontal. Find the horizontal and vertical components of this 
force. 
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67 By means of a pulley, a rope fastened to a weight of 300 lb. makes an angle 
of 27° with the vertical. How much force must be exerted on the rope to lift the 
weight from the ground? 

68. Two horses are pulling on a wagon, the first exerting 300 lb. in a direction 
which makes an angle of 30° with straight ahead, the second exerting 350 lb, at 
an angle of 26° with straight ahead. If they are pulling on opposite sides of the 
straight ahead direction, what will be the magnitude and direction of the resultant 
force? 

69. It is known that a 250-lb. force will be required to move a certain object 
straight ahead. If two men, the first of whom can exert 175 lb. and the second 
145 lb., wish to exert exactly 250 lb. straight ahead, at what angle should each pull 
on the object? 

70. A man finds that the force required to move his lawn mower is 80 lb. (exerted 
along the handle) and that the handle makes an angle of 48° with the horizontal. 
If he adjusts the handle to make an angle of 38° with the horizontal, how much 
force must be exerted along the handle to make the mower move? 

71. A weight of 220 lb. is hanging at the end of a cable. What is the magnitude 
of the horizontal force that must be exerted on the weight to hold it in such a posi¬ 
tion that the rope will make an angle of 18.7° with the vertical? 

72. A car weighing 1900 lb. is standing on a 20° slope. Neglecting friction, how 
much force would have to be exerted to prevent the car from rolling downhill? 

73. A boy is just able to push a 50-lb. wagon up a slope. If he is exerting a force 
of 20 lb., what is the angle of elevation of the slope? 

74. If a force of 86 lb. exerted parallel to an inclined plane is required to prevent 
a 150-lb. weight from sliding down the plane (disregarding friction), what is the 
angle that the plane makes with the horizontal? 

76. A certain derrick consists of a boom which makes an angle of 36° with the 
vertical and a steel cable which extends from the weight vertically to the upper end 
of the boom and then horizontally to a windlass. Find the compression in the boom 
if the weight being lifted is 2000 lb. 

76. A derrick boom w hich makes an angle of 27° with the vertical has a horizontal 
supporting cable. Find the compression in the boom if the weight being lifted is 
1470 lb. 

77. In still air a plane can fly 140 m.p.h. If the plane encounters a head wdnd of 
30 m.p.h. that makes an angle of 13.5° with the desired line of flight, at what angle 
with the intended line of flight must the pilot head the plane? Under such circum¬ 
stances how long will it take the plane to fly 745 miles? 

78. In still air a certain pursuit plane can fly 210 m.p.h. On a day when a 14 
m.p.h. wind blows in a direction which makes an angle of 216° with the north, what 
must be the direction of the plane in order to fly directly south? 

79. In the above problem what must be the direction of the plane in flying to a 
base which has a bearing of 227° from the plane’s home field? 

80. On a clear day with no wind a bomber reaches an objective 0 from its base B 
in 3 hours. The bearing of 0 from B is 122°, and the distance is 540 miles. Two 
days later there is a south wdnd of 26 m.p.h. In what direction and how long must 
the bomber fly to reach O from Bf 

81. A man wishes to cross a river from A to a point B 4 miles upstream. The 
rate of his boat in still water is 10 m.p.h. and the rate of the river is 3 m.p.h. If 
the river is \ mile wide, at what angle must he travel with the banks of the river? 
How far will he travel and how long will it take him? 
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82. Three boats X, Y, Z are at a point A on the east bank of a river, in which 
current flows south at the rate of 1.6 m.p.h. All three boats have a speed of 12.5 
m.p.h. in still water. These boats are to meet at an island B, 4675 ft. directly across 
the river from A. X is to proceed to a point 2000 ft. directly upstream from B and 
then come down to the island. F is to proceed directly across to B, and Z is to 
proceed to a point 1500 ft. downstream from B and then approach the island from 
the south. At what angle with the river bank must each boat direct its course? 
If it is desired that all three boats reach the island at midnight, at what time must 
each set out? 


11-9. The Inverse Trigonometric Functions. In algebra when a rela¬ 
tion y = f{x) is solved for x in terms of ?/, obtaining say x = g{y)y then 
g{y) is called the inverse function of f[x). Conversely, f(x) may be 
called the inverse of g{y). For example, consider t/ = 2a; + 3. This may 


be solved for x to give x 


2/ - 3 
2 


Then x = 



is called the inverse 


of 2/ = 2x + 3, and y — 2x + Z may be called the inverse of x 



(See Sec. 3-5.) 

The equation 

(1) X = sin y 


determines a value of x for every value of y. In other words, (1) gives x 
as a function of y. It can also be used to determine y as a function of x. 

For instance, if a; = ^ is given, the corresponding values of y are -, 

G 

6t 13ir 

¥ ’ T' 

In this way y is a function of x when x and y arc related by (1). In 
order to express this function, we say that 


(2) y is an angle whose sine is x. 
This statement is abbreviated by 

(3) y = arcsin x. 


Thus the inverse function of (1) is given by (3). The relation (3) is 
preferably read by the defining phrase (2), but the phrases y is equal 
to the arc sine of x and y is equal to the inverse sine of x are also in com¬ 
mon use. 

Some textbooks use the notation sin~“^ x in place of arcsin x. This 
notation, however, is not recommended because sin*~^ x may be mis¬ 
taken for (sin • 

' sin X 
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Example 1. Evaluate arcsin J-. 

If we set y = arcsin by definition this means that 

sin y = I, 

and hence 

T 5ir 

2/ = g.y,etc., 

or 

. 1 TT Sir 

arcsin - = - , -r > ^tc. 

2 6 * 6 ’ 

Example 2. Evaluate arcsin 0.6157, 

As above, set 0 = arcsin 0.6157. Then by the definition, 


Therefore 

or 


sin 0 = 0.6157. 
e = 38°, 142°, etc., 
arcsin 0.6157 = 38°, 142°, etc. 


The same notations apply to the other five trigonometric functions 
when written in the invei’se form. Thus the accompanying table lists, 
in the two right-hand columns, equivalent notations for expressing the 
relation given in the left-hand column. 


Relationship Expressed 


Direct Notation Inverse Notation 


y is the angle whose sine is x 
y is the angle whose cosine is x 
y is the angle whose tangent is x 
y is the angle whose cotangent is x 
2 / is the angle whose secant is x 
y is the angle whose cosecant is x 


X — sin // 
x ~ cosy 
X — tan y 
X = cot y 
X = sec y 
X ~ CSC y 


y — arcsin x 
y — arccosx 
y — arctanjj 
y — arccota; 
y = arcseca; 
y - arcese x 


From Examples 1 and 2 it is evident that the inverse function 
(5) y = arcsin x 

has for one value of x many values for y. Although to a given angle y 
there corresponds only one value for the sine x, to a given sine value x 
there correspond infinitely many angles y. This is also true for the 
other functions. It is convenient to select one of the values from the 
multiple values of arcsin x as the principal value. We denote this 
principal value by capitalizing the initial letter of the function, e.g., 
Arcsin x or Sin x. Similarly we select a single principal value from the 
multiple values of each of the other inverse trigonometric functions. 
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The principal values of arcsin x, arccos Xj and arctan x are defined by 
the following table. 

Principal Value Lies 
Function in the Interval 

TT IT 

y — arcsm x — - ^ y ^ - 

2 2 

y = arccos x 0 ^ y ^ v 

TT TT 

y = arctan x "" 2 ^ 2 

y = arccot x 0 < y < ir 

That the restriction of y to the interval given in this table for each 
function defines a single value can be seen readily from the graphs of 
the trigonometric functions given in Chapter 5. Since the principal 
values of arcsec x and arccsc x are not used until the calculus, they will 
not be defined here. 

Example 3, Find the value oiy — Arcsin 2 > 2/ = Arctan 1,2/ = Arccos 

The notation indicates that principal values are desired. Rewriting each of the 
functions in direct notation and finding the angle in the proper interval, we have: 

.1 .1 X 

y = Arcsm - • sin 2 / = ^ ^ * 6 ' 

tan 2/ = 1, 2 / = 7 ; 

4 

-\/3 5x 

COS2/ --2/ “ 

Example 4- Find the values of arcsin 0. 

The notation indicates that all the possible values are desired. Setting y = 
arcsin 0, and rewriting it in the form 

sin 2 / = 0, 

we have 

y = 0, X, 2x, 3x, etc. 




EXERCISES 

Solve for y, 

1. X = sin 2/. 2. z =* 2 cos y. 

4. X ** sec 2y, 5. 2x *= cos 2y. 




y 

8, sin - » w. 

T 



8. X = sec y. 

6. ^ = cot 3y. 

^ X — 1 

9. — ~ — » CSC y . 


X 


sin 2y. 
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12. X » t sin 2y. 

13. sec7y 

= 7L 

14. a » & sin y. 

16. tan y ^ ~ 

M 

16. M tan y ^ N. 

17. 2 sin ^ 
2 

= 4x-3. 

18. X = 3 sin 4y. 

19. a + 2 

= i tan (y 4- 1). 

a -f 6 1 4(y - 

20. = cos 

c 2 3 

1), 


Solve for x. 


0 

23. arccos x = - • 

2 

21. arcsin x — y. 

22. arccos X = 0. 

24. jS = arccsc • 

0 

X 

26. a 4- 0 = arcsin — 
Im 

26. arccos 2cox = wt. 

A.* • ^ 

27. arcsin - = a. 
a 

28. arctan X = 8y. 

arctan x 

29. --- = 0. 

8 

. X y 

30. arcsin - = - • 

8 a 4 

Mx 

31. 0 = arctan —- • 

N 

32. 20 — ^ arccos x. 

33. 377< = 80® 4- arcsin 

X 3x 

• 34. 20 = 4 arccot---• 


X 

36. ^ — axcsin - C. 

2 a 

37. a = arctan 

TT . ZX 

39. 0 = - 4- arcsin • 



36. 0 = arctan 


38. 6 = arctan 



40. 0 = 


2 2ax + b 

- .; arctan-;===. 

V 4ac — 6^ V 4ac — 


Evaluate the following by first rewriting as direoi/ trigonometric functions, 
six possible values of the unknown if principal values are not indicated. 


41. y == Arcsin 
43. y = arcsin ( —J). 

46. 0 = Arctan \/3* 


47. y = arccot 0. 


49. a 


Arccos 


V'S 


61. t ^ Arcsin 0. 

63. X = arccos ( — 1). 
66. by arctan ( —1). 


67. (8 — ir) =*= Arccos (—^). 




Arctan 1. 


42. y = Arcsin ( — i). 
44. ^ arctan \/3. 
46. X = arcsec 2. 


48. a 


Arctan 



60. y = Arccos (—f). 


62. y = arcsin 0. 

64. 2x = arccos ( — 1). 
66. y = arctan ( — 1). 


“•('+0 

"•G+s) 


arcsin 1. 


2 Arctan ( —1). 


Find 
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63. y = TT 4“ 6 Arccos (^). 

66. y = Arctan ( — 1.376). 

67. 2$ = arcsec ( — 1.265). 

69. Arcsin 0.0929 = 4x. 

71. Arctan (—0.6851) = — • 

73. 6 Arccos 0.9945 = 12a. 

76. arcsin 0.5125. 

77. arccsc 1.675. 

79. 3 Arctan 0.3378. 

Evaluate the following expressions. 

81. Arctan ^ - Arctan -J. 

83. Arctan 0.8431 — 2 Arcsin (—0.4266). 

84. sin [Arcsin 0.6246]. 

86. cos [Arccos (— 0.4633)]. 

87. tan [Arctan ( — 1)] +2. 

89. 12 Arcsin (—0.2482) — Arccos 0.4824. 

90. tan [Arctan — Arctan 

[ TT 1 5l 
- + - Arcsec - * 

94. Arctan - + Arctan f ^ i 


62. iy + 3t) = ^ Arcsin ^ • 

64. 2 / = Arcsin 0.5807. 

66. y = arccsc 1.406. 

68. 2y — Arccos 0.8090. 

70. arctan 6.314 = 27°. 

4 

72. Arcsin 0.5688 — 27r = 3y. 

74. Arccos (—0.3035). 

76. arcsec (—2.228). 

78. Arctan 0.8796. 

80. 62° - 2 Arcsin (-0.8192). 

82. 2 Arcsin ^ + Arccos 0 + 1. 


86. sec [Arccos (—0.4633)]. 
88. Arcsin 1 — Arcsin ( —1). 


91. cos [Arctan (— |) + Arcsin |]. 
93. sin[(J Arccos f) — 137°]. 

96. 4 Arccos 1% + 3(Arc8in f). 


PROGRESS REPORT 

In plane geometry the ruler and compass serve as the tools for con- 
.structing a triangle if any three parts, at least one of which is a side, are 
given. From the constructed triangle, the missing parts are found by 
measurement. But the method of construction is not very accurate. 
To solve such problems by means of computations we introduced in this 
chapter the law of sines and the law of cosines, which hold for any tri¬ 
angle.' The law of cosines was also used to solve problems involving 
vectors. At the end of the chapter the inverse trigonometric functions 
were studied. 



CHAPTER 12 


THE J OPERATOR 

In this chapter wo shall develop the operations with complex numbers 
and the operations with their graphical representations. We shall find 
that for complex numbers the graphical operations of addition and sub¬ 
traction are like the addition and subtraction of vectors. Consequently, 
complex numbers are frequently applied to vector problems, especially 
in the theory of sinusoidal alternating currents. Further, the operations 
of multiplication and division for complex numbers can be used advan¬ 
tageously in the theory of alternating currents. Charles P. Steinmetz, 
a prominent mathematical engineer, was one of the first men to apply 
complex numbers extensively to the theory of alternating-current cir¬ 
cuits. Thus complex numbers, in addition to being an important mathe¬ 
matical tool, are a most important theoretical and practical tool for the 
electrical engineer. 

12-1. Imaginary Numbers. In Chapter 1 it was shown how the vari¬ 
ous operations led to the consideration of different kinds of numbers. 
Thus in Sec. I-l subtraction brought forth negative numbers while divi¬ 
sion introduced fractions. Later on in Sec. 1-3 the extraction of roots 
forced the consideration of irrationals which together with the integers 
and fractions formed the real numbers. 

By reviewing Sec. 1-3 the student will remember that the irrational 
numbers were introduced by extracting the nth root of positive rational 
munbers and the nth (n-odd) root of negative rational numbers. How¬ 
ever, the operation of taking the nth {n-even) root of negative numbers 
was carefully avoided. This last operation will now be introduced. 

The extraction of a square root of a negative number like y/~^ is 
not possible, since there is no real number which when squared will yield 
—4. The square of any real number, whether positive or negative, is a 
positive number. The same holds true in case of the fourth, sixth, or 
any even-indexed root of a negative number,’ for example, —81 and 
04. Hence, if we wish to extract the roots of all numbers, positive 
and negative, we must make a new definition which will introduce a 
new type of number into our nrnnber system. 

397 
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Consider the following square roots of negative numbers: 

v^, V^,-\/-i6, V —is- 

Let us suppose that these as yet undefined symbols obey, as far as possi¬ 
ble, the laws of radicals given in Sec. 8-6. Hence it follows that: 

VUi = Va{-i) = Vi • V^ = 2V^. 

V^ = V9(-l) = V9 • = 3V^. 

V^ = V3(-l) = V3 • = 1.73V^. 

= -Vi6(-i) = - Viei • V^ = -4V^. 

^ 1 ) = ■ '^“1 — 

The symbol V—1 appears in every one of these results. 

This symbol V —1 is called the imaginary unit, or j operator, and will 
he denoted by J. The fundamental property of this symbol is that 

f = -1. 

Using this symbol we can now write the expressions above in the form 
V^ = j2, = j3, V-3 = il.73, - V^6 = ~j4, = if. 

Most mathematics texts write'the real coefficient before the j as, 
for example, 5j and but since it is quite common in engineering books 
to let the j precede, we shall follow the latter practice. 

While j is called the imaginary unit, any multiple of j is called an 
imaginary number. Thus from the above examples j2, j3, il.73, — j4, 
are imaginary numbers. We now assume that imaginary numbers 
obey the laws of addition, subtraction, multiplication, division, and 
raising to a power stated in Chapter 1. Thus we have 

f = f - j = -i(j) = -j, 

-!(-!) = 1 . 

We can now write down a table for the powers of j, where j = V—1, 

J = J 

f=-l 

f = -j 
/ = 1 
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Since f « 1, we also have f = f • j = j, f = f • f = f, / = / • 
== etc., and.hence that the successive integral 
powers of j run through the cycle j, —1, —j, 1 given in the above table. 

It was stated above that it is customary to write j instead of V^ —1. 
It shou ld be pointed out here that mathematicians use the letter i for 
\/ — l, but electrical engineers use j to avoid confusion with current 
which is denoted by i. Since this book is primarily intended for the 
engineering student, the j notation will be employed. 

The choice of the term imaginary unit for V^ l is unfortunate from 
the standpoint of an engineering student, for this quantity is not imagi¬ 
nary in the sense that the adjective is used in everyday language. The 
reason for the choice of this term lies in the historical development of 
mathematics; it was introduced hundreds of years ago when to extract 
the square root of a negative number was thought to be inconceivable. 
From our standpoint it might have been better to call it the j-number. 

In dealing with square roots of negative numbers it is convenient to 
introduce j for V" —1. This will be done in the example which follows. 

Example 1, _ 

V-o oi = Vojoi • = jo.i. 

= \/45 • = i3-v/5 = j6.71. 

\/Il7 = y/7 ■ = jy/7 = i2.66. 

This can be condensed in the following ndc. 

For a > 0, = j-\/a, 

i.e., the square root of a negative number y/—a can he written as j times 
the square root of the corresponding positive number y/ a. 

Multiples of J can be added like any other quantity. This is made 
plain by what follows. 


j2 +j7 - j =i8. 


.1 .1 .1 .20 + 15 - 12 .23 

= j3 +;6 - j 2 = 36 . 

j*6 + i8 =» —i6 4* jS i3. 


Example 2. 
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EXERCISES 

Simplify the following by expressing each number in one of the forms, j, — 1, 

-j> 1 . 


l-f. 

2. f. 

3. j\ 

4. f. 

6. f. 

6./. 

7. y. 

8. 

9. 

10. i‘2. 

11. /. 

12. 

Express each number in terms of j, and simplify. 


13. 

14. V^-sT. 

16. 

16. 

17. 

18. -V'-121. 

19. V-,V- 

20. V-0.01. 

21. ^/^12. 

22. V-0.09. 

23. V'-27. 

24. 

26. -V^. 

26. -V-m. 

27. V^. 

28. -V~M. 

29, + \/^16. 

30. 

- V-4. 

31. V-64 + V - 

-25. 

32. V 

+ 

Using the table of square roots, write the following in 

terms of j. 

33. 

34. 

36. 

36. 

37. V'"^. 

38. 

39. 

40. 

41. -V^. 

42. V^h. 

43. 

44. -V-^. 


Simplify. 

46. jS + i3 - i5. 46. + jS. 47. - 2. 

48. j^7 - f2. 49. fn - i3. 60. ^12 - 8. 

12-2. Complex Numbers, Real numbers were introduced early in 
this book. Imaginary numbers (i.e,, multiples of j) were defined in the 
preceding section. To make the real and imaginary numbers part of one 
system of numbers we define new quantities in the following way. 

If a and b are real numbers, a + jb is called a complex number. The 
number a is called the real part of the complex number a + jb, the number 
jb is called the imaginary part. Thus 2 + j3, 5 — j9, , 2.16 — 

y0.09, 3 — j2 are examples of complex numbers. 

Real and imaginary numbers are a part of the system of complex 
numbers. For w'hen 6 = 0 and a is any real number, then a + jb gives 
us the real numbers; on the other hand when a = 0 and 6 is any real 
number, then a jb gives us the imaginary numbers (multipk^s of j). 
We can summarize this by saying that the real numbers and the imagi¬ 
nary numbers are subdivisions of the complex numbers. 

We have come now to the end of the road in defining new numbers. It 
will be well to stop and to review the main features of this travel. Start’- 
ing with the natural numbers I, ^, S, ^ • which are suggested by counting: 

1. Subtraction led to negative numbers. 

Division brought forth fractions {rational numbers). 
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S, Square roots of positive numbers produced irrational numbers. 

4 . Square roots of negative numbers produced complex numbers. 

It is shown in more advanced mathematics textbooks that in working 
with the different operations of mathematics, no other numbers than the 
complex numbers are required. It can also be shown that the operations 
with complex numbers can be defined so that the numbers obey the 
fundamental laws of operation stated for real numbers in Sec. 1-8. In 
the remaining sections of the present chapter the student will learn 
how to use the complex numbers. 

Complex numbei's are of great importance in mathematics and in the 
applications of mathematics to practical problems. ^This is particularly 
true of electrical engineering where alternating currents and voltages 
cg,n be handled by methods which will be developed in this chapter. 
In fact many pi-oblems in alternating current theory would be very dif¬ 
ficult to solve without the use of complex numbers. 

12-3. Equality of Complex Numbers. In this section and in the next 
few sections we shall define equality, sum, and product in such a way 
that the complex numbers obey the same laws that the real numbers 
obey. We start with a definition of equality of two complex numbers. 

If two complex numbers x + jy and a + jb are equal, then x a and 
y = b. 

Symbolically: 

If JC + yy = a + jb, then x = a and y = b. 

This can also be stated by saying that complex numbers are made equal 
by equating their real parts and also their imaginary parts. For exam¬ 
ple, if x + jy = 5 — j3, then x = 5, and y = —3. 

In particular, when equating a complex number to zero, the above 
definition becomes: 

If a + /b = 0, then a = 0 and b = 0. 

Using this definition we can solve equations containing complex quan¬ 
tities. 

Example. What values of x and y satisfy the equation x + y + ix — =* 2 + 

i3 

Simplifying and separating reals and imaginaries by the above definition we get 
(x 4- y) - y) = 2 -f j4, 

X + 2 / = 2, 

X — y = 4t. 

Solving these equations simultaneously by the method of Sec. 2-16, we find: 

x = 3, 2 / 5 = -1. 
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The following definition is useful in working with complex quantities. 
Two complex numbers such as 

a + jb and a — jb 

whose real parts are the same^ and for which the coefficients of j are numeri-^ 
colly equal but opposite in sign are called conjugate complex numberSy 
and each is the conjugate of the other, 

a + jb and a — jh are conjugate. 

Examples of conjugate complex numbers are given by: 

3 + and 3 - j4, 

-1-J and -1+i, 
jb and — 

3 and 3. 

The last example illustrates the fact that a real number is its ovm con- 
jugate. 

Throughout this chapter it is assumed that except for j = y /—J all literal 
numbers are real. 

EXERCISES 

Find the conjugate of the following complex numbers. 

1. 6 4- j2. 2. 12 - i5. 3. 2a + jh. 4. -2 + j. 

6. ~7-j, 3. i3. 7.5. 8.-;. 

9. -3. 10. 2 + SV^. 11. c - jd. 12. X +jy. 

Find the values of x and y which satisfy the following equations. 

13. a; + j2/ = 1 -f j2. 14. 2a; + jy = 6. 

16. 2a; - jSy = 8 4 j8. 16. a; 4- 2 / 4 i(a; - y) =54 i- 

17. 2a; 4 ly 4i(3a; - 2y) = -3 - j. 18. 2a; - Zy - j{x 4 y) = -2 - jU 

12-4. Operations with Complex Numbers. A complex number when 
reduced to the form a 4- jb may be regarded as a binomial. Thus the 
addition, subtraction, and multiplication of complex numbers are re¬ 
duced to the corresponding operations with binomials in which one term 
is real and the other imaginary. 

Example 1. Examples of the addition and subtraction of complex numbers are 
given by the following: 

(2 4i3) 4 (4 -« 2 4/3 44 -i - 6 4^2. 

(5 -i2) - (7 -i9) = 6 -i2 - 7 4i9 = -2 4 j7. 

(i +yl) + ””ii) •“ (i “i) ” i 41 — i 4i « i 4if. 

(7 - jl3) 4 0' - 7) » 7 - j3 4i - 7 » -j2. 
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Example In multiplying complex numbers, the student must make use of the 
fact that p s= — 1. 

(2 +i5)(l +i3) = 2 + j6 +i5 +i2l5 = 2 + jll - 15 = -13 +ill 
(1 -i3)(-2 +i) = -2 + j7 ^ ^2 +i7 + 3 » 1 + j7. 


We can now put the definitions of addition, subtraction, and multipli¬ 
cation of complex numbers in the following symbolic way: 

Addition (or Subtraction): (a + jb) + (c + jd) = (a + c) + j{h + d). 

Multiplication : {a + jb){c + jd) = (ac — bd) + j{ad + 6c). 

It is of interest to apply the above definitions of addition, subtraction, 
and multiplication to conjugate complex numbers a + jh and a — jb. 
One thus obtains: 

Sum of conjugates: (a + jb) + (a — jb) = 2a. 

Difference of conjugates: (a + jb) — (a— jh) = j2b. 

Product of conjugates: (a + jb)(a — jb) = a^ + 6^. 

Therefore the sum or the product of two conjugate imaginary numbers 
is a real number. 

The fact that the product of two conjugate imaginary numbers is a 
real number leads to the following method for division of complex num¬ 
bers. Division by a complex number is performed by multiplying numerator 
and denominator by the conjugate of the denominator: 

a + j6 _ (a + jb){c — jd) ^ (ac + bd) + j(bc — ad) 
c +jd (c + jVf)(c - jd) ~ + d^ 

Example S. Perform the following divisions. 

3+i4 _ 3+j4 l-i_ 3+i-f4 _ 3+i + 4 _7 .1 

1+i 1+i 'l-i 1 + 1 2 2 "^^2* 

Lzi? ^ ^ ^ ^ 24+i2 + 12 ^ 3^ ^ 

8-;6 8-;6 8+i6 64 + 36 100 

The student will notice that this method for division by a complex 
number corresponds to the method of Sec. 8-9 for rationalizing a denomi¬ 
nator. 

The work of this section can be summarized by saying that complex 
numbers may be used in algebraic operations in the same way that real 
numbers are used provided that is replaced by 

Remark and warning. It has been explained so far in this chapter 
that the square roots of negative numbers are expressed in terms of the 
symbol j where = —1. For example, the roots of the equation 
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^ rs —4 are x = =fc:\/ —4 or a; = dbj2. It should be emphasized, how¬ 
ever, that we use the form ±j2 in preference to ±\/—4. Had we used 
the less desirable notation rb V" —4 for the roots of the equation = —4, 
we might be tempted to take the following erroneous step in checking 
the root x = —4. 


(V—4 )^ = V—4 • V—4 = V(—4)(—4) = \/l6 = 4, 

while the given equation is = —4 and not = 4. The reason for 
this error is the fa(*t that the rules for operating with square roots of 
positive numbers cannot be entirely extended to square roots of nega¬ 
tive numbers. To prevent such errors, we write dzj2 in place of 4 

and obtain (j2)^ = = —4, which yields the (correct result. 

In the light of this discussion, the sifodenl should always introduce j in 
place of y/ — 1 when working with square roots of negative real numbers. 

Example 4 . Multiply (3 — V^-46 )(2 -f- \/ —9 )• 

(3 - \/^)(2 + V^) - (3 -i4)(2 -f j3) = 6 +j - f\2 
= 6+i + l2 = 18+i. 


EXERCISES 


Perform the indicated operations and 

1. (4 - jZ) 4- (2 - y4). _ 

3. (3 + V-49) + (7 - V-ei ). 

6. (4-i7) - (2+j3). _ 

7. (3 - V-25) + (4 + ^-9)- 
9. (0.7 - jO.6) - (0.6 +i0.1). 

n. (0.4 +J0.3) - (0.1 -iO.5). 

18. (2 -i3)(2 +jZ). 

16. (5 +j2)(5 -j3). 

17. (i + ji)(| -j). 

19. (4+i3)“. 

21. (i +j)^- 

23. (i +j2)\ 

26. (2 - y3)*. 

27. (1 - iv/2 )*. 

29. 0'^ + +/3 H-i4)*. 

81. U +/)*. 


33. 


1 


simplify to the form a + jb. 

2. (12 -;5) + (12 +j5). 

4. (^ +ji) + (—^ +i2). 

6. (0.6 +j5) +_(0.3 -j2). 

8. (0.5 + V^16 ) + (0.3 - j3). 
10. (5 -jT) - (5+i7). 

12. (0.30 -iO.25) + (0.75 +^0.76). 
14. (4-j2)(4+j2). 

16. (-1 +ji)(i - j). 

18. (.i — +ji)- 

20. (1 - j3)K 
22. (1 +iV3)*. 

24. (0.6+J0.3)*. 

26. (4+j2)®. 

•28. (3 - i4)». 

30. (j +f3 +3^ 

_ 1 _ 

1 +/ 

1 


32. 


3+i2 


34. 


- 3+3 
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4+i 

36. 

1 + j 

3 


1 - j 

2+j3 

38. 

7 + \/^ 

3 -jA 


if 

> 

1 

4 + 

40. 

2+j 3-j2 

2 - 


4- 

1 

4+j 2-j 

42. 

2-i \-}2 

1 +j ' 3 -j2' 


1+i 3-y4 


12-6. Graphical Representation of Complex Numbers. In Chapter 1, 
real numbers were represented graphically as points on a line. In order 
to represent complex numbers, one line will not suffice, and it becomes 
necessary to use two dimensions. The complex number x + jy may be 
represented on a rectangular coordinate system in the plane by a point 
whose abscissa is x and whose ordinate is y (see Fig. 12-1). One speaks 



of P as the point x + jy. When complex numbers are so represented, 
the horizontal axis is the axis of real numbers or the real axis, and the 
vertical axis is called the axis of imaginary numbers or the imaginary 
axis. The entire plane when used for the representation of complex 
numbers is called the complex plane. 

Thus in Fig. 12-2 the complex numbers 6 +i5, — 5 + j3, —7 — j4, 
and 7 — j3 are represented by the points Q, P, S, and L respectively. 

If in Fig. 12-1 a vector kp is drawn from the origin to point P{x + jy), 
one can then think of x + jy as the directed distance or vector from the 
origin to that point. (See Fig. 12-3.) 

A complex quantity may thus be used to represent a vector, and it is 
in this way that complex numbers are used in electrical engineering. 
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Thus in Fi^. 12-2, the complex quantity 6 + jb can represent a vec¬ 
tor Ap, and the other complex numbers similarly, as may be seen in 
Fig. 12-4. 



Fig. 12-2. 


The addition and subtraction of complex numbers explained in the 
preceding section will now be performed graphically. Complex quanti¬ 
ties are added, according to Sec. 12-4, by adding first the real parts and 
then the imaginary parts. This procedure corresponds to the law given 



in Sec. 6-5 for the addition of vectors. Tliis law stated that the sum of 
two vectors can be found by adding first the a;-coordinates and then the 
y-coordinates.« Thus the addition of two complex quantities a + jh and 
c + yd can be perforpaed graphically by adding the corresponding vectors 
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as shown in Fig. 12-5. Hence the point P represents the complex num¬ 
ber (o + c) -t- jib + d) which is the sum of the given complex numbers 
a+jb and c + jd. 


iQ(6+j5> 


R(-5+j3) 




Fig. 12-6. 


This method can be extended to find the sum of more than two com¬ 
plex numbers by first adding two of the numbers, then adding their sum 
to a third, and so on. 
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To subtract one complex number c + jd from a + jb graphically we 
merely add a + jb and —c — jd graphically. 

Example 1. Add graphically (7 + jS) + (9 — j2). 


(7 +j6) + (9 -j2) = 16 +jZ. 



Example 2. Subtract graphically (3 H-j5) — (7 +j2). 

This subtraction may be replaced by the addition (3 + j5) + (—7 — j2). 

(3 +j5) - (7 + j2) = -4 +i3. 



EXERCISES 

Perform the indicated operations graphically. Use graph paper. 

1. (1 +i5) + (4 +j3). 2. (2 +i7) + (5 - j3). 

8. (-3 +j) + (7 - j4). 4, (-1 - j) + (5 - j2). 

5. (2 +j5) - (1 +j3). 6. (8 +i6) - (4 + j5). 

7. (-4 + j2) + (9 j2). 8. (10 - j3) - (-7 +i6). 

9. (3 +j2) + (-4 +i6) + (7 -j2). 10, (1 -^6) - (-2 +^3) + (4 - jS). 
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12-6. Trigonometric and Polar Forms of Complex Numbers. In Sec. 

12-5, the vectorial representation of a complex number was given. In 
the present section a method of writing the complex number itself in 
terms of the length and direction angle of its vector will be given. 

Let the complex number a + jb be represented by the point P in 
Fig. 12-8. Join the point P to the origin. Denote the length of OP by 
r and an angle which OP makes with the positive direction of the real 
axis by 6 . From the right triangle 
in Fig. 12-8 we obtain the follow¬ 
ing equations 

(1) a = r cos 0; 6 = r sin 6. 

(2) r = ; tan 6 = -• 

a 

These equations hold irrespective 
of the quadrant in which 6 termin¬ 
ates. 

Using the equations in (1), the complex number can now be w'ritten 
in the form 

(3) a + jb = r(cos 6 + J sin 6). 

The form r (cos 6 + j sin 6 ) is called the trigonometric form of the 
complex number, while the form a + jb is spoken of as the rectangular 
form of the complex number. 

In the trigonometric form, r is sometimes called the modulus or the 
absolute value (magnitude) of the complex number, and the angle d is 
called the amplitude or argument of the complex number. In our work 
we shall simply call r the magnitude of the complex number and 6 the angle 
of the complex number, 

A very convenient way of writing a complex number is 

(4) r/e. 



This form is commonly called the polar form and is particularly useful 
when the complex number represents a vector. This polar form must 
be interpreted as a complex number having a magnitude r and making 
an angle of 6 degrees with the axis of reals. In this notation the magni¬ 
tude r and the angle 6 do not form a product. The form r^ is simply a 
shorthand notation for r (cos d + j sin 6 ). 

We now summarize the various forms in which a complex number has 
so far been represented. 


Rectangular Form Trigonometric Form Polar Form 

a + jb r(cos $ + j sin 0) r/ft 
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It is important that the student be able to change one form of the com¬ 
plex number into another. This will be illustrated by the following 
examples. 


Example L Express the complex number 3 + 3 ^ in trigonometric and polar forms. 
Using equations 2 with a = 3 and 6=4 and the trigonometric tables, we obtain: 


Hence 


r = V 32 + 42 = 5; 
tan d = 4 = 1.3333; B = 53.13®. 

3 4 . j4 = 5(cos 53.13° +i sin 53.13°) = 5/53.13° 



Fig. 12-9. Fig. 12-10. 


Example 2. Express the complex number 2 — j7 in trigonometric and polar forms. 
Equations 2 with a = 2 and 6 = — 7 yield 

r = V 2 * + (-7)2 = -v/SS = 7.28; 

-7 

tan B = — = —3.50. 

2 


Since a is positive and 6 is negative, 0 is in the fourth quadrant, 
metric table we find 

tan 74.05° = 3.50. 


Therefore 


From the trigono- 


B = 360° - 74,05° = 285.95° or 0 = -74.05°. 

* Thus 

2 -j7 = 7.28(008 285.95“ + j sin 285.95“) = 7.2 8/285.95° , 
or 

2 -i7 = 7.28[cos (-74.05°) +j8in (-74.06°)] >= 7.2 8/-74.05° . 


These are respectively the rectangular, trigonometric, and polar forms of the complex 
number under consideration. The graphical representation is given in Fig. 12-10. 
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We summarize the method illustrated in the last two examples by stat¬ 
ing that in order to transform the rectangular form of a complex number 
into the trigonometric or polar form use expressions (£) of this section. 

By equation 3, any real number a can be regarded as a complex quan¬ 
tity of magnitude a and of angle 0^. Therefore 

a = a (cos 0° + j sin 0®) = a /0° 

gives respectively the rectangular, trigonometric, and polar forms of any 
real number a. 

Similarly, any imaginary number jh can be regarded as a complex 
quantity of magnitude b and of angle 90°. Therefore 

jb = b (cos 90° + j sin 90°) = b /90° 

gives respectively the rectangular, trigonometric, and polar forms of any 
imaginary number jb. 

Example 3. Express the complex number 4 /l32.7° in trigonometric and rec¬ 
tangular forms. 



Changing into the trigonometric form we have at once 

4/132.7° - 4(cos 132.7° +; sin 132.7°). 
From the trigonometric table, we find 

cos 132.7° = -0.6782, sin 132.7° = 0.7349. 

Therefore 


4(cos 132.7° +ism 132.7°) = 4(-0.6782 + ;0.7349) 


= -2.7128-h;2.9396, 

which is the rectangular form of the given complex number. Thus 4 /132.7° « 
4fcos 132.7° + j sin 132.7°) « —2.71 -f ^*2.94. The graphical representation is given 
in Fig. 12-11. 
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Thus, as illustrated by the above example, to transform iJie polar or 
trigonometric form of a complex number into the rectangular form, evaluate 
the sine and cosine of the angle hy trigonometric tables and simplify the 
result. 


EXERCISES 


In each example write the complex number in polar form. Plot the corresponding 
point. 


1. 1 +i. 

4. 5. 

7, ~i3. 

10. -12+i7. 
13. 2 - i9. 


2. a/3 +j, 

6 . - 8 . 

8. 2 +i5. 

11. -1 -i4. 
14. 2.7 +i3.8. 


3. -l+i\/3. 
6. j2. 

9. 3 - jS. 

12. 1.5 -f j2.5. 


In each example find the rectangular form of the complex number, 
corresponding point. 


16. 7(008 90° +i sin 90°). 

17. 3(cos 270° + j sin 270°). 
19. 4(cos37° +Jsin37°). 
21. 8 /135° . 

23. 1.5 /53.7° . 

26. 3.1 /21,3.8° . 

27. 6.08/-72.15°. 


16. 5 /180° . 

18. -2/45°. 

20. 6 /81° . 

22. 9/-27° . 

24. 3.7 /125.4° . 
26. 5.12 /67.17° . 
28. 1.17/ 137.08° . 


Plot the 


12-7. The Exponential Form of Complex Numbers. In See. 8-4 the 
idea of an exponent was enlarged to include expressions of the form a® 
where x was any rational number. In Sec. 8-14 we gave a meaning to 
a* where x was any real value. Having introduced (‘omy)lex numbers, it 
would be very desirable to use them for exponents. One is free to give 
any meaning to the expression In the light of the discussion given 

in Sec. 8-5, it is important to define in such a fashion that the laws 
of exponents remain true and so that it will be unnecessary to introduce 
new formulas. 

In practical applications of mathematics such general expressions as 
qX+Jv needed. The expressions used in this connection arc of 

the type where e is the number discussed in Sec. 8-14, and 0 is any 
real number. To give a meaning to this expression we write 

(1) = cos 0 + 7 sin e 

where the right-hand side defines the left-hand side. It should be stated 
that 6 is measured m radians. 
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Using trigonometric identities, advanced mathematics books show that 
expressions of the form as defined in (1), obey all the laws of expo¬ 
nents stated in Chapter 8. 

The importance of (1) lies in the fact that we can use it now to give 
another foma for the complex number. Comparing the definition of 
with (3) in Sec. 12-6, one obtains 

(2) a + jb = r (cos 0 + j sin 6) = = r/6. 

The expression is the exponential form of a complex number. The 
polar form is now a shorthand notation for the trigonometric form 
r (cos 6 + j sin 6) or for the exponential form re^^. 



The following table with the graphical representation of Fig. 12-12 
gives a summary of the various forms in which a complex number can 
be represented. 

Form Complex Number 


Rectangular 

Trigonometric 

Exponential 

Polar 


a +jb 

r(cos 0 + y sin 0) 
r 0 


In the trigonometric and polar forms B may be expressed in terms of 
radians or degrees (most of the electrical engineering books use the 
latter). In the exponential form, B must be given in radians, although 
books on electrical engineering often express B in degrees. However, 
when B is expressed in degrees, it is to be understood that the corre¬ 
sponding angle in radians is intended. For example, since B = 54.3° == 
0.948 radian, engineering books write for Thus and 

/54.3° are simply notations for the correct 
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It is important that the student be able to change one form of the 
complex number into another. This will be illustrated by the following 
examples. 

Example 1, Express the complex number 3 4* i4 in the different forms. 

Using the results obtained in Example 1 of the preceding section, we obtain 

3 + j4 = 5(cos 53.13® 4* j sin 53.13®) = 5e'® ®27 = 5/53.130 ^ 


since 53.13® =* 0.927 radians (see Table 6). 

Example Similarly from Example 2 of Sec. 12-6, one obtains 

2 -i7 = 7.28[cos (-74.05®) -fi sin (-74.05®)] = 7.28e“»^-292 

= 7.28 /-74.05® , 

since 74.05® = 1.292 radians. 

Example S. Express the complex number lOc'®*^^ in rectangular form. Using 
Table 5, 

lOe/ 0.37 ^ io(cos0.37 4- J sin 0.37) = 10(0.932 4-^0.362) 

= 9.32 4-j3.62. 

Example 4 . Exprass the complex number in rectangular form 
We have at once — cos v 4* i sin tt = — 1. 


EXERCISES 

In each example write the complex number in exponential form. 

1. 2+i2. 2. 


4. 9. 

7. -i5. 

10. 1.5 4-i3.5. 

13. 3^cos“ 4-Jsin^y 


6. -7. 

8. 3 4-i7. 

11. 2.2 -^7.5. 


3. 1 4'7\/3. 

6. j3. 

9. 5 - i8. 

12. -2.7 - i3.8. 


14. 5(cos 270® -H J sin 270®). 
15. 2(cos 43® *4 j sin 43®). 16. 3. 2/219.7® . 

In each example write the complex number in rectangular form. 


17. c 2 . 
20 . e^^^, 
23. 6""^^ *. 


-i- 

18. c ^ 2 . 

21 . e^'^ \ 

24. 


19. 

99 


12-8. Multiplication of Complex Numbers in Polar Form. In Sec. 
12-4, the operations with complex numbers in the rectangular form 
a +jb were discussed. Multiplication and division of complex numbers 
are much simpler when the numbers are given in a polar form. 
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Let Ti/_^ and be two complex numbers in their polar form. 
By multiplication, 

ri/Oi • • r2e^®’ 

= rir2e^‘’‘+^®* = rir2e^‘<*‘+'’*^ 

= nn lh + h - 

(1) fi /Oi • — *'i*’2/®i_+_®2- 

Therefore, the product of two complex numbers is a complex number whose 
magnitude is the product of the magnitudes of the numbers and whose angle 
is the sum of their angles. 

It can readily be seen that this holds for the product of any number of 
complex quantities. Thus in case of three complex numbera we have 

ri/9i • r2/g2 • rs /Os - r-^r^rz IOx + ^2 + H - 

Similarly, we have for the quotient of two complex numbers 

r<2,[^ rze’^ rz r2 


( 2 ) 


= II /fl, - (?2. 

r 2 




= — /0I — 62' 

H- - 


Therefore, the quotient of two complex numbers r^j^ and rz/Oz is a complex 

Ti 

number whose magnitude is the quotient — of the magnitudes of the numbers 

^2 

and whose angle is the difference 6 i — 62 of their angles. 

In order to use the methods of this section in multiplying and dividing 
complex numbers, they must first be expressed in polar form (see 
Sec. 12-6). 


Example 1. Find the product (3 + j4)(2 — j7). 

Using the results obtained in Examples 1 and 2 of Sec. 12-6, we have 

(3 +i4)(2 - j7) = 5.0 0/53.13^ • 7.2 8/285.95** 

= 5.00 • 7.2 8/53.13° + 285.95 ^ 

= 36.40 /339.0 8° = 36.40 /-20.92° 

^ = 36.40(cos 20.92° - j sin 20.92°) 

* 36.40(0.9341 - ;0.3570) 

« 34.00 -il2.99. 



416 


THE / OPERATOR 


[12-8 


The answer can be given in the form 

36.4 0/-20.92^ or 34.00 - jl2.99. 

Direct multiplication (method of Sec. 12-4) gives 

(3-|-i4)(2-i?) =34-jl3. 

Example 2, Perform the multiplication and division in 

(67.4 - j37 .7) (35 .0 + j 75.0) 

(45.0 - iri.O) (14.6 +i8.86)‘ 

Converting from rectangular form to polar form, methods of Sec. 12-6, we 
obtain: 

(67.4 - i37.7) = 77.2 /-29.2° . 

(35.0 + j75.0) = 82 8 /65.0° . 

(45.0 - jl2.9) = 46.8 /-16.0° . 

(14.6 +j8.86) = 17.1 /31.2° . 

The given expression is equal to 

77.2 /-29.2 ° • 82.8/65.0° 77.2 • 82.8/-^.2° +^.0^ 

T6. 8/ -T6.0° 731 "" i^8 ni^l /~16'0^f ~3T2° 

= 7.99/ 35.8° - 15 .2° = 7.99 /20.6° 

== 7.99(cos 20.6° +j sin 20.6°) 

- 7.99(0.9361 -f j0.3518) = 7.47 -f j2.81. 

Hence the answ'er is 7.99 /20.6 ° in polar form and 7.47 + j2.81 in rectangular form. 

12-9. Powers of Complex Numbers. The method of the previous sec¬ 
tion may now be applied to powers and roots of complex numbers. 

Let r^d be any complex number and n any positive integer, then 

(r/er = = r^/nd, 

(1) (r^r = r^lnB. 

Therefore when raising a complex number to the nth power, the result is a 
complex quantity whose magnitude is the nth power of the original magni’- 
tude and whose angle is n times the original angle. 

The relation (1) holds for both integral and fractional values of n. 
Using fractional values we obtain a simple method for finding the roots 
of complex quantities. Thus one of the mth roots of a complex number 
is given by 

(2) V>’Ze = (r/0)” = <J^/-^* 
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When the complex number is given in its trigonometric form, relations 
(1) and (2) can be written in the form 

(3) [r(cos 0 + y sin 0)]^ = r”(cos n0 + j sin n0) 

known as DeMoivre^s theorem^ and it holds true for all real values of n. 

Example 1. Find (4.60 +^2.82)''*. 

Converting into polar forms we have 

(4.60 + i2.82)» = (5.40/31.5^)^ - 5.403/ 3 • 31.5 ° = 157.5 /94.5^ 

In polar form the answer is 157. 5/94.5° . Let the student express this answer also 

in rectangular form._ 

Example 2. Find V 4.60 + j2.82. 

Using the result of Example 1 and relation (2) we have 

V''4.60 +i2.82 = (5.40 /31.5° )^ = V^ /l5.8° = 2.32 /15.8° . 

Since 

/31.5° = /360° + 31.5° = /391.5° , 

we also have 

\/4.60 + j2.82 = (5.40 /391.5° )^ = 2.32 /195.8° . 

Hence 2.32 /15.8° and 2.3 2/195.8 ° are the two square roots of 4.60 -f j2.82. 


Following the method of the last example, it can be shown that any 
complex number r/6 has n distinct nth roots given by the formula 



0 + fe > 360^ 
n 


where k takes the values 0, 1, 2, • • •, n — 1. 

12-10. Graphical Representation. In Sec. 12-5 the graphical repre-. 
sentation of addition and subtraction of complex numbers (in rectangular 
form) was given. We shall now give the graphical representation of the 
operations discussed in Secs. 12-8 and 12-9. 

Let Pi and P 2 (Fig. 12-13) be the points representing the complex 
numbers and ^ 2 /^ Join point .4 (1,0) to Pi. Construct ZP 2 OP 
equal to ^ 1 . Construct ZOP 2 P equal to ZO^Pi. From the fact that 
AOAPi is similar to AOP 2 P, it can be shown that OP = rir 2 . Hence 
point P represents the complex number rir 2 /Si + which is the 
product of and r 2 /(? 2 » 

Similar graphical representation can be given division and also to 
raising to a power and extracting roots of complex numbers. 

In Sec. 12-5 it was indicated that in engineering a complex quantity 
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is used to represent a vector. In particular, making use of the table for 
the values of the powers of j (Sec. 12-1), we can represent: 

1 by a vector of length 1 and an angle 0® 

j by a vector of length 1 and an angle 90° 

f by a vector of length 1 and an angle 180° 

f by a vector of length 1 and an angle 270° 

f by a vector of length 1 and an angle 360° 

From Fig. 12-13 it follows that when a complex quantity is multiplied 
by j its vector is rotated through an angle of 90° in a counterclockwise 



direction. Therefore j cari be considered as an operator that rotates a vector 
in the complex plane through a positive angle of 90^, 

Similar interpretations are given to the powers of j in what follows: 

corresponds to a 180° counterclockwise rotation; 

J® corresponds to a 270° counterclockwise rotation or to a 90° clock¬ 
wise rotation. 


EXERCISES 


Perform the indicated operations, first reducing the numbers to polar form (if 
necessary). In the odd-numbered exercises express the results also in rectangular 
form. 


1. 2/43^ • 3 /l5^ 
8- (3 +i2)(6 +i). 


2. 5.1 /53.7^ • 2.3 /10.9^ 

4. (3.2 -j7.1)(8.5 4-i3.4). 


12 - 11 ] 


SUMMARY OF OPERATIONS 


419 


6. 

7/31° • 2/37° • 3/42°. 

6. 

7. 

(3 +i)(7 - i2)(l +j5). 

8. 

9. 

77.2/43° - 1 - 28.7/21°. 

10. 

11. 

(3 +j5) + (2 +/). 

12. 

13. 

(1.2 - j3.7)*. 

14. 

1 R 

6.1 

1ft 

10. 

(3.7-i6.1)(9.3+i7.8)' 

ID. 

17 

(3.7+i2.1)*(7.3 -j3.1)* 

1ft 

If. 

(0.8 -i9.1)(2.8-hi3.1) ’ 

10 . 


1.2 /25.r • 3.1 /17.2° • 2.1 /21.8° . 
(1.2 -;3.4)(7.3 -f;3.7)(0.2 -jT.l). 
1.87 /123° -4- 0.27/46°. 
(l.l+i7.2)-^(7.5~;3.4). 
(5.3+jl.9)®. 

(8.1 j3.4) 

(2.4+j)(7.7~i2.1)’ 

3.2/7.1° • 2.1 /31.5° 

2.8 /13.1° > 1.5 /52.7° * 


Perform the following multiplications graphically and check the results alge¬ 
braically. 

19. j • (3 +i5). 20. j • (4 -jO). 21. j • 3 /40° . 

22. j ■ 6 /-90° . 23. • (1+i2). 24. p > 3 /l25°. 

26. . (5 -i). 26. f • l /--270° . 

Find the following roots. Express the results in rectangular form. 

27. VilTj- 28. VJ. 29. V^. 

30. V 3.9 +i4.5. 31, -^2 -hi. 32. 


12-11. Summary of Operations with Complex Numbers. A complex 
quantity may be represented in a rectangular or polar form. One form 
may be used more advantageously than the other in various operations. 

L Addition of complex numbers. Write the numbers in the rectangular 
form. Add the real parts together and then add the j parts together, 

2. Subtraction of complex numbers. Write the numbers in the rectangular 
form. Subtract the real parts and then subtract the j parts. 

3. Multiplication of complex numbers. Write the numbers in the polar 
form. Multiply the magnitudes together and add the angles. 

4 . Division of complex numbers. Write the numbers in the polar form. 
Take the quotient of the magnitudes and subtract the angles, 

6, Powers of complex numbers. Write the numbers in the polar form. 
Take the power of the magnitude and multiply the angle by the exponent of 
the power. 

6. Roots of complex numbers. Write the numbers in the polar form. 
Extract the root of the magnitude and divide the angle by the index of the root. 

The answer to a problem involving operations vnth complex numbers 
may be given either in the rectangular or polar form. In engineering 
applications, the answer is usually given in the polar form. 
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Example 1. 

20/b3° + 11 /-37° - 15/47° = (18.4 +j7.81) + (8.78 -i6.63) - (10.2 +jH.O) 

= (18.4 + 8.78 - 10.2) +i(7.81 - 6.63 - 11.0) 


= 17.0 - j9.82. 

The student should convert the answer into the polar form. 

Example 2. Using some of the results obtained in Example 2 of Sec. 12-8 in con¬ 
verting from the rectangular form to polar form, we have 

(67.4 -i37.7)2(14.6 + ^8.86) (77.2 /-29.2° )=»(17.l/31.2°) 

(45.0-il2.9)* (46.8 /-16.0° )» 

5960 /-58.4° • 17.1 /31.2° 

"" r03,000/-48li° 


5960 • 17.1/-27.2° 

-= 0.989/20.8° 

103,000/-48 0° - - 


The student should convert this answer into the rectangular form. 


EXERCISES 


Perform the indicated operations. Express the results in rectangular and polar 
forms. 


1. 10.8/42° + 23.5/3^ - 1.92 /-27°. 


2. (3.1 +i4.5)(7.2 -il.l) + (4.1 - j\.Z). 

3. 7 /-81° - 2 /110° + 9 /-34° . 

4. 8.2l /-5.7° + 12 . 1 /ir - 15.4/95°. 

6. (23.1 -i7.52) + (12.9 +i4.09) - (19.4 - jl.70). 
6 . 1.8/11^ - 1 /-51° - 4. 2/21°. 

(5H-j2)M -j2)^ 

(2-i4) 

8 72.6 

■ (7.1 - i2.3)> 


9. 


10 . 


_5_ 

(3-j6)2(9+j2)»‘ 

V] 

(5 -j2)(7 4-i) 


U. 


a 


(13.1 + j2.72)»(3.10 - j42.7)^ 
' (71.5 +j39.1)2 

6.1/17° • 1.2 /-25° 

3.5/45° • 9.3 /-81° ' 
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12-12. The Impedance Triangle. The vector representation of an 
alternating voltage across a resistor, inductor, and condenser were given 
in Sec. 6-8. It has been stated that the voltage drop across a resistance 
R is in phase with the current I and may conveniently be represented 
by a vector E/? which has the same direction as the vector representing 
the current. From Ohm^s law Er = RIj where Er is expressed in volts, 
R in ohms, and I in amperes. 

The voltage drop across an inductance L leads the current by 90° and 
may conveniently be represented by a vector E/^ which makes an angle 
of 90° with the current vector. The magnitude in volts of El is El = 
XiJ, where Xl is the inductive reactance expressed in ohms. 

The voltage drop across a condenser of capacitive reactance Xc 
(measured in ohms) lags the current by 90° and may conveniently be 
represented by a vector Ec which makes an angle of —90° with the 
current vector. The magnitude in volts of Ee is Er = Xcl- Kirchhoff^s 
law states that the impressed voltage E is given by the vector sum 

(1) E = E/g + El + Ec- 

If now wc choose the current vector I along the positive x-axis, then 
the terminal points of the vectors Er, El, and Ec are (Er, 0), (0, El)^ 
and (0, —Ec)j respectively. If we superimpose a complex plane upon 
the vector plane so that the horizontal and vertical axes coincide and 
have the same directions, then these terminal points correspond to the 
complex numbers Er, JEl^ and —jEc, as wc saw in Sec. 12-5. Then 
the vector sum (1) corresponds, as we have seen, to the sum of the 
complex numbers Er, jEL, and —jEc* Thus it is common in practice 
to identify the complex numbers and the corresponding vectors by 
writing 

= Er, El = jElj Ec = — jEc, 
whence the sum (1) can be written as 

(2) E=^ Er+ jEl ~ jEc ^ IR+ jI(XL - Xc). 

The total impedance Z (Z being in ohms) offered to the flow of cur¬ 
rent is represented by a complex number Z defined by the equation 

(3) E = ZI. 

Of course, the term vector cannot be used in the sense of Chapter 6 
in connection with (3), for no vector product was defined in that chapter. 
Furthermore the vector product defined in advanced works do not be¬ 
have like the complex numbers in the product (3). Therefore, in order 
to have meaning, (3) must be thought of as expressing a relation between 
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quantities given in the form of complex numbers. However, in texts 
on electrical engineering, the term vector is quite frequently used in 
this connection as s 3 monymous with complex number, rather than in 
the sense of Chapter 6. 

Considering only resistance and inductance in series in an alternating- 
current circuit (Fig. 12-14), the impressed voltage across this circuit 
is by (1) 

E = Eij + El, 

where Ei? is in phase with the current and El leads the current by 90*^. 
Using the current as the horizontal axis (axis of reference), we may 


H-H 

—hnnnpL 

E 

J__ 


Fig. 12-14. 



draw the vector diagram (Fig. 12-16). The magnitude of E/j is Er = 
RI, the magnitude of El is i?L = XlE Introducing complex numbers, 
we can state that the vector E corresponds to the complex number 
ER+jEL== RI+JXlL From (3) 


ZI = E = +jEL = RI+jXiL 


Since I lies along the positive a;-axis, the complex number corresponding 
to I is /, whence this relation can be written 

IZ = RI+jXlI, 


or, dividing by /, 


Z^R + JXl 


which gives rise to the impedance triangle of Fig. 12-16. The impedance 
may be stated in polar form as 

^Zf = Vii!^ + Arctan^- 

The student will note that this impedance tri¬ 
angle is similar to the voltage vector diagram and 
that the impedance is equal to a vector sum of the 
resistance and inductive reactance. 



Fig. 12-16. 
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Example 1. A 5-ohin resistance is connected in series with a 12-ohm inductive 
reactance across a 60-cycle 110-volt alternating-current supply line. Calculate the 
impedance, resistance voltage drop, the reactance voltage drop, and the current. 

The impedance of the circuit is given by the expression Z — 5 -f jl2. Changing 
to polar form = V(6)2 -f (12)2 /Arctan = 1 3/67.4° ohms. 

From the impedance triangle and the calculated value of impedance we note that 
the voltage leads the current by 67.4° in the similar voltage vector diagram. Using 
the current vector as reference, the voltage vector is then given as 110/67.4° volts. 

Converting this to the rectangular form 

E = 110 /67.4° = Il0(cos67.4° sin 67.4°) 

= 110(0.3843 + jO.9232) 


= 42.27 + jlOl.55. 


From this we note that the component in phase with the current is 42.27 volts, 
therefore 


RI = 42.27 volts. 


The component voltage at right angles to the current vector or the j term is 101.55 
volts, therefore 

XJ - 101.55 volts. 

E 

The current is calculated from the relationship I = -* Substituting the values for 

Zr 

E and Z obtained above 

, 42.27 +J101.56 (42.27 4-jl01.56)(6-jl2) 1430 

^ -.“ W = 

which in this case may be written in the polar form 

I = 8.40/0° amperes. 

In a series alternating-current circuit composed of a resistor and a 
condenser (Fig. 12-”17), the impressed voltage E is equal to the vector 



Fig. 12-17. 



Fig. 12-18. 


sum of the components En and Ec where Ei^ is in phase with the current, 
and Ee lags the current by 90®. Again using the current as the refer¬ 
ence line, the voltage vector diagram is drawn as shown in Fig. 12-18; 
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considering that the magnitude of Er is Er = 72/, the magnitude of 
Ec is Ec = Xcl- 

The voltage drop Xcl lags the current by 90° and therefore the com¬ 
plex quantity corresponding to the vector E is 72/ — jXcL, We note 
that since the voltage drop across the condenser is directed —90° with 
respect to the current, the minus sign is used. The 
impressed voltage may then be written in rectangu¬ 
lar form as 

E = ZI = 72/ - jXcI; 
hence, dividing by /, 



Fig. 12-19. 


Z = 72 -jXc 


which gives rise to the impedance triangle (Fig. 12-19). 
may be stated in polar form as 


zi% 


V¥~+^ 


j Arctan 


-Xc 

R 


The impedance 


As in the previous case, the impedance triangle is similar to the volt¬ 
age vector diagram and the impedance is equal to a vector sum of the 
resistance and capacitive reactance. 


Example 2, A resistance of 30 ohms is connected in series with a capacitive re¬ 
actance of 40 ohms acro.ss a 1000-cycle 20-volt alternating-current supply line. 
Calculate the impedance, the resistance voltage drop, the reactance voltage drop, 
and the current. 

The impedance of the circuit is Z = 30 — j40. Changing to polar form 

/ •-40 

Arctan —— = 5 0/—53.1° ohms. 


The current leads the voltage by 53.1°. Using the current as reference, the voltage 
vector may then be written in polar and rectangular forms 

E = 20 /-53.1° - 20(cos53.1° - j sin 53.1°) 

= 20(0.0000 - jO.8000) 

= 12.0 - jlO.O. 

From the rec^tangular expression of the voltage vector E we note that the com¬ 
ponent in phase with the current is 12.0 volts and hence 

RI = 12.0 volts. 

The capacitive reactance voltage drop at right angles to the current vector, or the 
—term, is 16.0 volts and hence 


Xcl — 16 volts. 
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The current may be obtained by the equation 

, E 12.0-il6.0 20/-53.1'' 

T ^ -^ —zr-:z.-j=r ^ 0 4/no 

Z 30 - j40 50/ -53.1° * 


EXERCISES 

1. An alternating-current relay operating on 110 volts has a resistance of 16 ohms 
and an inductive reactance of 42 ohms. Calculate the impedance and the current. 

2. A spark-quenching circuit consists of a 10-ohm resistor and a condenser having 
a capacitive reactance of 24 ohms (connected in series. If the voltage applied to the 
combination is 80 volts, what are the impedance, resistance voltage drop, reactance 
voltage drop, and the current in the circuit? 

3. An alternating voltage of 220 volts is applied to a solenoid having a resistance 
of 45 ohms and an inductive reactance of 180 ohms. W hat is the current flowing 
through the solenoid? 

4. An inductive reactance of 6 ohms is connected in series with a resistance of 
18 ohms across a 110-volt 60-cycle alternating-current circuit. Wliat Is the voltage 
ilrop across the resistance? 

6. Two resistors having values of 40 and 10 ohms respectively arc connected in 
series, and they arc connected in series with an inductive reactance of 72 ohms 
across a 240-volt alternating-current circuit. W^hat is the current that flows in the 
circuit and what is the voltage drop across the 40-ohm resistor? 

6 . A capacitive reactance of 3200 ohms is connected in series with a resistance of 
2400 ohms across a 1000-cycle 1.2-volt circuit. W^hat are the voltage drop in milli¬ 
volts across the condenser and the current in milliamperes through the condenser? 


PROGRESS REPORT 

In this chapter, the system of real numbers has been extended to the 
system of complex numbem so that all operations, including the com¬ 
putation of squares roots of negative numbers, can be performed. The 
geometric representation of complex numbers revealed a close connection 
between these numbers and vectors so that each vector can be repre¬ 
sented by a complex number and conversely. This connection proved 
to be very useful in the discussion of alternating currents. Alternating 
voltages, currents, and impedances can be represented by complex 
numbers; and so the whole technique of algebra can be applied to the 
examination of electrical phenomena. 



CHAPTER 13 


LINEAR EQUATIONS AND DETERMINANTS 

Students of engineering, physics, and other sciences deal with equa¬ 
tions at every stage of their work. In particular, systems of linear equa¬ 
tions are used frequently in mechanics, electricity, statistics, and in 
other applied sciences. This chapter gives some of the graphical and 
algebraic methods for solving such equations. It also contains a discus¬ 
sion of the theory of determinants and their application to systems of 
linear equations. 

13*1. Systems of Linear Equations with Two and Three Unknowns. 

Linear equations with one and two unknown quantities were discussed in 
Chapter 2. The system of two linear equations with two unknowns was 
solved by deriving from the given system of two equations a single equa¬ 
tion containing only one of the two unknowns. This procedure is called 
elimination of one of the unknowns, and this unknown is said to be elimi¬ 
nated. Two elimination methods were discussed. 

A. Elimination by substitution. This method consists in solving one 
equation for one of the unknowns and substituting the result in the 
second equation. 

Example 1. Find x and y from the system of the two equations 

( 1 ) X -f 2/ = 2, 

(2) a: + 22/ » 3. 

Equation 1 solved for x gives 

(3) X ^2-y, 

and this value when substituted in (2) gives an equation with only one unknown 
quantity: 

2 - 2/ + 22/ => 3, 

whence 

2 / » 1 . 

The substitution of this value in (3) gives x « 2 -- 1 * 1. Thus x «• 1, y » 1 is 
the solution of the given system of two simultaneous equations. 

426 
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B, Elimination by addition or subtraction. 

Example 2. We shall study the same system as before. 

(1) a: 4- y = 2, 

(2) a; + 2y ~ 3. 

If equation 1 is subtracted from equation 2, x is eliminated and the result is 
2 / « 1. The substitution of this value in (1) gives a; -h 1 ** 2, whence x » 1 as 
before. 

The procedure in this case was extremely simple because the unknown 
X had the same coefficient in both equations. Otherwise, one or both 
equations must be multiplied by numerical factors which are chosen so 
that X or y has the same numerical coefficient in both equations. 

Example $. Solve the system 

(4) 5x - 2y * 4, 

(5) 2x 4- 3t/ = 10. 

If equation 4 is multiplied by 3 and equation 5 by 2, the following equivalent 
system is obtained. 

15x — == 12, 

4a; 4- Oy = 20. 

The unknown y can be eliminated by adding these two equations, thus obtaining 

19x « 32 
or 

X = rl' 

In order to find y, the variable x can l)e eliminated in a similar way. Multipl 3 dng 
the first equation by 2, the second by 6, and subtracting the first from the second, 
we obtain 

10a; — 4y ~ 8 
lOx 4- 15y — 60 

I9y = 72 

y-U- 

This method of elimination can easily be extended to systems of more 
than two unknowns. If, for example, a system of three equations with 
three unknowns x, y, and z is given, the system can be solved in the 
following way. 

1. Eliminate one of the unknowns, say x, by combining two of the 
given equations by addition or subtraction after having multiplied them 
by factors such that x has the same numerical coefficient in both equa¬ 
tions. The result is an equation containing y and z. 
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2. Eliminate the same unknown x, using another combination of two 
of the given equations. The result is again a linear equation in y and z, 

3. The two linear equations obtained in the first two steps form a 
system of two equations with two unknowns which can be solved by the 
methods described before. 

4. The values of y and z obtained in the third step are substituted in 
one of the given equations in order to find the unknown quantity x. 

Exam-pie 4- Solve the following system of three simultaneous equations with three 
unknowns. 

(A) X -f 2 t/ + e = 3, 

(B) 2x + y + 3z ^ 7, 

(U) Sx + 3y - 42 = 2 . 

The equations are denoted by letters (A), (B), (C) so that it is possible to indi¬ 
cate schematically the operations performed w'ith these equations. 

In order to eliminate x from the first two equations, multiply equation A by —2 
and add the result to equation B 

(—24) —2x — 4t/ — 22 = —6 

(B) 2 r -h ?y 4 - 32 « 7 

(- 2 A 4 -B = B') -3//+ 2 - 1 . 

For brevity, the equation —24 -}- B is denoted by B'. In order to have a second 
equation for y and 2 , the variable x is eliminated from (4) and (C) as follows. 

(-34) -3x - 62 / - 32 « -9 

(C) 3jc 4 - 31/ - 42 - 2 


(-34 + e = C') 


-3?/ - 72 = -7. 


Having eliminated x we have now^ the following system of equations: 

m -Sy 4- 2 = 1, 

(CO -37/ - 72 = -7. 

The unknown y is eliminated by subtraction and we have 

(B' - CO 82 « 8 

-or 

2 = 1. 


The substitution of this value in (BO gives 

-37/4-1 


and 


- 32 / 


y 


1, 

0, 


0. 
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The result of the substitution of the values 2 / = 0, 2 « 1 in equation A is 

x -f-O + 1 = 3 
or 

X — 2. 

The given system of equations has, therefore, the solution 

x = 2, 2 / = 0, 2 = 1. 

A check for the computation is obtained by substituting these values in (B) and (C): 

2. 2+0 + 3 . 1=7, 

3.2 + 3 0 - 4 . 1 = 2 . 


EXERCISES 

Solve the following systems of equations. 


1. Ri -h B 2 -h B 3 = G, 

2Ri + 722 - B 3 - 3, 

+ 2 R 2 + 3/?3 = 13. 

3. jc + 2 / + 22 = 7, 

2j + 2?/ + 2z = 10, 

3x — 2?/ + 2 = —9. 

6. Vi - Vo + V 3 = -9, 

-Vi +31% - 1% = 51, 

2 Vi - F 2 + 7 V 3 - 03. 

7. 2/1 + 3/2 + /3 = 3, 

3 /1 + 5/ 2 + 3/ ;i = — 0, 

4/1 + /2 + 2/3 = 3. 

9. 2x — 3?/ + 2 = 3, 

.r + 4y — 32 = —5, 

3x + ?/ + 42 = 4. 

11. 3/1 + 6/2 + 5/3 -7 = 0, 

7i + 21 2 + 3/3 — 0 = 0, 
-27i + 472 + 773 + 5 = 0. 

13. 2co = 3, 

3ri + «5co = 11, 

4c 2 + 7ci + 9co = 23. 

16. XI + X2 + X3 = 17, 

X2 + X3 = 8, 

XI +XZ == 7. 

17. 2Ei - 3 E 2 + 6^3 = 7, 

El + 6JS^2 + 4 E 3 = 8, 

7Ei + 2 E 2 + 20 E 3 =“ 9. 

19. r+ 8 = 27, 
r + < » 25, 

8 + ^ = 22, 


2. 3Ui + F 2 - Vs = 15, 

Fi + 3 V 2 - Ts = 17, 

Fi + V 2 - SVs = -7. 

4. 2 Zi - 3 Z 2 + 3^3 = 36, 
+ 3/^2 + 2 Z 3 = 13, 
3Zi + 4 Z 2 = 1. 

6. 7i + 272 + 373 * 6, 

27i + 372 + 473 = 7, 

371 + 472 + 5/3 = 8. 

8. Pi + P 3 = 4, 

3Pi - 2 P 2 - 5 P 3 = 6, 
4/+ + P 2 + P 3 = 5. 

10. Pi + GPo - 2 P 3 = 4, 

3Pi + 2 P 2 + 4 P 3 = -2, 
6 P 1 - 7 R 2 + 5 P 3 = 3. 

12. 3Pi + 2 E 2 + 2Es = 4, 
5Pi + 3 P 2 + 7 P 3 = —3, 
6 P 1 + 6 P 2 — P 3 — 2 . 

14. 2 p - 2 g + r = 8, 

5^- - 2r = 7, 

3r = 12. 

16. -A + P + C = 30, 

A - 7/ + C = 24, 

A + P - C = 20. 

18. X + Z + P = 9, 

X + 2Z + 4P = 15, 

A + 3Z + 9P = 23. 

20. 7i + 72 — 73 = 0, 

7i - 72 « 6, 

7i + 73 = 4, 
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13-2. Solution of Systems of Linear Equations by the Doolittle 
Method. A great amount of numerical work is involved in the solution 
of a system of linear equations if the coefficients are numbers with two 
or more significant digits. The amount of work is immensely increased 
if systems of four or more equations have to be solved. Since such sys¬ 
tems arise in many practical applications, it is important to have a 
method which meets the following requirements. 

1. The work should be arranged so that what has already been done 
is obvious at Qvery step of the computation, and so that there is no 
doubt as to the next step to be performed. 

2. The method should be such that the number of necessary multi¬ 
plications and divisions is as small as possible. 

3. The method should be suited to the use of the slide rule or a com¬ 
puting machine. 

4. A check for each step of the work should be available. 

The mathematician Gauss showed how the method of elimination by 
adding and subtracting can be arranged so that the conditions enumer¬ 
ated above ar(5 satisfied. A modification of his method, which saves a 
certain amount of work, is due to the American mathematician Doolittle. 
This method, known as the Doolittle method, will be discussed in this 
section. It will be explained by means of examples. 

An important feature of the Doolittle method is the way each step of 
the computation is checked. In this check, the sum of all the coefficients 
and the right-hand member of each equation is computed. This sum is 
called the check sum of the equation. 

Example 1. The check sum of the equation 3® — 4?/ -f 5^ = 10 is 3 — 4 4- 5 + 
10 = 14. 

The check sums are always written on the same Jine as the equation itself, sepa¬ 
rated by a vertical line. 

Example 2. A system of three equations with its check sums is written in this way. 

X -\-2y z = Z 7 

2a; -f 2 / 4- 2 ~ 7 11 

3a;4-32/ — 4z=»2 4 

The check sums are treated exactly as the coefficients of the corre¬ 
sponding equations. Thus, if the equation is multiplied by a factor, the 
check sum is to be multiplied by the same factor. Or, if two equations 
are added or subtracted, the corresponding check sums are to be added 
or subtracted. The result of the operations carried out with the check sums 
of the original equations has to be equal to the check sum of the final equation. 
This fact is used as'the check on the computation. 
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Example S, If the first equation of Example 2 and its check sum are multiplied 
by 3, the result is 

3a; -f- fiy 4" 32 = 9 j 21 

The check sum of the new equation is 3 + 6-1-34-9*= 21 and is equal to the mun- 
ber which was obtained by multiplying the original check number 7 by 3. 

Example 4- If the first two equations of Example 2 and their check sums are 
added, the equation 

3x + 3j/ + 22 = 10 1 18 

is obtained. Its check sum is 3 + 3 + 2 + 10 = 18 and is equal to the sum of the 
check sums 7 and 11. 

How this check is used throughout the computation for each single 
step will be seen from the following example in which Doolittle\s method 
for solving a sj’^stem of linear equations is explained. 

Solve the system of three simultaneous equations. 

(A) 3.42x - 5.932/ + 1*142 = -2.20 -3.27 

(B) 1.95:c 4- 4.682/ ~ 2.732 = 3.00 4-6.90 

(C) 2,14x + 3.642/ + 2.922 = 13.58 4*22.28 

The check sum of each equation is written in the right-most column, 
to the right of the vertical line. In the left-most column, each equation 
is denoted by a letter in order that we shall be able to indicate the opera¬ 
tions performed with the equations. 

All the computations in this example are made with the slide rule. 

Step 1. The first equation is divided by the coefficient 3.42 of x in 
order to obtain an equivalent equation in which the coefficient of x is 
equal to 1. The divided equation is given by 

I X - 1.734?/ + 0.4212 = -0.643 -0.956 

The check sum —0.956 is found by dividing the check sum —3.27 of 
the original equation by 3.42. The check consists in investigating 
whether the number —0.956 obtained in this way is equal to the check 
sum of the new equation. This check sum is 

1 - 1.734 + 0.421 - 0.643 -0.956 

which is equal to the number —0.956 found before. It is, therefore, not 
likely that a numerical error has been made so far. 
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Step 2. In order to eliminate x, equation A' is multiplied by —1.95, 
and the result is added to equation B, This computation is performed 
below. 


(B) 

1.95a: + 4 . 682 / - 2.73? = 3.00 

+6.90 

(-1.95.40 

-1.95x + 3.382/ - 0.823 = 1.25 

+ 1.86 

(B - 1.95.40 

8.062/ - 3.553 = 4.25 

8.76 


After writing down a line, the check sum test has to be made immedi¬ 
ately. Thus, for the last equation, the number 8.76 was obtained by 
adding the cheek sums 6.90 + J .86, and this has to be compared with 
the check sum of the new equation 


8.06 - 3.55 + 4.25 = 8.76. 


If this check sum had another value, then the computation of the last line 
would have to be investigated for errors. A small difference of one or 
two units in the right-most place of the check sum may result from the 
fact that all the coefficients are incomplete numbei‘s, computed only with 
a certain number of digits. It is obvious that in adding a few incomplete 
numbers the result may differ from the correct result by a few units in 
the right-most digit. 

The last equation contains only y and z. Dividing by 8.06, the coef¬ 
ficient of 2/, we have the following equivalent equation in which the first 
coefficient is one. 


/ , B - 1.954'\ 


( B' =-—-) 

y - 0.4403 = 0.528 

\ 8.06 / 


Step 3. The two equations A' and are now used in order to eliminate 
X and y from the eqixation C, This is done in the following way. 

First write equation C 

(C) 1 2.Ux + 3.6^1^ + 2.923 = 13.58 | +22.28 

and write below the product of equation A' and the number —2.14, the 
negative coefficient of x in (C). This product is 

(-2.14^0 1 -2.14a:+ 3.71J/-0.903 = 1.38 [ +2.05. 

If the equations C and (—2.14.40 are added, the unknown x is elimi¬ 
nated, and the unknown y has the coefficient 3.64 + 3.71 = 7.35. In 
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order to eliminate y simultaneously, equation B' is multiplied by —7.35, 
giving 


(-7.35B') 1 -7.352/+ 3.242 = -3.88 1-7.99. 


If now the three last equations are added, x and y are eliminated, 
and the following equation results. 

(C - 2.14A' - 7.35fi') 1 5.262 = 11.08 | 16.34. 


Dividing this equation by 5.26 gives 

(CO I 2 = 2.11 I 3.11. 

The check sum test indicates no error, because 1 + 2.11 = 3.11. Tlie 
value of 2 obtained in the last step is now substituted in equation B' in 
order to find y. The result is 


y = 0.528 + 0.4402 = 0.528 + 0.440 X 2.11 = 1.456. 

Finally, the values of z and y are substituted in equation A', from which 


a; = -0.643 - 0.4212 + l.lZAy 


= -0.643 - 0.421 X 2.11 + 1.734 X 1.456 


= 0.99. 

Writing all the results with the same number of decimal places, the 
solution is: 

X = 0.99, y = 1.46, 2 = 2.11. 

A check for the whole computation can be made by substituting these 
values in equation C. The substitution in equation A or 5 would not 
furnish a complete test because these equations were used for the compu¬ 
tation for y and x. 

The whole computation, as described, can be carried out on much 
less space than has been used here, omitting all explanations and writing 
only the coefficients instead of the whole equations. In this way it is 
possible to have a layout for the whole procedure which can be filled in 
systematically. The following table gives the computation carried out 
before, but omits everything which is not required for the computation 
itself or the check. 
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Name of the Equation 

Coefficient of 

Right 

Member 

Check 

Sum 

1 

X 

y 

2 

A 

+3.42 

-6.93 

+1.44 

-2.20 

-3.27 

4' - ^ 

+1 

-1.734 

+0.421 

-0.643 

-0.966 

3.42 






B 

+1.95 

+4.68 

-2.73 

+3.00 

+6.90 

-1.95A' 

-1.95 

+3.38 

-0.82 

+1.25 

+1.86 

B - 1.95A' 

0 

+8.06 

-3.55 

+4.25 

+8.76 



+1 

-0.440 

+0.628 

+1.087 

c 

+2.14 

+3.64 

+2.92 

+13.58 

+22.28 

-2.14A' 

-2.14 i 

+3.71 

-0.90 

+1.38 

+2.06 

-7.35B' 


-7.35 

+3.24 

-3.88 

-7.99 

C - 2.14A' - 7.36B' 

0 

0 

+5.26 

+11.08 

+16.34 

— (C' - 2.144' - 7.36R') 
6.26 



+1 

+2.11 

+3.11 


2 = 2 . 11 , 

y = 0.528 4- 0.4402 = 1.46, 

X = -0.643 - 0.4212 + 1.734J/ = 0.99. 

The answers can be checked by substituting the values of x, y, z in 
equation C: 

2.14a: + 3.64y + 2.922 = 2.12 + 5.31 + 6.17 = 13.60. 

This result is close enough to the correct value 13.58. 

The Doolittle method was explained here with a system of three 
simultaneous equations with three unknown quantities. It can be used 
for any number of equations. If the system consists of only two equa¬ 
tions with two unknowns, the third step in the computation is not re¬ 
quired. If more than three equations are given, the procedure can be 
continued to the point where only one equation with one unknown is 
obtained. 


EXERCISES 

Solve the following systems of simultaneous equations (slide rule precision). 

L 1.67* + 4.83y - 7, 2. 0.077* + 0.66y - -2.16, 

8.00* + 1102y14. 0.08* - 0.063y >■ -0.0842. 
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Z. eOx + 77y * 1209, 4. 1.5x - 1.33y « 4.42, 

24a; - 36y » 162.3. 4.6a; - 0.33y * -21.68. 

6. 3.47i - 1 . 2/2 « -8.16, 6. 216a; + 322y - 608^ * 3.19, 

6 . 6 /i + 1 . 2/3 - -13.44, 121x - 97y - 1962 «= 488. 

6 . 6/2 - 3 . 4/3 « 38.08. 396a; - 192?^ - 213z » -205. 

7. 2.14a - 0.916 + 0.56c = 1.27, 8. a; + 0 . 2372 / - 0.189z = 1.067, 

-0.91a + 3.726 - 0.38c = 1.98, ^ 0.237a; -f 2 / + 0.3452 = 1.617, 

0.56a - 0.386 + 2.87c « 2.67. -0.189a; + 0.3452/ + z * 1.203. 

13-3. Graphical Representation and Discussion of a System of Two 
Linear Equations. The problem of finding the solution of a system of 
simultaneous linear equations may sometimes present difficulties. For a 
system with two unknowns these difficulties will be discussed in this 
section. The graphical method explained in Chapter 3 is very helpful 
in obtaining a clear understanding of the different possibilities. 

The graph corresponding to the linear equation ax + by = c consists 
of all points whose coordinates x and y satisfy this equation. It was 
stated in Chapter 3 that the graph of a linear equation is always a 
straight line. This line, as described in Sec. 3-12, can be constructed 
after finding two of its points. 

In order to find the coordinates of a point on the line, an arbitrary 
value can be assumed for one of the two variables and the corresponding 
value of the other variable can then be computed from the given equa¬ 
tion. In particular, the x-intercept, that is, the* abscissa of the point 
where the straight line meets the a;-axis, is found by substituting y = 0 
in the given equation; the 2 /-intercept is found by substituting x = 0. 

Example 1. Construct the straight line L corresponding to the equation 

3a; -f 4y = 6 . 

Points on this line can be found by substituting particular values for one of the 
variables. Thus, for a; = 3, the corresponding value of y is 

6 - 3x 6-9 3 

y —i-i- 

and the point (3, — f) is on the line L. In this way any number of points on the 
line can be found. 

The a;-intercept of the line is the point on the line whose ordinate has the value 
2 / ■■ 0 and is found, therefore, from the equation 

3a; 4-4-0 = 6 , 

3a; « 6, 
a? * 2. 
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The ^-intercept is found by substituting x « 0, which gives 

3-0+41/ = 6, 

2/ = I- 

The graph of this straight line is plotted in Fig. 13-1. 



Fig. 13-1. 


This graphical representation can be used to solve a system of two 
simultaneous equations with two unknowns. Each of the two equations 
can be regarded as an equation between two variables, and the two corre¬ 
sponding straight lines can be constructed. The coordinates of a point 
where the two lines intersect one another satisfy both equations and 
are, therefore, a solution of the given system of equations. 

Example 2. Solve the following system of equations: 

4;r — 3y *= 3, 

3a; + 4y * 6. 

The corresponding straight lines are plotted in Fig. 13-2. They intersect at the 
point with coordinates x = 1.2, i/ =* 0.6. This pair of values satisfies, therefore, 
both equations and is the solution of the given system. 

Two straight lines have no point in common if they are parallel. Thus 
a system of two simultaneous linear equations has no solution if the 
corresponding straight lines are parallel. Consider, for example, the 
system of equations 


( 1 ) 


Zx + Ay = 6, 
6a: + = 3. 
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The graphs of the two equations are plotted in Fig. 13-3. Since the two 
straight lines are parallel and therefore have no point of intersection, it 
can be concluded that the given system of equations has no solution. 



The fact that there is no solution in this case can be shown without 
using a graphical representation in the following way. We start with the 

AY 


Nl 




IN 


-♦►X 


Fig. 13-3. 

hypothesis that the given S 3 rstem of equations has a solution and then 
show that this hypothesis leads to an impossible conclusion and, there- 
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fore, must be discarded. Thus, if it is assumed that the system has 
solutions, two numbers x and y could be found such that 

3x + 4^ = 6, 

6x + 8y — 3 

are satisfied simultaneously. Multiplying the first equation by 2 and 
subtracting it from the second equation we have 0 = —9, which is obvi¬ 
ously impossible. The hypothesis, therefore, that the given eauations 
have a solution is wrong because it leads to a false statement. 

A system of simultaneous equations which have no common solutions is 
called inconsistent. Correspondingly, the expression consistent is used 
for any system of simultaneous equations which have common solutions. 
Thus, the system of Example 2 is consistent, the system (1) is incon¬ 
sistent. 

In addition to the two cases discussed above, there is a third possibil¬ 
ity, namely, that the two lines may be identical. Since in this case 
the same straight line corresponds to both equations, the coordinates of 
every point on this line satisfy both equations, and therefore infinitely 
many solutions can be found. 

Example 3. Solve the system 

3x + 42/ =» 6, 

5.19a; 4- 6.921/ = 10.38. 

Both equations correspond to the same straight line, which is plotted in Fig. 13-1, 
and the coordinates of each point of this line satisfy both equations. Multiplying 
the first equation by 1.73, we obtain the second equation, whence the given equations 
are equivalent. 

The discussion of a system of two simultaneous linear equations wdth 
two unknowns given in this section can be now summarized in the fol¬ 
lowing three cases. 

1. The two straight lines corresponding to the equations of the system are 
not parallel. In this case the system is consistent and has just one solu¬ 
tion, and the equations are said to be independent. 

2. The two straight lines corresponding to the equations of the system are 
parallel and different from each other. In this case the system is incon¬ 
sistent and has no solution, 

3. The two straight lines corresponding to the two equations of th£ system 
coincide. This system is consistent and has infinitely many solutions. 
In this case the two equations are always equivalent. They are therefore 
called dependent on one another, and the system itself is called depend¬ 
ent. Every solution of one equation is also a solution of the other. 
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EXERCISES 


Construct the graphs corresponding to the following systems of equations and 
indicate the number of solutions. 


1. 2a: H- 7y » 20, 2. 3a: ~ 5y = 15, 

Sen — = 10. 2a: — y » 2. 


3. 16a: - 21y « 20, 
10a: - Uy « 10. 


4. 0.51A + 0.68R « 0.85, 
0.63A + 0.84i3 « 1.26. 
B.7Au ~ ll.lD = 18.6, 
22u - 33t; « 55. 


6, a: 4- 2 / “ 6, 

X + 2^ = 12. 

7. 35m 4- 30v » 15, 
42m 4- 36t; » 18. 


8. 3m — 2n = 0, 
3m + 2n = 6. 
11. A 4- B = 0, 

A - 5 - 0. 
14. p - g = 2, 

3p “ 3g = 7. 


9. 4a: 4- % - 0, 

X -y = 0, 

12 . 6 m = Svy 
12v =* 9m. 

16. 1.2x - 2Ay * 3.6, 
1.8a: - 3.6t/ = 6.4. 


10. 4a: - 12j^ - 0, 
~6x 4- 152/ “ 0. 
13. 3m 4“ r =* 7, 

M 4“ 2f; ** —6. 


13-4. Solutions of Systems of Two Linear Equations by Determinants. 

The graphical method of Sec. 13-3 is often inconvenient and inaccurate, 
and it cannot easily be extended to systems with three or more unknowns. 
It is therefore desirable to have a method which permits us to examine a 
system of linear equations by computations. 

We shall start with a system of two equations with two unknowns. In 
order to make statements which will be tme for all such systems, the 
equations will be written with letters as coefficients, 


aix + biy = Cl, 

a2X + b2y = C2. 

In order to eliminate y, the first equation is multiplied by fe 2 > the second 
by bu giving 

aib2X 61622/ “ Cl62, 

^ 261 ^ + 6261 ^ = C 261 . 

Subtracting the second equation from the first it is found that 


(0162 — CL 2 bi)x = C162 — C261 


or 

Cl 62 — C 261 
CI 162 — (X 261 

Similarly, it can be shown that 

ttiC2 — (I 2 C 1 


y 


U 162 — ^^261 
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Thus, two formulas have been found by which the solutions of the 
system 1 can be computed. They look complicated, but a closer exami¬ 
nation will show that it is very easy to write them down. The two for¬ 
mulas have identical denominators, given by the expression 

ai?)2 — ^261. 


Expressions of this kind occur frequently in different branches of mathe¬ 
matics. It is, therefore, useful to have a name for them and to examine 
their properties. 

The expression aib 2 — n 2 &i called a determinant of the second order 
and it is denoted by the symbol: 

ai 61 

02 ^2 


The four numbers Oi, 61 , 02 , &2 are arranged in two horizontal lines 
called rows and two vertical lines called columns. Each number is called 
an element of the determinant. Thus, the first row con- 
jj/ sists of the elements oi, fei, the second of the elements 
02 , J> 2 . The first colunrn consists of the elements Oi, 02 , 
the second of the elements 61 , b 2 * The four elements 
form a square with two diagonals, one from the upper 

Fig 13-4 ^ lower right corner, the other from the lower left 

to the upper right corner, as indicated in Fig. 13-4. 

A determinant of the second order is computed by taking the product O 162 
of the elements in the first diagonal and subtracting the product O 261 of the 
elements in the other diagonal. 

The definition of a determinant of * the second order and the rule of 
computing remain the same when the letters Oi, 61 , 02 , 62 are replaced by 
particular numbers. 


Example 1. Compute the determinant 

7 2 

4 3 

According to the rule given above the product 7 • 3 of the elements in the diagonal 
going from the left down has to be formed, and the product 4 • 2 of the elements in 
the diagonal from the left up has to be subtracted, so that 

7 2 

«7*3-4-2«21-8«13. 

4 3 

Example 2, Similarly, it is found that 
-2 

« (-2) • 10 - 4 • (-6) « -20 + 20 - 0. 

4 10 
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Example 3, The computation is simplified if there is an element of the determi¬ 
nant which is zero, 


3 9 

0 ~4 


3 • (-4) - 0 • 9 « -12. 


The formulas for the solution of a system of two linear equations 


^1^2 — ^2^1 CI1C2 — 02^1 

-^ 2/ —- 

0162 — ^2^1 01^2 — 0 , 2^1 


can be written using the determinant notation: 


Cl 

hy 


Ul 

Cl 

C2 

b2 

, y = 

02 

C2 

ai 

by 

ai 

by 

02 

62 


02 

bi 


This result can be stated in the following rule. 
The values of x and y which satisfy the system 

aix + biy = Cl, 

(-) 

a2X + b2y = C2 


are two fractions, each one having the denominator 


(3) 


ai bi 

U 2 ^2 


which is the determinant formed by the coefficients of x and y in the given 
equations 2, The numerator in the expressions for x is 

Cl bi 

C 2 ^2 

which is the determinant obtained by replacing the elements of the first 
column of (3) by the right members Ci and C 2 of {2), The numerator in the 
expression for y is obtained similarly by replacing the elements of the second 
column of (8) by the right members of the given equations 2. 


Example 4 . Using determinants find the solution of 

7a; — 6y =» 9, 

3j; -f 4y - 10. 

The denominator of x and y is 


7 -5 

3 4 


« 28 - 3 • (-6) - 28 + 16 - 43. 
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The numerator of x is the determinant obtained when the elements 7 and 3 of the 
first column of the above determinant are replaced by 9 and 10. This numerator 
has the value 

9 -6 

= 36 - 10(-5) = 36 4- 60 « 86 . 

10 4 

Similarly, the numerator of y is equal to 
7 9 

= 7 • 10 - 3 • 9 « 70 ~ 27 - 43, 

3 10 

and therefore 

X - TS — A 2 / - T? - !• 


EXERCISES 


Solve the following systems of equations by determinants. 


1. 7x + 22/ * 10, 2. 

ar 4- 92/ = 7. 

4 . 7 i - /a = 4 , 6. 

2/i 4- 6/2 - 16 . 

7. 2zi 4" = 3, 8. 

821 — 7 Z 2 — 1. 

10. Pi - 2 P 2 = 10, 

2Pi - P 2 = 10. 

12. 0.5m 4- 0.7w = 28, 13. 

0.2m 4" 0 . 8/1 =» 17. 

16. 982a; - 587y = 0, 16. 

375a; 4- 234y = 0. 

18. 7 - 2L « 1.5(5 - 3P), 

P - L - 4. 

20. 2a; 4- 2 / « 7, 

a ;+2 . 2 / 4-3 , 

-+—-4. 


2.3w — 5.6v = 9.5, 
1.7m - 1.3v = 7.8. 
3 i;i — 2 t ;2 = 1 , 

3ri 4- 2 v 2 = 5. 

/i 4-/2 = 4 , 

4/1 - 3/2 = 5. 


3. 2Ei 4“ 3^2 “ 6, 

7 jEii 4 * P2 “ 2 . 

6 . 2 JE -j- 6 v *= — 20 , 
3 E 4 “ “ 2 . 

9. 2P - 5x = 0, 

R - X = 3. 


11. 6500A 4- 6300P = 120,000, 
8200A - 2100B = 96,000. 


lOr - 5s 4- 19 = 0, 
3r 4- 2s - 12 =» 0. 

2 / = 2a; - 3, 

X + 2y = 14. 


14. 157i - 1372 = 0, 
97i + 7/2 = 26. 


2m ^ 29 — 


n - 13 


M -f 1 3 ^ — 5 

10 2 ' 
U — V M + 1 
8 “ 10 


13-5. Discussion of a System of Two Linear Equations by Means of 
Determinants. The solutions of a system of two linear equations are, 
according to the rule of the preceding section, fractions with the denomi- 
ai 61 

nator • These fractions can always be computed if this deter- 

(I2 &2 

minant ia not zero.^ Therefore, the following theorem is true: 
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Two simvltaneous linear equations 

aix + biy = Cl, 

a 2 X + 622/ = C2, 

are independentj which means that they may be solved and that there is only 
one pair of values in the solution, if the determinant of the system 

ai bi 

9^ 0 . 

02 2>2 

If the determinant (2) is equal to zero, then the equations in (1) are 
either inconsistent or dependent. We shall state here without proof 
that when the three determinants 

a\ 61 Cl b\ a\ C\ 

02 62 C 2 62 02 C 2 

all have the value zero, the system is dependent. If the first is zero but the 
other two are not zero, then the system is inconsistent. A few examples 
will show how to apply these criteria. 

Example 1. Consider the system of equations 

3x -7y ^ 10, 

5a: -f = 20. 

Find the value of the determinant: 

3 -7 

« 6 - 5(-7) » 6 4-35 « 41. 

5 2 

Since this value is different from zero, we conclude, without solving the equations, 
that the system is independent and has only one solution. 

There are many cases in which it is sufficient to know that the system 
is independent and has only one solution and in which it is not required 
to compute the values of the unknowns. 

Example 2. The system of equations 

4 8y =» 10, 

Ox 4 122^ « 12 

is not independent, for 

6 8 

D » - 72 - 72 - 0. 

9 12 
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In order to decide whether this system is inconsistent or dependent, two other 
determinants must be computed. These determinants are obtained by replacing, 

respectively, the first and the second column of D by the right members of the given 
equations. We have then 

10 8 

Di » « 120 - 96 = 24, 

12 12 

6 10 

D 2 “ « 72 - 90 = -18. 

9 12 

Since Di and D 2 are diflferent from zero, the given system of equations is inconsistent 
and has, therefore, no solution. The graphs of the two equations are, in this case, 
two parallel lines. 

Example 5. Consider the system of equations 

6 x + 82 / = 10 , 

9x + 12t/ = 15. 

The three determinants whose values we need are, 

6 8 

D « = 72 - 72 « 0, 

9 12 

10 8 

Di « - 120 - 120 = 0, 

15 12 

6 10 

D 2 = = 90 - 90 = 0. 

9 15 

Hence it follows that the given system is dependent and that every solution of the 
first equation is also a solution of the second. The two equations are equivalent, 
for the second equation is obtained by multiplying the first one by f. 

Example 4. Given the following system of two simultaneous equations with the 
two unknowns x and y: 

Ifcx -f 8y » 10, 

9x 2hy *= 15. 

Without solving the system, find the values of the quantity A; for which the equations 
are independent, inconsistent, or dependent. 

The first step is to compute the determinant of the coefficients of x and y. This 
gives 

‘ k 8 

D « « 2ik2 - 72. 

9 2k 
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The system is independent for all values of k for which 2k^ — 72 0. For'examplet 

if fc 4, then 

D - 2A;2 - 72 = 216 - 72 » -40 0, 

and the system obtained by substituting k ^ 4, 

4 a; -f- 82/ = 10, 


9a; -f % =* 15, 


has a solution which can be easily computed. 

The system is not independent if the determinant 


or when 


D = 2A;2 - 72 « 0 
k « ±6. 


In order to decide whether in this case the system is inconsistent or dependent the 
two other determinants 


Di 


10 8 

15 2k 


20k - 120, 


D2* 


k 

9 


10 

16 


15A; - 90 


must be computed for A; = ±6. The result is the following. 

Case 1, For k == 4-6: D\ = 120 — 120 = 0, D2 = 90 — 90 =» 0. The given sys¬ 
tem is in this case dependent. 

Case 2. For k » -6: Di « -120 - 120 = -240 0, D2 * -90 - 90 - -189 

7^ 0. The given system is in this case inconsisterU. 


EXERCISES 

Decide whether the following systems are independent, inconsistent, or dependent, 
and compute the values of the unknowns when the equations are independent. 


1. 

21a; - Iby = 12, 

2. 

24a; + 15y « 17, 


3a; - 2y = 17. 


16a; 4- lOy = 12. 

3. 

0.08A - 0.06B « 0.1, 

4. 

Ifn = 3 — 671, 


12A - 9B = 15. 


5m = 7n — 6. 

6. 

12w + 9 * 4t;, 

6. 

9.2A = 16.1B + 11.5, 


lOv + 9 = 30w. 


3.5B « 2.0A - 2.5. 

7. 

3.8a; - lAy « 3.6, 

8. 

6M = 9Ar 4- 7, 


6.7a; - 2.ly - 6.4. 


6N » 4M - 6. 

9. 

20p — 19g «* 22, 

10. 

0.65/1 4- 0.85/2 » 2.35, 


21p - 20g » 23. 


0.39/1 4“ O.6I/2 - 1.41. 

11. 

3x + 9 =■ 6y, 

12. 

4a; - 16 - Sy, 


3y + 9 « 6a;. 


62/ — 20 4a;. 

18. 

E\ “1“ 2B2 *“ 3, 

14. 

p4-2^ 4-11 -0, 


2Ex — E% "f” ^ 0. 


3p 4* 7 4" 13 ■“ 0. 
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Find the values of k for which the following systems are inconsistent or dependent. 


16. (2 + k)x + (5 -f k)y = 3, 
(3 + k)x + (4 + k)y « 1. 


16. (1 - k)u + 5t; = 7, 
6w + (25 - A;) = 0. 


17. kx y ^ ky 

19. (7 - k)a -f 36 « 12, 


18. kx — y — m, 
kx + y ^ —m. 


20 . 


A 

4 - A; 



1 , 


4o “1" (3 — k)b =* 8. 


21 . 


A B 
4- ie'^ 6 - 1 


1 , 


A _ ^ 

'6~-k 7 -k’ 

23. 10m + /cn = 2A;, 
6m 4* 8w = A;. 


1 . 


X ^ y 


5-k 7-k 


x y 


k A; + 2 


+ 1 . 


13-6. Systems of Two Linear Homogeneous Equations. A linear 
equation is called homogeneous if its right member is zero. Thus, 
3x + 4 ^/ = 0 and aix + l)\y = 0 are homogeneous (filiations. There are 
many problems leading to the solution of a system of two homogeneous 
equations, and, therefore, such systems will be studied in this section. 

The graph of a linear equation without the absolute term as, for exam¬ 
ple, 3a; + 4i/ = 0 is a straight line passing through the origin of the co¬ 
ordinate system. This is so because the equation is satisfied when a; = 0 
and y == 0 are substituted. A second point of this line can be easily 
found by choosing an arbitrary value for x and computing the corre¬ 
sponding value of y. Thus, when a; = 4, y = —3. The graph of 3x + 
4y = 0 is plotted in Fig. 13-5. 

Suppose a second homogeneous equation be given by 7x — 5y = 0. 
The straight line corresponding to this equation also passes through the 
origin. To obtain a second point on it, the value 5 is substituted for x, 
giving y = 7. From Fig. 13-5, it is obvious that the two straight lines 
have only the origin as a common point; therefore, the coordinates of 
this point, x = 0, y == 0, are the only solution of the system 

3x + 4y = 0, 

7x — 5y — 0. 

A similar discussion would show that any two linear homogeneous 
equations are represented by two straight lines which intersect at the 
origin, and that, therefore, the coordinates x = 0, y = 0 are the only 
solution of the system formed by the two equations. But there is one 
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exception. It may happen that the two equations are represented by the 
same straight line. The coordinates of every point on this line satisfy 
both equations, so that there are infinitely many solutions besides 
a: = 0, y = 0. This exceptional case is very important for the applica¬ 
tion of the theory, because we are often required to investigate whether 



or not there are solutions different from zero. A test by which the two 
cases may be distinguished will be found by the rules of Sec. 13-5. 

In general, consider the system 


( 1 ) 


oix + biy = 0, 

a 2 X + 622/ = 0. 


The determinant of the coefficients of x and y is given by 


ax 

(X2 


h 

i>2 


= <1162 — a 2 bx . 


In Sec. 13-5 it was stated that the system has only one solution if this 
determinant is different from zero. This solution is, in this case, a: = 0, 
y — 0, This gives the theorem: 

When the determinant of the system {!) of two homogeneous linear equa¬ 
tions is not zerOf then the only solution is given by x == 0, y ^ 0. 
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Consider now the case when 

at bi 

h ~ 

CL2 02 

<1162 — ~ 0) 

0162 ~ 

^2 ^2 

If this quotient is denoted by a letter fc, we have then, 

^ = -^ = ik 

02 h 

and 

ai = /ca 2 , fci = kh2i 
or 

aix + hiy = A;(a2a; + 622/). 

The first equation a 2 X + biy = 0 is, therefore, equivalent to the second 
equation a 2 X + 622 / = 0 , from which it is derived by multiplication by 
the factor k, A solution of one of the two equations satisfies, therefore, 
the second equation, and the lines representing the two equations are 
identical. Thus, the second part of the theorem can be stated as follows. 

A system (1) of two homogeneous linear equations has infinitely many 
solutions if its determinant is zero. 

A few examples will show how to apply the rules of this section. 


and hence 
or 

BO that 


Example 1, The system 

3.7x — 4.9y = 0, 
l.Zx + 8.52/ “ 0 


has the only solution a; =» 0,2/ “ 0, because its determinant 


3.7 

-4.9 

1.3 

8.5 


3.7 • 8.5 + 1.3 • 4.9 0. 


Example 2. For what values of k has the system 

(7 - + 22/ - 0, 

2x + (4 — k)y =» 0 


only the solution » «■ 0,^2/ *“ 0^ 
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The determinant of the system is 
7 - A; 2 

= (7 - A;)(4 - A;) - 22 

2 4 - A; 

= 28 - llA; + A;2 - 4 
= A;2 - llA; + 24. 

The system has solutions different from ar = 0, y = 0 only if this determinant is 
zero, or only if 

A;2 - llA; + 24 * 0. 

The solution of this quadratic equation gives the two values 

ki — 8, /b2 ~ 3. 

Hence, it can be stated that the given system has only the solution x « 0, 2/ » 0, 
if a value is chosen for k different from 8 or 3. 

If A; ** 8 is substituted, then the given system becomes 

-X + 2y = 0, 

2x — 4^/ =» 0. 

These two equations are equivalent, the second being the product of the first equa» 
tion and —2. Each pair of numbers satisfying the first equation is a solution of 
the system. For example, 

X =* 2, y = 1, or X — 10, y =* 5, or x « 400, y ■» 200, 
satisfy both equations. 

The substitution A; *= 3 into the given system yields 

4x + 2y = 0, 

2x -h 2/ = 0. 

Again, both equations are equivalent, the first being twice the second. 

EXERCISES 

Investigate whether the following systems have solutions different from x « 0, 
y-0. 

1. 17x - 152^ » 0, 2. 12A + 27R = 0, 3. x + y » 0, 

16x - Vly « 0. 8A 4- 18R » 0. x - 2/ « 0. 

4. fix -f 82/ » 0, 6 . 0.357m - 0.437n » 0, 6 . 3.1Pi - 5.3^2, 

9® + 122^ « 0. 0.391m - 0.398« » 0. 3.41Pi - 5.83P2. 

7. 12^1 + 6fiJ^2 « 0, 8 . 7.1r » 8.3s, 9. l.Sx + 352^ - 0, 

-3J&1 - 14^2 “ 0. 2.3r - 1.5s. O.fix -f Uy « 0. 
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Find values for k such that the following systems have solutions different from 

x « 0, 2/ « 0. 


10. 2A -h - 0, 

7A + (4 + k)B = 0. 

13. kFi + 2.7^2 « 0, 
1.5Fi + kF2 « 0. 


11. (7 - k)z - 62/ = 0, 12. X 

8ic — 02/ = 0. y 

14. 4A - fcR « 0. 
fcA - 9R « 0. 


kx. 


15. 


+ 


y 

9 - A; 


0 , 


16. llx + 3y =* Aa:, 


X 


n - k 



« 0. 


Ill/ -h 3x == ky. 


17. (11 - A;)A + 7B * 0, 
2A + (6 - k)B » 0. 


18. (13 - 2k)m - (15 + 4/b)n = 0, 
11m -f 6n = 0. 


13-7. Determinants of the Third Order. In the previous sections 
determinants of the second order were defined and used for the discussion 
of systems of two linear equations with two unknowns. Determinants 
of higher order must be introduced if systems of lim^ar equations with 
more than two unknowns are to be examined. 

A determinant of the third order is related to a system of nine num¬ 
bers which are arranged in three rows and three columns. It is denoted 
by enclosing the system of nine numbers by two vertical lines, like 


3 

5 

11 


ai 


Cl 

9 

-3 

8 

or 

02 

{>2 

C2 

1 

5 

7 


az 

bs 

cz 


Each of the nine numbers is called an element of the determinant. Every 
element is located in a certain row and in a certain column. For exam¬ 
ple, in the last determinant the element C 2 is in the second row and in 
the third column; this can be also expressed by saying that the row 
number of C 2 is 2 and its column number is 3. 

An element is called even if the sum of its row and column numbers 
is even; it is called an odd element if this sum is odd. Thus the element 
C 2 is odd because 2 + 3 = 5. The element ai is even because it is in the 
first row and first column and the sum 1 + 1 = 2 is an even number. 
Throughout this section the terms even and odd will be used exclusively in the 
sense just described. 

The computation of a determinant of the third order can be reduced 
to the computation of determinants of the second order. How this can 
be done will be shown in what follows. 
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If in a determinant of the third order one row and one column are 
omitted, four elements remain from which a determinant of the second 
order can be formed. Thus, if in 

3 5 11 

9-3 8 

1 5 7 

the second row and the third column are crossed out, 

3 5 

■ 9—3 - 

1 5 

the remaining four elements 

3 5 

1 5 

form a determinant of the'second order. 

To each element of the third-order determinant, there corresponds a 
second-order determinant consisting of the elements which remain* if 
the row and the column of the given element are crossr^^ out. This pro¬ 
cedure is used in the following definition of a cofactor. 

The cofactor of a given element in a determinant of the third order is 
defined in the following way, 

(a) The row and the column of the given element are crossed out, 

(b) The second-order determinant of the four remaining elements is 
formed, 

(c) This determinant is the cofactor of the given element if this element 
is even. For an odd elementj the negative value of this determinant is the 
cofactor of the given element. 



Example 1. Find the cofactors of the elements of the first row of the determinant 


a\ 

bi 

Cl 

02 

h 

C2 

as 

bz 

C3 


In order to find the cofactor of ai, the first line and the first column have to be 
omitted, which gives 


4t— 

— 


<2 

6, 

C2 

43 

bi 

C3 
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62 C2 

63 C3 

Since element ai is even, its cofactor is equal to this determinant. 

The element 61 is odd. Its cofactor, therefore, is the negative value of the deter¬ 
minant obtained after crossing out the first row and second column in D. Thus the 
Gofactor of bi is 

02 C2 
03 C3 

Similarly, the cofactor of ci is 

02 62 

03 63 

Example 2. Compute the cofactor of the element —3 in the determinant 

3 6 11 

9-3 8 • 

1 5 7 

This element, being in the second row and second column, is even. Its cofactor, 
therefore, is 

3 11 

« 21 - 11 = 10 . 

1 7 

The definition of a determinant of the third order can now be stated 
as follows: 

In order to compute a determinant of the third order, each element of the 
first row is multiplied by its cofactor, and the three products are added. 
When this definition is applied in order to find the value of 

Ui hi Cl 

( 1 ) D = a 2 62 ^2 

^3 C3 

we obtain 

62 C2 a 2 C2 CI2 ^2 

D = Ui — &i "i" Cl 

63 C3 as C3 as 63 

where the values of the cofactors are taken from Example 1. 

If the three second-order determinants of the last expression are 
computed, we have then, 

D — <*1(62^3 “■ hsCs) ““ bi(a 2 Cs — asC 2 ) + 01(0263 — U362) 

= 0162O3 0163C2 — 61O2C3 61O3C2 “h C1O263 — C1O362. 
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Rearranging the last sum by writing first the positive terms, we have 
the following expression for the determinant of the third order given 
in (1): 

D = Cl\b2^Z "t” — U362C1 — bsC2(ll — C^CL^\> 

This expression, which looks complicated, can be found by the following 
simple rule, which applies only to determinants of third order. 

To the right of the given determinant^ the first two columns are repeated 
so that the following is obtained: 


ai 

h 

Cl I 

ai 

bi 

CI2 

62 

C2 

0,2 

b2 

as 

^3 

C3 

as 

b2 


Then multiply the elements in the diagonal of the original square which 
runs from the upper left corner downward and the elements in the two lines 
parallel to this diagonal indicated in Fig. 1S~6. These three products are 
the positive terms of D. In order to obtain the negative terms^ multiply the 
elements in the diagonal of the original square, running from the lower left 
comer upward, and the elements in the two lines parallel to this diagonal 
as shown in Fig. 13-6. 



Fig. 13-6. Fig. 13-7. 


An alternative rule which gives the same result is indicated in Fig. 
13-7. 

Example 3. Compute the value of the determinant 

3 5 11 

D = 9 -3 8 • 

1 5 7 

By the rule given above we write 

3 5 11 3 6 

9 -3 8 9 -3* 

1 5 7 1 6 
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Hence we have for our determinant: 

Z> » 3 • (-3) - r + S- S- l-hll-O-S-l - (-3) -ll-S-S-S-T-O-S 
« -63 + 40 + 495 + 33 - 120 - 315 = 568 - 498 » 70. 


Example 4- Compute the value of the determinant 


D 


10 0 -5 

16 0 • 

0 9 2 


As in the previous example we write 


which gives 


10 0 -5 10 

16 0 1 

0 9 2 0 


0 

6 

9 


10 •6-2+0 + (-5) • 1 • 9 - 0 - 0 - 0 = 120 - 45 = 75. 


When the elements are complicated numbers, the computation of 
determinants may be very troublesome. Such computations can be 
greatly simplified by several rules relating to determinants which are 
given below without proof. The same rules hold also for determinants 
of the second order and for determinants of higher orders. 

The value of a determinant of the third order was originally defined as 
the sum of the products of the elements of the first row by their cofactors. 
The same value is obtained if the elements of the first row arc replaced 
by the elements of another row or of a column. Thus, the first of the 
theorems to be stated is: 

1 . The value of a determinant is obtained if the elements of any row or any 
column are multiplied by their respective cofactors and these products are 
added, 

2. If only one element in a row or in a column is different from zerOy 
the determinant is th£ product of this element and its cofactor. 

This statement is an immediate consequence of the first theorem. 


Example 6. Using the last result we have 
3 4 2 

0 0 4 

2 1 3 

Other consequences of the first theorem are the following. 

3. A determinant is zero if all elements of one row or all elements of one 
column are zero. 



3 

4 

- -4 




2 

1 


-4(3 - 8) - 20. 
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4. The value of the determinant changes its sign if two rows or two columns 
are interchanged. 

This last theorem will be illustrated in the next two examples. 


Example 6. Consider the determinant 


1 

2 


= 5-8 


-3. 


Interchanging the two rows we obtain 

2 5 
1 4 


8-5 = 3. 


Example 7. Consider the determinant 
1 2 -1 

3 1 4 

2 3 1 

= 1 + 16 - 9 + 2 - 12 - 6 = - 8 . 


= l- l- l-(-2-4-2 + (-1) . 3 • 3 - 2 • 1 • (-1) - 
3 • 4 • 1 - 1 • 3 • 2 


The determinant obtained by interchanging the first and third columns is given by 
-1 2 1 

4 1 3 

1 3 2 

= -2 -}- 6 + 12 - 1 + 9 - 16 = + 8 . 


= (-1) •l-2-b2-3-l-fl-4-3-l-l-l- 
3 . 3 . (- 1 ) -24.2 


5. A determinant is zero if the elements of one row or of one column are 
equal to the corresponding elements of another row or column, respectively. 


Example 8. To illustrate the last theorem, consider the following determinant 
having the elements of the first column equal to the corresponding elements of the 
third column: 

3 1 3 

2 3 2 

1 2 1 

= 9+ 2 +12- 9-12- 2=0. 


= 3‘31+1.21+3.2.2-1.3.3-2.2.3- 
1.21 


6 . A determinant is multiplied or divided by a number k if all elements 
of one row or of one column are multiplied or divided respectively by this 
number k. 

It follows from this theorem that any factor common to all the ele¬ 
ments of a row or column may be removed and written before the 
determinant. 
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Example 9, 


24 

32 

16 


8.3 

oo 

8.2 

3 

4 

2 

5 

1 

3 

= 

5 

1 

CO 

tl 

00 

5 

1 

3 

3 

4 

7 


3 

4 

7 

3 

4 

7 


7. If to the elements of any column we add or subtract k times the corre-- 
spending elements of any other column^ the value of the determinant remains 
unchanged. The same rule holds for rows. 

Example 10, If the elements of the second column of the determinant 

3 4 10 

1 2 6 

2 6 15 

are multiplied by 3 and then subtracted from the third column, the result is 

3 4-2 

12 0 • 

2 6-3 

In order to check the given theorem, both determinants can be computed: 

3 4 10 

= 3- 215 4‘4-6-2-fl0 1- 6- 2*2-10- 

^ 2 ® 6-6-3-16 1- 4 

2 6 15 

= 90 -h 48 -f 60 - 40 - 108 - 60 » -10. 

3 4-2 

1 2 0 « -3 • 2.3+ 4 • 0 • 2 + (-2) • 1 • 6- 

2 6 -3 ^ ^ -6.0-3- (-3) .1.4 

= -18 - 12 + 8 + 12 - -10. 

The computation of a determinant can often be greatly simplified by 
the application of these rules. Theorem 7 is especially useful in decreas¬ 
ing the numerical value of elements of the determinant or, as in Exam¬ 
ple 10, in reducing an element to zero. 

A few examples will show how these theorems are used for the compu¬ 
tation of determinants. 

Example 11, Find the value of the determinant 



32 

31 

16 

D - 

40 

44 

23 


35 

34 

18 
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By Theorem 7 the value of D is not changed if the second column is subtracted 
from the first. This operation diminishes the terms of the first colunm and makes 

1 31 15 

D = -4 44 23 

1 34 18 

In order to continue with the simplification of D, the first row is subtracted from 
the third, making one element zero. The result is 

1 31 15 

D = -4 44 23 

0 3 3 


All the elements of the third row are divisible by 3. Hence the application of 
Theorem 6 gives 

1 31 15 

D = 3 -4 44 23 

0 1 1 


Subtraction of the third column from the second gives 

1 16 15 

D = 3 -4 21 23 

0 0 1 


The last determinant can be easily computed because of the zeros in the third row. 
We have finally 

D = 3[1 • 21 - (-4) • 16] = 3 • 85 = 255. 


Example 12. Compute the determinant 

13 19 11 

D = 7 9 5 • 

10 14 8 


The elements of the third row are divisible by 2, therefore 

13 19 11 

D » 2 7 9 5 • 

5 7 4 

The terms of D can be diminished in different ways. For example, in the last deter¬ 
minant the elements of the third row are multiplied by 2 and subtracted from the 
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first, and then the elements of the third row are subtracted from the second. Both 
operations, when performed simultaneously, give 

3 5 3 

D * 2 2 2 1 • 

5 7 4 

Subtraction of the second row from the third in the last determinant gives 

3 5 3 

D « 2 2 2 1 

3 5 3 

In this determinant, the elements of the first and third row are respectively equal; 
therefore, according to Theorem 5, 

D « 0. 

Example 13. Compute the determinant 

1 1 1 

D ^ a h c • 

a2 62 c2 

If the first column is subtracted from the second and from the third column, we 
obtain 

1 0 0 

D=*a 6 — 0 c — a 

or 62 — a2 c2 — 

1 0 0 

a h — a c — a 

a2 (6 — o)(6 -f n) (c — o)(c + o) 

All the terms of the second column are divisible by 6 — o and all the terms of the 
third column by c — o. Applying Theorem 6 we get, 

1 0 0 

D =» (6 — o)(c — o) o 1 1 

o2 6 -f n c + o 


To simplify the last determinant, the second column is subtracted from the third, 
yielding 

1 0 0 

D a (6 — o)(c — o) a 1 0 

€? 6 -f o c — h 


and therefore 


D a (6 — o)(c — o)(c — 6). 
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EXERCISES 


Compute the values of the following determinants. 



2 

3 

1 


3 

0 

-4 

1. 

4 

1 

5 • 

2. 

~2 

4 

5 • 


6 

2 

3 


0 

3 

-1 


1 

-3 

2 


4 

6 

8 

3. 

4 

6 

-3 • 

4. 

2 

3 

4 • 


3 

-2 

2 


5 

7 

3 


-3 

5 

7 


1 

4 

6 

6. 

2 

4 

6 • 

6. 

4 

2 

5 • 


7 

3 

1 


6 

5 

3 


-5 


2 3 


-8 

2 

3 

7. 

2 

- 

3 1 - 

8. 

5 

1 

2 • 


1 


4 6 


-3 

6 

3 


9 

3 

7 


1 

0 

0 

9. 

-2 

1 

-3 • 

10. 

0 

1 

0 • 


3 

2 

4 


0 

0 

1 


0 

0 

1 


0 

1 

0 

11. 

0 

1 

0 • 

12. 

1 

0 

0 • 


1 

0 

0 


0 

0 

1 


0 

0 

3 


1 

5 

6 

13. 

2 

0 

0 • 

14. 

0 

2 

9 • 


0 

4 

0 


0 

0 

3 


0 

9 

3 


01 

oi 

6i 

16. 

0 

0 

4 • 

16. 

02 

02 

62 • 


2 

8 

6 


03 

03 

bz 


1 


c -h 


0 

—m 

—n 


17. 

—c 


1 a 

18. 

m 

0 


• 


b 

- 

■a 1 


n 

V 

0 



1 

2 

3 


10 

9 

8 

19. 

4 

5 

6 • 

20. 

9 

8 

7 • 


7 

8 

9 


8 

7 

6 


2 

6 

10 


17 

36 

28 

21. 

4 

8 

12 • 

22. 

19 

21 

12 ‘ 


6 

10 

14 


11 

16 

19 


67 

63 

48 


1 3.3 


-2.2 

4.5 

23. 

31 

26 

19 • 

24. 

-2.9 

1.7 

-3.2 


64 

71 

80 


1 4.2 


3.8 

4.7 


7 9 16 10 8 

26. 0 0 0 • 26. 3 0 14 • 

1 9 5 7 0 9 
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27. 


27 

324 

0 


93 28 

213 629 

0 0 


29. 


17 

1 

2 


5 

6 
9 


17 

1 

2 


31. 


1 

1 

1 


5 25 

7 49 • 

9 81 


33. 


64 

36 

9 


8 

6 

3 


1 

1 • 
1 


36. 


1 

A 


1 1 

B C 


37. 



2 3 

A; - 1 2 

-2 A; - 1 


Or 8 


39. 


—r 


—5 


0 

P 


-p 

0 


[13-7 



8 

11 


— 

17 

28. 

-9 

20 


3 


-9 

20 


3 


1 3 

0 

2 


30. 

6 

4 

7 

. 


3 

0 

2 



1 

1 


1 


32. 

3 

10 


4 

. 


9 

100 


16 1 



0 

X"' 

X 

1 


34. 


V 

1 




z 

1 



1 

2u 


4m^ I 

36. 

1 

Zv 

€ 



1 


16w;2 I 


X 

y 

1 


38. 

\ 

2/1 

1 



X2 

2/2 

1 



13-8. Systems of Linear Equations with Three Unknowns. Determi¬ 
nants of the third order can be used to obtain the solution of a system of 
three simultaneous linear equations just as determinants of the second 
order were used for solving a system of two simultaneous equations. 
Since space does not permit the development in this book of the general 
theory of systems of three or more equations, only three of the more 
important problems concerning such systems will be discussed. These 
problems are: 

1. Is the given system independent? 

2. When does a system of homogeneous equations have a solution in 
which not all the unknowns are equal to zero? 

3. What is the solution of a system of two homogeneous equations in 
three unknowns? 

Each one of these three problems is solved by a theorem. The result¬ 
ing three theorems will be stated in this section without proof. 

A system of three linear equations with three unknown quantities is 
called independent if it can be solved and also if there is only one system 
of values of the unknowns satisfying the given equations. This is 
exactly the same definition of the idea of independence which was given 
in the discussion of systems of two equations (Sec. 13-3). 
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The theorem solving the first of the above stated problems is given 
in the following. 

1. The system of equations 

aix + biy + ciz = di, 

a2X + b2y + C2Z = d2j 

dsx + bsy + C3Z = da, 

is independent if the determinant 

ai bi Cl 

a2 ^2 <^2 

^3 ^3 ^3 

which is formed from the coefficients of the unknowns is not zero. 

If this determinant is zero, the system is either inconsistent or depend¬ 
ent. In the first cavse there is no solution, and in the second case there 
are infinitely many solutions. 

Example 1. Consider the system of equations: 

X + 2/ + 2 = 3, 

2x - y -{-Zz ^ If 
4x -f y + 52 - 6. 

This sytem is not independent, because the determinant of the coefl&cients 
1 1 1 

2 -1 3 = -5-f 12+ 2+4 - 3 - 10 = 0. 

4 1 5 

By theorems which are not given here it could be shown that this sytem of equa¬ 
tions is inconsistent. This fact, however, can be sho\^Ti directly by multiplying the 
first equation by 2, the second by 1, the third by —1, and adding the resulting 
equations. 

2x -f 2y H- 22 « 6 

2x — 2 / -f 32 = 1 

—4a: — y — 5z --5 

0 « 2 

This, obviously, is impossible. 

The method for solving an independent system of three linear equa¬ 
tions with three unknowns was given in Sec. 13-1. 
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The second problem deals with a system of equations of the form 
aix + biy + ciz = 0, 
a2X + b2y + C 2 Z = 0, 
asx + bzy + csz = 0. 

In these equations the constant term is missing, and they are called 
homogeneous. It is obvious that these equations are satisfied if 

X = 0, 2/ == 0, 2 = 0. 

In many problems it is important to know whether or not there are other 
solutions such that not all the unknowns are zero. The answer to this 
problem is given by the following theorem. 

2. The system of three homogeneous equations with three unknowns 

dix + biy + Ci2 = 0, 
a 2 X + 622/ + C22 = 0, 

(I 3 X + 632 / + CsZ = 0 

has only one solution^ 

a: = 0, 2 / = 0, 2 / = 0, 
if the determmafit of the system 

ax bi Cl 

D = a2 b2 C 2 

az bz Cz 

is not zero. It has infinitely many solutions if this determinant D is equal 
to zero, hi this case all the solutions can be found by multiplying the 
cofactors of the elements of the first {or any other) row of D by an a'^bitrary 
number, so that these solutions are given by 


62 

C2 


X = t 

= t{b2Cz 

— 63C2), 

hz 

C3 


a2 

C2 


y^-t 

= t{azC2 

— a2Cz), 

az 

cs 


02 

b2 


z = t 

= t{aibz 

— azb2), 

CLz 

h 



where t is arbitrary.^ 
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« -f y -f 2 “ 0, 

2a! — 2^ -j- 32 = 0, 

4x 4- y + 52 = 0. 

The determinant of this system as computed in Example 1 is 

1 1 1 

(1) 2 -1 3 *0. 

4 15 

According to Theorem 2, the given system has infinitely many solutions. In order 
to find them, we compute the cofactors of the elements of the first row of the above 
determinant: 

-13 2 3 

* -5 - 3 - -8, - » -(10 - 12) « 2, 

15 4 5 

2 -1 

« 2 -h 4 = 6. 

4 1 

All the solutions of the system are now given by 

(2) X - -8^, y =-2i, 

where t is an arbitrary number. This solution can be checked by substituting the 
expressions for x, y, and z in the given system of equations. Thus we obtain 

X + y + z — —St + 4- 6^ = 0, 

2a; - 2 / 4- 32 = -16< - 2^ -f 18« = 0, 

4a; 4- 2 / 4- = -32^ 4- 2^ 4- 30^ = 0. 

A simple solution is obtained by choosing, for example, i so that 

a; = -4, y * 1, 2*3. 

The same solution is obtained if the cofactors of another row of the determinant 
in (1) are used. Computing the cofactors of the third row we obtain 

11 11 

*34-1*4, - =^(3-.2)»-l, 

-13 2 3 

1 1 

= -1 - 2 * -3. 

2 -1 

Hence, if u is an arbitrary number, w-e have as the solution 

(3) a; * 4w, y — —u, z * —3m. 

These expressions give exactly the same values for x,yyZ as those obtained in (2), 
for when u * — 2( we see that (3) is the same as (2). 
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From Theorem 2 it follows that, if the determinant of a system of 
three homogeneous linear equations is zero, the equations are dependent 
in such a way that each set of solutions satisfying two of the equations 
is also a solution of the third equation. This statement can be used to 
solve a system of two homogeneous equations with three unknowns 

aix + hy + ciz = 0 , 

a 2 X + 622/ + C2Z = 0. 

For if these two equations are regarded as the first two equations of a 
system of three equations, the determinant of the coefficients is zero, 
so that the solution of this system can be expressed by the cofactors of 
the missing third row, wfiich have the values 


h 

Cl 


ai 

Cl 


Cl 

ai 


ai 

h 

62 

C2 

y 

a2 

C2 


C2 

«2 ! 

y 

a2 

h 


We have now the following theorem. 

3. The solutions of the system of two simultaneous linear equations with 
three unknowns 

aix + biy + CiZ = 0 , 
a 2 X + 622/ + C2Z = 0 
are given by the expressions 



bi 

Cl 


Cl 

ai 


ai 

h 

X = t 

62 

C 2 

, y = t 

C2 

a2 

, z = t 

(I 2 

62 


where t is an arbitrary number. 

Example S. Solve the system of equations 

3a; — 4^/ -f 52 0, 

2a; “f y 4- « * 0. 


The three determinants, used in Theorem 3, are in this case 


-4 5 

1 1 


-4 

3 

2 



3 

2 


10-3 


7 , 


11 . 


Hence all the solutions of the given system are given by 
X « —9<, y ^ 7t, 2 « IR, 

Inhere t is arbitrary. If, for example, the value ^ 1 is chosen, then 

« -9, y « 7, 2 - 11. 


X 
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These values are easily checked to be solutions by substitution in the given equations. 

The result is 


3(-9) - 4-7+ 6 -11 

- -27 - 28 + 66 ■= 0 , 

2(-9) + 7 + 11 

= -18 + 7 + 11 - 0. 

The definition of determinants of the third order by means of the 
cofactors of the elements of a row or column can be extended to define 
determinants of any order. It can be shown that the theorems of Sec. 
13“7 hold for determinants of any order. Likewise, the theorems about 

systems of linear equations given 
number of unknowns. 

above hold for systems with any 

EXERCISES 

Decide whether or not the following systems are independent. 

1. 3x — 4i/ 4* 52 « 1, 

2. 3x — 42 / + 52 = 2, 

-4x + 22 / + 32 = 2, 

7x — 2y — 2 = 8 , 

5x -i- 3p -i- z ss 8. 

2x 4* 2 / 32 s= 3. 

3. 2 / 4- 2 = 1, 

1 

II 

a; -f 2 = 2 , 

-9 4“ r = -5, 

X 4- 2 / = 3. 

p - 9 =* 1 . 

6. 2A 4 - 3B 4- 4C = 0, 

6. 7w 4 - 4 - 9t6 = 10, 

2A +8B -4C = 0 , 

8 a 4 * 4 - 10 t 6 =* 11 , 

2i4 - 3B 4- 4C * 1. 

9t; 4- lOv -f llw^ = 12 . 

7. X 4- 2 / = 10, 

8. X 4 “ 32/ 4 - 52 = 1 , 

X 4 * 2 = 19, 

2x 4- 62 / 4 IO 2 = 3, 

2 / 4- 2 * 23. 

8 x 4 92 / 4 11 j 2 =* 0 . 

Solve the following systems of homogeneous equations. 

9. 3x — 4?/ 4 - 52 = 0 , 

10. X 4 2 / 4 0, 

7x ~ 21 / - 2 = 0, 

X - 2 / + 2 ! = 0 , 

2 x -f y — 32 — 0 . 

X 4 2 / — 2 = 0. 

11 . 2 x 4 - 52 / - 82 = 0 , 

12. 3M - 5Ar 4 P = 0, 

3x -f 62 / — 92 = 0 , 

7M 4 3Ar - 5P = 0 , 

4x 4 - 72 / — IO 2 ** 0, 

5M - i\r - 2 P = 0 . 

13. 3q - 5r ^ 0, 

14. 2,7u - 3.6v 4 5.22 = 0, 

5r + 7p = 0, 

1.2a 4 2.8r - 1.92 = 0, 

3? “ 7p » 0. 

5.1a 4 2.0v 4 1.42 = 0. 

16. 2 x 4 - 52 / — 62 =« 0 , 

16. 7A 4 5B 4 3C « 0, 

X — 82 / 4- 32 = 0. 

2A - 8 B 4 = 0. 

17. 3 A* 4- 7Aj, - 5A, - 0, 

18. 3a — 2t; — 16 s* 0, 

Ax - l2Ay 4 - 8 A* « 0 

4a — 2t; — 4i6 « 0. 

19. 61 — 262 — 468 =* 0, 

20. 2 ii 4 ^2 — 3t8 ~ 0 , 

461 4“ 62 — 63 0. 

zi — 412 4 H *= 0 . 

Solve the following equations for A, By C and give the particular solution for 
which the arbitrary constant i, used in the third theorem of this section, is equal to 1. 

21 . 2^4 4 - 3R 4 - C « 0 , 

22. A 4 2B - 3C « 0, 

6 A - 7B -f C « 0 . 

3A - B 4 C « 0. 

23. 1i?A+kB + C ^ 0, 

24. Axi 4 Bpi 4 C - 0, 

A 4- B 4- C 0. 

Ax 2 4 B 2/2 4 C =» 0. 
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Find, if possible, values of k such that the following systems of equations have 
other solutions besides a; » 0, y » 0, z » 0. 

25. a; -f 3/ 4- 2 * 0, 

« 4 “ 22 / 4 - « 0 , 

a? 4- 42/ 4“ 2fc2 =» 0. 

26. (2 - k)x 4- (3 4- 2k)y - (1 4- k)z » 0, 

^ — 4y 4* 22 = 0, 

4a; 4- 3y — 6 * 0. 

27. (1 - A;)a: — 22/ 4- 2 * 0, 28. fcx 4- 22/ - 2 * 0, 

-2x 4“ (2 — A;)2/ 4- 62 « 0, x - 32/ 4“ A;2 = 0, 

X 4- 62/ — 312 = 0. 3x 4- 22/ 4- 2 * 0. 

13-9. Engineering Applications of Sunultaneous Equations. Simul¬ 
taneous linear equations arise in many engineering problems, especially 
in electrical networks in electrical engineering and in the theory of struc¬ 
tures in civil engineering. We shall consider in this section a system of 
simultaneous linear equations arising in connection with an electrical 
network. 

In an automobile, airplane, tank, or tractor, an electric generator 
charges a storage battery, and both of these in turn supply the current 
for the ignition system and lights. Figure 13-8 shows a pictorial 


c a e 



diagram and a schematic diagram of such a circuit. The voltage of the 
generator is Ei and the voltage of the battery is E 2 * The internal 
resistance of the generator is R\ and the internal resistance of the 
battery is R 2 - The load will be considered simply as a resistance Rz- 
The currents flowing in the branch circuits are /i, h, and 1 2 as shown. 
Their direction of flow as indicated by the arrows is chosen arbitrarily. 
If we should later find that in the solution of a particular problem a 
current Comes out with a negative value, then the current flows in a 
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direction opposite to that made in the original assumption. The cur¬ 
rent junction points are marked a and 6. 

Kirchhoff^s laws state that 

1. The algebraic sum of the currents at a junction is equal to zero. 

2. In an electric circuit the algebraic sum of the voltage rises and 
voltage drops is zero. 

The algebraic sign given to any voltage rise is positive if the direction 
of travel is from negative to positive. The sign associated with a voltage 
drop across a resistance is positive if the direction of travel is in the 
assumed direction of current flow. 

From the circuit given above, by these laws and Ohm's law (see 
Sec. 2-18) we can write the circuit equations. If we regard the voltage 
and resistance values as known, then there are three unknown currents, 
the current through the generator, the current through the battery, 
and the current through the load. By Kirchhoff's first law, we see that 


(1) /a = /2 — /i. 

Adding the voltage rises and drops in the circuit acdb by going around 
the circuit in a counterclockwise direction 


(2) —/i/2i — -Bi + = 0. 

Similarly, for the circuit abfe we obtain 

(3) —ZaZJa + B 2 — I 2 R 2 ^ C. 

We have then the system of equations: 

( 1 ) h^h + h^ 0 , 

(2) -Bi/i + Rsh = E^, 

(3) R 2 I 2 + Rsh = E 2 , 

which can be solved by the methods of this chapter for Ji, / 2 , and Iz» 


EXERCISES 

1. In the circuit given in Fig. 13-8 let the generator voltage be 8.5 volts and 
that of the battery 6.8 volts. The internal resistance of the generator is 0.6 ohm 
and that of the battery 0.2 ohm. The load has a resistance of 0.3 ohm. What is 
the current delivered by the generator and the battery? 

2. In a farm lighting plant arranged as shown in Fig. 13-8, the generator voltage 
is 36 volts and that of the battery is 32 volts. The internal resistance of the gen¬ 
erator is 0.2 ohm and that of the battery 0.08 ohm. The load re.sistance is 0.6 ohm. 
What are the values of the generator, battery, and load currents? 
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3. In the above circuit write the three simultaneous equations assuming that 
(a) the polarity of the storage battery is reversed and (6) the polarity of both the 
battery and the generator is reversed. 

4. Rewrite the simultaneous equations of the circuit in Sec. 13-8, assuming that 
the internal resistances of the battery and generator are zero. 


PROGRESS REPORT 

In this chapter graphical and algebraic methods were given for solving 
systems of linear equations in two and three unknowns. Several alge¬ 
braic methods of elimination were discussed. When the coefficients in 
a system of linear equations have several digits, it is convenient to use 
the Doolittle method to solve the system. This method is adapted to 
the use of the slide rule or the computing machine. 

In this chapter determinants were also discussed. It was shown how 
determinants can be used to find out whether the linear equations of a 
system are independent, dependent, or inconsistent, and also how they 
can be used to find out whether the linear equations of a homogeneous 
system are independent or dependent. In the last section it was shown 
how a system of linear equations arises in the solution of an electrical 
network. 



CHAPTER 14 


QUADRATIC EQUATIONS AND EQUATIONS OF 
HIGHER DEGREE 

In many applications it is necessary to know how to operate with 
polynomials and how to find the roots of polynomial equations in one 
unknown. In this chapter we shall learn to handle operations with 
polynomials and how to find the real roots, both rational and irrational, 
of polynomials in one unknown. 

14-1. Polynomials. An expression of the form 

(1) + 9 - X 

is called a polynomial or more precisely, a polynomial in x. The exponent 
of the highest power of x (in this case 4) is called the degree of the 
polynomial. It is usually convenient to arrange the terms of the poly¬ 
nomial according to descending or ascending exponents of x. The poly¬ 
nomial (1), if arranged according to descending exponents of x, can be 
written as 

+ 7x^ + 2x2 - X + 9. 

It is a polynomial of the fourth degree. The numbers —6, 7, 2, —1, 9 
are called the coefficients of the polynomial, —5 being the coefficient of 
the highest power of x. The number 9 is called the absolute term of the 
polynomial. As examples: 10 + 30< — 16^2 jg a polynomial of second 
degree in t; the absolute term is 10. — 2Q is a polynomial of third 

degree in Q; the absolute term is zero. 

When speaking about polynomials in general, we denote the coeffi¬ 
cients by letters. Thus, an arbitrary polynomial of the fourth degree 
can be written in the form 

Ax^ + Bx^ + Cx2 + Dx + B. . 

It is sometimes useful to denote all the coefficients by the same letter 
and to distinguish them by subscripts. Thus, a polynomial of the nth 
degree can be written as 

AqX* + + • • • + A„^iX + An. 

469 
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Polynomials of the first degree, namely, 

Aqx + Ai, 

are also called linear. These were studied in Sec. 2-12. Polynomials 
of the second degree, namely, 

Aqx^ + Aix + A2 

are called quadratic. The next few paragraphs are devoted to the study 
of quadratic polynomials and equations connected with them. 

14-2. Quadratic Polynomials and Functions. An arbitrary quadratic 
polynomial in x will be written, in the following paragraphs, in the form 

Ax^ + Bx + Cj 

A being the coefficient of the highest or quadratic term, B the coefficient 
of the linear term, and C the absolute term. 

If X is regarded as variable, the function 

y = Ax^ + Bx + C 

is called a quadratic function of x. For convenience we shall sometimes 
use the functional notation discussed in Chapter 3 and wiite 

y = /(^) = + Bx C. 

In order to obtain a good idea of the behavior of the quadratic func¬ 
tion, we shall construct tables of values for several examples of quadratic 
functions and plot them. 

Example 1. Constructing a table of values and a graph for the quadratic function 

2/ *= - a; 4- 2, 

we obtain 


X 

-3 

-2 

-1 

0 

1 

2 

3 

4 

y 

9.5 

6 

3.5 

2 

1.6 

2 

3.5 

6 


Example 2. Similarly we obtain for the quadratic function 

y =* 4 2a? — 4, 


X 



-1 

0 

1 



V 

35 

12 

-1 

■ 
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Example 3. In a like manner we obtain for the quadratic function 

« - 20 -f 48^ - 

the following table and graph. 


t 

-2 

-1 

0 

1 

2 

3 

4 

8 

-140 

-44 

20 

52 

52 

20 

-44 


Example 4* For the quadratic function 

y ^ — 2x 4* 2 

we have the following values. 


x 

-2 

-1 

0 

1 

2 

3 

4 

y 

8 

4.5 

2 

0.5 

0 

0.5 

2 


The curves obtained in Fig. 14-1, 14-2, 14-3, and 14-4 by plotting 
the graphs of quadratic functions are called parabolas. In general, 
the graph of the quadratic function 

y Ax^ + 


is called a parabola. Inspecting the graphs plotted above it can be seen 
that a parabola has the following characteristics. 

1. If the coefficient A of the second degree term is positive, the graph 
has a lowest point, called the vertex of the parabola. 

2 . If the coefficient A of the second degree term is negative, the graph 
has a highest point, also called the vertex of the parabola. 

3. It is sometimes convenient to know that the coordinates of the 


vertex are x 


B B^ - 4AC 

2A’^~ 4A 


14f-3. Graphical Solution of Quadratic Equations. An equation whose 
left-hand side is a polynomial and whose right-hand side is zero is said 
to be an equation in the polynomial form. An equation which can be 
reduced to the polynomial form is called an algebraic equation. For 
example, equations involving radicals of the unknown are algebraic 
equations since, as shown in Sec. 8-10, they can be reduced to the 
polynomial form. Throughout this chapter, the term algebraic equation 
will refer to equations in the polynomial form. 
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In particular, an equation which can be reduced to Ao? + Bx + C ^0 
is called a quadratic equation. The problem of finding its roots can be 
put in this way: Find the values of x such that the function 

y = Ax^ + Bx + C 

assumes the value zero. This can be done by plotting the graph of the 
function and estimating the abscissas of the points where the graph 
crossed the x-axis. To illustrate this we use the examples of the preced¬ 
ing section. 

Example 1. Find the roots of — a; 4* 2 » 0. 

From Fig. 14-1 the student will see immediately that the graph of the function 
y =* ^x^ — a; -f 2 has no intersection with the x-axis. The given equation, there¬ 
fore, has no real roots. 

Example 2. Find the roots of 5x^ 4- 2x — 4 « 0. 

Figure 14-2 shows that the graph has two 
x-intercepts. The given equation, therefore, 
has two roots; measuring the x-intercepts, the 
roots are found to be approximately —1.1 
and 0.7. 

Example S. Find the roots of 20 4- 48< — 

16<2 = 0. 

From Fig. 14-3 it is seen that the graph 
of the corresponding quadratic has two inter¬ 
cepts with the <-axis. Hence the correspond¬ 
ing equation has two roots; they are approxi¬ 
mately —0.4 and 3.4. 

Example 4- Find the roots of ^x^ — 2x 4- 

2 = 0 . 

Inspection of the corresponding graph (Fig. 

14-4) shows that there is only one point where 
the curve meets the x-axis. The correspond¬ 
ing abscissa is 2; the given equation has 
therefore only one root x = 2. 

If the graph of the curve in Fig. 14-4 were 
slightly lowered (see Fig. 14-6), one w'ould Fig. 14-5. 

obtain two roots which are very near to one 

another. The single root x = 2 of this example can therefore be thought of as re¬ 
placing two roots of a more general case and is called, therefore, a daitble root, 

EXERCISES 

1. On the same coordinate system plot the graphs of 

(a) A (Jb) (c) 2x\ (d) (e) 

2. On the same coordinate system plot the graphs of 

(o) ** — 2*, (b) as* — 2* — 1, 

(d) as* - 2* + 2, (e) -as* + 2* + 3, 



(c) as* - 2as + 1, 

(f) -2as*H-6i+6. 



474 


EQUATIONS OF HIGHER DEGREE 


[14-3 


3. On the same coordinate system plot the graphs of 

(a) - 1, (6) (* - 1)* - 1, (c) (* + 2)« - 1 , 

(d) -** + 4, (e) -(x+3)* + 8, if) -(* + 1)2-1. 

Estimate graphically the roots, if any exist, of the following equations. 

4. 3*2 - 6* + 2 = 0. 6. 16<2 - 3a + 16 = 0. 6 . m2 4 . 3m + 4 - 0. 

7. y2 + 3j, _ 6 = 0 . 8 . 4*2 + 12 ® + 9 - 0 . 9. - 2 y 2 + 3 , + 7 = 0 . 

10. Given u =* — 6if; -f- 5, find the values of w such that 

(a) w = 1, (6) w = 2, (c) w = 3, 

(d) w = 4, (e) w = —2, (J) u = 0. 

14-4. Solution by Factoring. The graphical method described in Sec. 
14~3 gives only approximate answers. If more accurate values of the 
roots are required, other methods must be used. 

One method, which can be used only occasionally, uses factoring of 
the quadratic polynomial Ax^ + Bx + C\ This method has been 
described in Sec, 2-13. The student should review this section before 
proceeding. 

Example 1. Consider the equation + x — 6 = 0. The polynomial on the left 
side of this equation can easily be factored by writing 

+ a; — 6 = (aj + 3)(a; — 2). 

Thus the given equation can be written as 

^ a;^-l-a; — 6 = (aj+ 3)(a; — 2) =0. 

As pointed out in Sec. 2-13, the product of two factors can be zero only if at least 
one of the factors is zero. It follows then that this equation can be satisfied if either 

a; 4- 3 « 0 or x — 2 ~ 0. 

The first possibility gives x =* — 3, the second x = 2. The equation has, therefore, 
the two roots —3 and 2. 

The method of factoring can always be applied, if there is no absolute 
term in the given equation. 

Example 2, To solve 40f — = 0, we factor the left-hand member and obtain 

f(40 - 160 » 0. 

This equation is satisfied when 

< « 0 or / » 2.5. 

14-6. Pure Quadratic Equations. A quadratic equation whose linear 
term is missing can be solved very easily. If, in the general quadratic 



14-6] PURE QUADRATIC EQUATIONS 475 


Ao? + Bo? + C = 0, we have B = 0, the equation takes the form some¬ 
times referred to as a pure quadratic equation: 

(1) Ax^ + C = 0. 

To solve this equation we have at once 


X 


2 


C 

A 


and 



ThuSj equation 1 has two real roots when A and C have opposite stgnSy 
and two imaginary roots when A and C have like signs. 

Example 1. To solve the equation 

3x2 ^ 75 « 0, 

we have at once 

x2 = 25, 

X == dt5. 


Example Q. For the equation Sx^ + 10 = 0 we have 
10 


= ~ ■ 


3 ^ 




3 ” 3 ~ ±il.826. 


Example 3. Compute to three significant digits a positive value of u> such that 

Multiplication by the denominator, which is permitted since u> yields 

6 X 10-V = 1 


or 

and 


«* = i X 10» = ^ X 10® = 1.67 X 10®, 
w - 1.29 X lOl 


EXERCISES 

Solve the following equations using the slide rule for the numerical computations. 

1. 2.7u® = 19.3. 2. E\ - 12.47. 3. 300 = 171*. 

4. 4)r*/* = 3 X 10®. 6. 13Q* + 15 - 16Q* 6. 5-10** - lOV. 

7. 13i* - 47 =• 0. 8. 3.4E* - 8.1E = 0. 9. 23R* + 11 - -7Ji*. 


10. vL* - 3.85 = L*. 

12. 1.9R* - 3.2R - 4.5«*. 
14. 91.7«* + 1.79 - 1.03«*. 


11. 0.17Ei * O.OlEi*. 
18. 9.2321* - 1.72^. 
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15> The i mpedance of an altemating-cnrrent circuit is given by the formula Z « 
V 72* 4- where R is the resistance in ohms and X the reactance in ohms. Compute 
the value of the reactance if Z « 60 ohms and 72 * 40 ohms. 

16. If L is the inductance in henries and C the capacitance in farads of an alter¬ 
nating-current circuit, the resonance frequency / in cycles per second satisfies the 
relation 

Wi-;r7^»o. 


Solve this equation for /, and compute / if L = 2 X 10~® henry and C == 300 
(1 micromicrofarad « farad). 

17. The pull which an electromagnet exerts on its armature is given by the equa- 

tion F where F is in pounds, B is the magnetic flux density in lines 

72, lo0,000 

per square inch and A is the area in square inches of the pole face of the magnet, 
(a) Solve this equation for B. 

(h) In a given electromagnet the flux density is 60,000 lines per square inch and 
the pole face diameter is 1.0 in. What is the pull in pounds exerted on the armature? 

18. The energy stored in a magnetic field is given by the expression W — L — 

where W is the energy in watts, L the inductance m henries, and I the current in 
amperes. Compute the current when IF = 20 watts and L = 4.5 henries. 

19. The alternating-current power P in watts in the load resistance of a vacuum 

tJL^E ^ 

tube circuit is given as P =» -r— where m is the amplification factor of the tube, 

oRp 

Eg the peak input voltage to the tube, and Rp the load resistance in ohms. In a 
certain tube having an amplification factor of 6.2 and a load resistance of 10,500 
ohms, what peak input voltage must be supplied in order that the power in the load 
resistance be 0,6 watts? 

20. The kinetic energy of a moving electron is given by the formula K.E. = Jmv® 
where the kinetic energy is given in ergs, the mass m in grams, and the velocity v 
in centimeters per second. If the mass of the electron is 9.03 X 10“^® gram and 
the kinetic energy in a given case is 3.5 X 10”^® erg, what is the velocity? 

21. The volume of a cylinder is 0.7S5(Ph where d is the diameter and h the height. 
What is the diameter of a steel rod 4 in. long which contains a volume of 3.5 cu. in.? 

22. The centrifugal force acting on a revolving body is given by the expression 
F =» 0.00034TFrn^ where F is the force in pounds, W is weight in pounds of the body, 
r is the radius in feet, and n is the number of revolutions per minute the body makes. 
A 30-lb. weight revolves at a radius of 4.5 ft. At what speed will the centrifugal 
force on a radial member be equal to 2000 lb.? 

23. A general formula for the brake horsepower of a single cylinder gasoline engine 

(Pin 

is P =* — - " - where d is the diameter of the cylinder in inches, I the stroke in inches, 

lo,000 

and n the number of revolutions per minute. Calculate the diameter of the cylinder 
of an engine which has a stroke of 4 in, and is to deliver 20 horsepower at a speed 
of 1200 r.p.m. 

24. The energy W in joules stored in a condenser of capacity C farads connected 

CEP 

to a supply circuit of E volts is given by the equation W = • What voltage 

dU 

is required' to store 0.061 joule in a condenser of 10 /xf•? 
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26. Fairbain’s modified equation for the collapse of a short tube under external 

pressure is given as IF =* 9,676,000 7 -* Given an external pressure W of 200 lb. 

Id 


per sq. in., a length I of 6 in., and an outside diameter d of 4 m., what will be the 
thickness t in inches of the tube which will just collapse at that pressure? 

26. The heat, measured in calories, developed in a direct-current circuit during 
t seconds is ^ = 0.247^/2^, where R is the resistance in ohms of the circuit and / 
the current in amperes. 

(а) Solve this equation for I. 

(б) What current is required to develop 60,000 calories of heat in 10 minutes if 
the resistance is 20 ohms? 


14-6. Quadratic Formula. In practical problems the methods of the 
two preceding paragraphs can be used only very occasionally. We 
shall, therefore, develop in the present section a method wliich can 
always be applied. 

Consider the general quadratic equation 

(1) Ax^ + + C = 0, 

where we may suppose that A 0^ since otherwise we obtain a linear 
and not a quadratic equation. When this equation is divided by A, 
the following equivalent equation is obtained. 


or 

( 2 ) 




2 . B 
3r + — z 


C 

a' 


If —is added to both 
4A^ 


sides of equation 2, the left member becomes 


the square of a linear expression, since 






X 


2 , ® 


From (2) we obtain, therefore, 



= z^ + JX + 
A 


B 

4A^ 


C B^ 



B^ - 4AC 
4A^ 


or 
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Hence by computing the square root 


[14r^ 


X + 


2A 


-.4 


and therefore 

(3) 


X = 


_ 4AC VB^ - 4AC 
44=^ ~ ■ 2A 

-B ± Vb^ - 4AC 
2A 


gives us the formula for the two roots of the general quadratic equation 1. 
The expression in (3) is called the quadratic formula. 

For practical applications when using the quadratic formula it is 
convenient to apply it by the following steps. 

1. Find the values of Ay C. 

2. Compute the quantity D = — 4AC, This is called the dis¬ 

criminant of the quadratic equation. 

3. Compute the roots hy the quadratic formula 

Y r= -• 

2A 


There are three essentially different cases of the quadratic equation 
according to the value of /), which are enumerated in the following table. 


Case 1. 

D>0. 

\/D is real. 

Case 2. 

Z) = 0. 

= 0. 

Case 3. 

D <0. 

\/D is an imaginary 


number. 


There are two real and un¬ 
equal roots. 

There is only one real root 
called a double root. 

There are two unequal com¬ 
plex rootSy which are con¬ 
jugates. 


In order to illustrate the various cases, we apply the quadratic formula 
to the equations plotted in Sec. 14-2. 


Example 1. To solve the quadratic equation 

- x + 2 - 0 


we follow the steps outlined above. 


Step 1. 
Step 2. 

Step 3. 


2) » B2 - 4AC = (-1)2 - 4 * ^ 
— B db \/D 1 db \/—3 


-3. 


2A 


2-i 


1 ±jV3. 


Since D ** — 3 < 0, this quadratic equation belongs to Case 3. The roots are 
conjugate complex. 

The student should compare Example 1 of Sec. 14r-2 and Example 1 of Sec. 14-3. 
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Example 2, For the equation 


we have: 


5x2 4- 2a: - 4 - 0 

A = 5, B = 2, C » -4, 

D = 22 - 4 • 5 • (-4) - 4 4- 80 « 84. 
v/5 - = 9.17. 

-2 =t 9.17 
® * 10 * 

-2 4-9.17 7.17 


-2-9.17 -11.17 __ 

-Hi-15- 

Since D = 84 > 0, the equation belongs to Case 1, and has two real roots 0.717 
and —1.117. This should be compared with the answers obtained in Example 2 of 
Sec. 14-3. 

Example 3. Solve the equation discussed in Example 3 of Sec. 14-3: 

20 4- 48< - 16^2 =r 0. 

It is always useful to investigate whether a given equation can be simplified. In 
chis case, the whole equation may be divided by 4. If we simplify the equation 
and rearrange it, we have 

-4^2 4- 12< 4- 5 « 0. 

To solve this equation we write, 

A = -4, J5 = 12, C = 5, 

D = 122 - 4 • (_ 4 ) . 5 = 144 4- 80 = 224 > 0, Case 1. 

VB * = 14.97. 


-12 4- 14.97 


* -0.37. 


-12 - 14.97 26.97 „ 

'■--T - 

Example 4- To solve the equation 

Jx2 — 2x 4- 2 =» 0 


we write: 


.1 = 1, B = -2, 0-2, 
2) = 4_4.|.2-0. 


Since D «= 0, by Case 2, the equation has a double root x « 2. Again the studen^. 
should compare this result with Example 4 of Sec. 14-3. 
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Example 5. Solve the equation 

a; -j- - SB kf 
X 

and discuss the character of the roots. 

Clearing fractions, the given equation may be written in the form 

- fcx 4- 1 » 0. 

To solve this equation we write 

A = 1, B = -/b, C = 1, 

D « - 4. 

Hence the values of the roots of the above equation found by the quadratic formula 

are _ 

k ± Vk^ - 4 

-i- 

To discuss the character of the roots for different values of A;, we must examine 
carefully the discriminant D — — 4. 

Case 1. When 

D - - 4 > 0, 

the roots are real and different. In this case we can write > 4 or A; > +2 and 
k < -2. 

Case 2. When 

D = A;2 - 4 =« 0 or A; » =fc2, 

the roots are equal and real. 

Case 3, When 

D » A:2 - 4 < 0 or A;* < 4, 
the roots are conjugate complex. 

When the notation | k | for the absolute value of k is used, the result can be stated 
fti the following way. 

The equation a; + ~ A; has: 

X 

(a) Two different real roots if | A; | >2, 

(b) A double root if | A; | =2, 

(c) Two complex roots if | A; | <2. 

14-7. Properties of the Roots of a Quadratic Equation. The roots of 
the quadratic equation 

(1) Ex ”|- C = 0 

were found by the previous section to be given by the formulas 

-B 4- VD -B - Vd 

2A ’ 2A 


where 


- -Lie. 
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, -fi + VD , -B -VD -2B B 
X 1 + X 2 2A 2A 2A A’ 

-B + -B - y/D B^ - iVW B^ -D 

- 2A ' 2A ~ iA^ ~ 44* 

52 _ (52 _ 4^(7) 4 ^C- c 

4A^ ~ 4A^ ~ a' 


Hence it follows that when xi and X 2 are the roots of equation 1 


( 2 ) 


Xi+ X2 = 


B 


C 

X1X2 = -• 


In the special case when A — ly we may state that the sum of the roots is 
equal to the negative value of the coefficient of x and the product of the roots 
equal to the absolute term^ i.e., for the equation x^ + Bx + C — Owe have 
Xl X2 —By X1X2 = C. 

The sum and the product of the roots of a quadratic equation can be 
found without solving the equation and are given by formulas (2). 
This will be illustrated by the following examples. 

Example 1. Consider the equation 


3x2 - 7x - 20 « 0 


where A ^ d, B ^ — 7, C =» —20. Using formulas (2) we have 
XI X 2 ^ i and xiX 2 * — -f*-. 

Thus without solving the above equation we know that the sum of its roots is ^ 
and their product — This can be verified by solving the equation, for D =■ 
49 — 4 • 3(—20) = 289 or ^/D = 17, and hence 

7 + 17 , , 7-17 5 

„4 and - 

so that 

xi+X2 “4—l-sa-g- and xiX 2 *■ 4( —|^) =» — 

The formulas for the sum and the product of the roots can be used to 
show that every quadratic polynomial can be factored. This can be 
stated as follows. 

Let Ax^ + Bx + C be a given polynomial and let Xiy X 2 be the roots of 
Aq? + Bx C — 0. Then Ax^ + Bx + C ^ A{x — xi)(x — X 2 ). 
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This statement is very easily proved if the multiplication of the right 
member of the last equation is performed as follows. 

— Xi){x — X2) — A[x^ {xi + X2)x + XiX^ 

= Ax^ + Bx + C. 

Example 2. The roots of the equation 


have been found to be 


3:c 2 - 7x - 20 « 0 
x\ = 4, 0:2 = 


We can now factor the corresponding quadratic polynomial by writing 

3x2 - 7x - 20 = 3(x -• 4)(x +1) = (x - 4)(3x + 5). 

Example 3. Factor the polynomial — x — 1. The roots of the corresponding 
equation x^ x — 1 =* 0 are found to be 

1 ± V5 1 =iz 2.236 


svhence 


and therefore 


3.236 -1.236 

XI « —— = 1.618, X 2 = —;;— = -0.618, 

x2 - X - 1 = (x - 1.618)(x + 0.618). 


Example 4 . Factor the expression 3x2 __ 

First solve the equation 

3x2 _ ^ 22/2 » 0 

for X. Using the quadratic formula we have in this case: 

A - 3, B ^ -5^, C « 22/2, 

D - 4AC « 262/2 - 24y^ - 


X = 

and the roots are given by 


= 1 = y 

6 ' 


Xl “ 


y, 


X2 « fy. 


3x2 _ 5 ^ ^ 22/2 = 3(x — Xi)(x — X 2 ) = 3(x — y){x — \y) 
' « (x - y)(3x - 2y). 


Therefore 



14-7] 


PROPERTIES OF THE ROOTS 


483 


EXERCISES 


Solve the following quadratic equations by any of the methods discussed in this 
chapter. Give all real roots in decimal form correct to three significant digits. 


1. x* — 9* + 14 
3. r _ 6y + 34 
6 . x* + 9 = 6x. 


0 . 

0 . 


7, 3E + 9 = E* - 9. 

9. 2s“ + 108 + 15 = 0. 

11. 6iV* - 13JV - 6 = 0. 

13. 12 = 7« + 5(*. 

16. fc* + 3fc + 5 = 0. 

17. 15 + 4s - 32a* = 0. 

4Q* - 7 = 12Q. 
d* + d = 1. 

10<* + Ilf - 6 = 0. 

7j/* — 8y = 9. 

1.73x* - 4.18x + 1.93 = 0. 

29. 257fc* + 362fc - 174 = 0. 

31. 0.035U* - 3.83 = 0.78u. 

33. 2.67 X 10-^f* = 3.18 X 10“* X 4.64. 


19. 

21 . 

23. 

26. 

27. 


34. X + - = 5. 

X 

36. 3 X 10-«« - 


« 7 . ^ + 


1 


6 X 10-“« 
4 


= 4.10-*. 


R /2 "1“ 1 E d" 3 
6 


39. 6® + 7 


2. p* + 6p - 16 = 0. 

4. M* + 19M + 48-0. 

6. n* - 10 - n. 

10. 4f* - 2f + 3 - 0. 

12 . 21Jfe* + Jk - 2 = 0 . 

14. 6x - 5x* + 9. 

16. 6w + 3 = 7w*. 

18. 7u* + 3 = 4w. 

20. 16 - 24to = 9m*. 

22. 57y* + 43y = 31. 

24. 3x* - 2x = 8. 

26. X* + V2x + 1 = 0. 

28. 7.8N = 5.07 + 3JV*. 

30. 2000 = 650f - 16.2f*. 

32. 8.7 X 10‘V + 2.3 X 10‘n - 3.6. 


36. 


1 ^ 1 

f-2 f-3 2 


2x -3 


38. 

1 

1 

1 

1 

E - \ E + l 

“ JS? + 3 

40. 

4 

6 


3f + 2 21* 



Discuss the character of the roots of the following equations without computing 
the roots. 

41 . llx* - 20x + 10 - 0. 42 . 7f - 3f* - 2. 

43 . 2E* + 3E + 2 - 0. ' 44 . 14s* + 13s + 12 - 0. 

46 . 0 = 20.366f'+ 28.963f* - 51.477. 

46 . 3 X 10-«p* - 8 X 10-‘p + 4 X 10"^ - 0. 

47 . 3.2«t* + 0.45 = 2.4W. 48 . 6.1Z* + 5.1Z + 1.2 - 0 . 

Solve the following equations for x and disctiss the character of the roots. 

49. Ex* + 3x - 6 - 0. 60. X* + 7x + 5 - A. 

61 . (x - 2)(x - 3) - p. 62 . 2x* - xp + 3j/* - 18. 

68 . X* - 3x + 1 - p. 64 . (x + l)(x + 3) - 
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Determine k (real) so that the following equations have double roots. 

65. {k + l)x2 - 2A^ + A; - 1 « 0. 66. 2x^ - 12a; -f 7 - k{x^ + 1) “ 0. 

67. - 122/ + /b + 1 = 0. 68. kx^ - bkx + 25 » 0. 

69. 9a;2 + 6ib; + 8A; * 0. 60. {k + l)a;2 = 20a; - 9A; + 2 . 

Factor the following expressions by solving quadratic equations. Express irra¬ 
tionals in decimal form with three significant digits. 


61. +; 

2x - 5. 

62. 

6a;2 -j- ^xy — lly^. 

63, 3. Ip* 

- 4.7pg -f- 1.6g2. 

64. 

a* — 

lx 4-8. 

66. 2s* - 

3s - 1. 

66. 

36m* 

— 24m 4- 13. 

67. 36L* 

- 13L - 66. 

68. 

2.7<* 

- 6.1( 4- 4.6. 

69. &* - 

2xy - 152/2. 

70. 

4a:* - 

- ^xy -j- 46^2, 


Solve the equations in Exercises 71-84 and check the results. These equations 
involve radicals and before solving them the students should review Sec. 8-10, where 
such equations were discussed. 


71. 

V9* - 7 ■ 

= 5. 

72. 

Vl2.92 - 

3p* = 3.81. 

73. 

-^J/* + 10 

* 7. 

74. 

13.61 4 

• 2.58g* = 4.79. 

76. 

(4A + 6)i 

= 5. 

76. 

(10 + 

^=4. 

77. 

V4 + 2x • 

- v/l5 - a: = 1. 

78. 

Vp* + 1 

+ VP* - 4 = 

79. 

V2t + 10 

+ %/< + 15 - 3. 

80. 

2-s/u +5 

= 3 V tt + 6. 

81. 

V'2w + 1 ■ 

■j“ 3’V^w = 11. 

82. 


+ = 11. 

83. 

V X 4- V2a; 4- 6 3. 

84. 

Vv^ - 

- 2 ^/ y — 9 =* J 


86. Find two consecutive integers whose product is 342. 

86. The length and breadth of a rectangular lot are 80 ft. and 60 ft. Both have to 
be increased by the same amount so that the area is doubled. What are the dimen¬ 
sions of the new rectangle? 

87. An open box containing 480 cu. in. is made by cutting out a 5-in. square from 
each comer of a square piece of tin and turning up the sides. Find the dimensions 
of the original piece of tin. 

88. A motorboat-takes 3 houra to travel 12 miles downstream and back on a river 
which flows at a rate of 3 miles per hour. Find the speed at which the boat would 
travel in still water. 

89. After traveling 60 miles at a certain speed, a motorist increases his speed by 
6 miles per hour and travels 48 miles farther. If he took 4 hours to cover the whole 
distance of 108 miles, find his speed dimng the first 60 miles. 

90. An object shot upwards with a speed of 400 ft. per second will be, after t sec¬ 
onds, at a height of approximately 

« - 400i - 16(2 

if air resistance is neglected. When will the object be 2000 ft. above the starting 
point? 
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91. The e.m.f. of a storage battery is 6.2 volts and its internal resistance is 0.02 
ohm. What current will the battery deliver to an electromagnet that requires 200 
watts? Use the formulas I{Ri -h Re) “ E and PRe =» P, where I is the current in 
amperes, Ri the internal resistance of the battery in ohms, Re the resistance of the 
electromagnet in ohms, and P the power in watts. 

92. In a vacuum tube with cylindrical electrodes, the amplification constant n 
depends on the radius Vg of the grid, the radias tp of the plate, and on a constant K 

( 

according to the equation n — K “y * Solve this equation for fg. 

93. The alternating component ip of a vacuum tube plate current of a variable-mu 
tube can be expressed approximately in terms of grid voltage eg by the equation 
ip « c\eg + c^e^ where ci and C 2 are constants. Solve this equation for Bg, 

94. In an electric circuit comprising a given heater in series with a resistance, the 
following relationship exists PR -f = 600 where R is the resistance in ohms and 
E is the applied voltage. If the resistance has a value of 2 ohms and the applied 
voltage is 110, what is the current I in amperes which flows in the circuit? 

14r-8. Equations Reducible to Quadratics. There are many compli¬ 
cated equations which can be reduced by a simple substitution to quad¬ 
ratic equations. A few such examples are given below. 

Example 1. Solve the fourth-degree equation — 12 * 0. 

When is replaced by y this equation becomes 


2/2 - 12 0 


which is a quadratic. This equation has the two roots: 

2/1 == 4 and 2/2 * ~3, 

from which it follows that 

x2 = 4 or x2 « -3. 


The first possibility yields 
and the second 


X « ±V4, 
X — =bj-v/3. 


The given equation has the four roots 2, —2, j\/3, and — j\/3- 
it can be verified that these numbers satisfy the given equation. 


Example 2. 
Let 


Solve the equation 12 


X2 + 1 
X2 - 1 


+ 25 


X2-1 
X2 + 1 


35. 


X2 + 1 

X^-l 


2 /, then 


x2 - 1 
x2 + 1 


1 

y 


On substitution 


and the given equation is reduced to 

12y + 26 - = 36, 

y 

or the quadratic form; 

122/2 - 352/ + 25 « 0. 
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36 ± Vae* - 4 • 12 • 25 35 ± 5 

^ “ 24 “ 24 ’ 

5 5 

3/1-3, 3/2 = -- 

There are, therefore, two possibilities. 


I® + 1 5 

X® + 1 6 

x'* - 1 “ 3 ’ 

x2^1 4’ 

3x* + 3 - 5i® - 5, 

4x^ -b 4 = 5x^ — 5, 

X* = 4, 

x2 = 9, 

il 

“h 

— +3, 

1 

II 

X 4 = —3. 


The numbers 2, —2, 3, and —3 are the roots of the given equation since, on substi¬ 
tution, they are seen to satisfy the given equation. 

Example 3. Find all the angles between 0® and 360® so that 25 sin'-^ a: -f 30 sin x 
-7 = 0. 

The substitution y = sin x reduces the given equation to 
25^/2 + 30y - 7 = 0, 
the solution of which is given by 

-30 ± Vooo + 700 -30 ± 40 

60 60 ’ 

7/1 = 0.2, 2/2 = —1.4. 

We have therefore two possibilities. 


sin X = 0.2, 

sinx = —1.4, 

XI = 11.5®, 

which gives no solution, since the ab¬ 

X2 « 180® - 11.5® 

solute value of sin x cannot be greater 


than 1. 

0 * 

il 



The two angles 11.5® and 168.5® are the required roots of the given equation. 
Example 4- Find all the angles between 0® and 360® so that tan x + cot x = 3. 

Let tan x = 2/, then cot x = -, and the given equation is reduced to quadratic 



3 or y^-Zy + 1 


0 . 


form: 
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3 "n/ 9 — 4 3 dh “v/S 

2 “ 2 ’ 


2/1 


3 -f 2.236 


3 - 2.236 


5.236 

2' 

0.764 


2/2 = 

We have therefore two possibilities. 

tan X 2.618, 

XI = 69.1°, 
or 

X2 = 180° -f 69.1° 

- 249.1°. 

The four angles 20.9°, 69.1°, 200.9°, and 249.1° are the required roots of the given 
equation. 

EXERCISES 

Solve the following equations. Give all irrational answers in decimal form, correct 
to three significant digits. 


2.618, 

0.382. 

tan X = 0.382, 

X3 * 20.9°, 

X4 = 180° -f 20.9° 
= 200.9°. 


1 . X* -7x^+4-^ 0 . 

2. 

3.U* - 6.3 = 12.7<’. 

3. u* + = 8: 

4. 

M* - 5M’ - 24 = 0. 

6. y* — 8;/* —9 = 0. 

6. 

6B* + 7/?’ - 6 = 0. 

7. - 7s2 + 1 = 0. 

8 . 

^-2 _ £-1 _ 20 - 0 . 

9. 1 + 0.27?/’ = 0.015?/*. 

10. 

15*“* - 26*-’ - 371 - 0. 

U.(. + 5^+7 (. + 0.60, 

12 . 

2(2u’ - 5)* - 27 = 15(2tt’ - 5)’. 

13. 62 "* - 2 -’ - 12 = 0. 

14. 

(L 4" 3) 4" 4* 3 — 12 =* 0 . 


16. 


(B+0+2(l! + i)-35.O. 

16. (E2 - Ef - 26(^2 - E) + 120 = 0. 
1 6 1 


17, 


-f 


x2 4* 3x ^ (x2 + 3x)2 8 

19. 3 tan^ ^ — 7 tan 0 — 6. 

21. 5 tan A * 2 cot A + 6. 

3 


23. 5 — 2 cot u 
26. 3* + 3 -* = 10. 


tan^ u 


27. cos a 4” V 1 — cos a = 1. 

29. V1 + tan* 6 =. 2 tan 9 - 3. 
31. 4 sin X + 3 cos X =» 6. 

Solve for x. 

33. --— « w. 


18. (x2 - 1)2 + (x2 - l)-2 « 4.25. 

20. 6.7 sin2 x = 2.3 — 5.2 sin x. 

22. 3 cos2 OL — sin2 a =■ 4 — 8 cos «. 

24. 7 4* 2* = 2 + 22* - 16. 

26. 32 * + 3^ ~ 5 « 0. 

28. \/2 sin 0 — 1 4- 3 =s 5 sin 0. 

30. sinx -f cosx — 1.6. 

32. 1.2 sin x — 1.7 cos x = 0.8. 


34 . 


- e-* 
e* -i- e"”-* 
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14-9. Polynomials and Algebraic Equations with Two Unknowns. A 

function of two variables x and y is called a polynomial in x and y if it 
is a sum of terms of the form 

ax^y^ 

where p and q are positive integers or zero. The sum p + qis called the 
degree of the term, and the highest degree of any term of the sum is 
called the degree of the polynomial. 

Example 1. 4* 5a; — 4i/ + 6 is a polynomial of the second degree, 

or a quadratic polynomial in re and y. 

-f is a polynomial of the fourth degree in P and Q. 

P 4- 2P^Q + — P* is a polynomial of the third degree in P and Q. 

uv — 2u -i- Sv is a polynomial of second degree in u and v. 
st^ — 1 is a polynomial of the third degree in s and t. 

An equation between two quantities x and y is called an algebraic 
equation of nth degree if it can be reduced to P(x, y) = 0 where P(x, y) 
is a polynomial of nth degree. 

A pair of particular values for x and y^ satisfying the equation 
P{x, y) = 0, is called a pair of solutions or briefly a solution of the 
given equation. There are infinitely many solutions of such an equation. 
They can be found by solving the equation for one of the variables; for 
instance, we can solve for y and then compute the values of y which 
correspond to arbitrary values of x. This is illustrated in the following 
example. 

Example 2, Let the given equation be P(a;, j/) » a?® — Zx^y — 10 — 0. 

Solving for y in terms of x we obtain: 

10 - 

^- 

Using this expression, the value of y corresponding to an arbitrary value of x can 
be found. For example: 

When x » 1, then y —Z; 

When X «= 2, then y == 

When X « —1, then y =* -"V-. 

When two equations involving x and y are given simultaneously, the 
problem is to find numerical values of x and y satisfying both equations; 
or we can say simply that our problem is to solve the simultaneous system 
of equations. For example, the system of simultaneous equations 

x^ -y^ ^ 23, 

_ y3 _ 1 
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has the solution x = 3, y = 2. This solution has been obtained by 
inspection and can be checked by direct substitution since 3^ — 2^ = 
23 and 3^ — 2^ = 1. We do not know, however, whether or not there 
are other solutions. The general solution of the above system of equa¬ 
tions is rather difficult. 

When the equations are not linear, it is often very difficult to find 
solutions of a system of simultaneous equations in two unknowns. A 
few cases where the solution can be found are discussed in the next 
section. 

14-10. Systems of Equations Involving Quadratics. Some systems of 
two simultaneous equations can be solved by eliminating one of the 
variables. To do this, solve one of the equations for one of the unknowns 
in terms of the other and substitute this solution into the second equa¬ 
tion. Thus an equation with only one unknown is obtained. This 
procedure is illustrated by the following example. 

Example 1. Solve the following system of equations: 

2/2 « 4x 4- 20, 
xy = 1. 

Substituting - in place of y in the first of the given equations, we obtain: 

X 

\ = 4x -f 20 
or 

4x3 + 20x - 1 = 0. 

The last equation is of the third degree and cannot be solved by the methods devel¬ 
oped so far. Thus we are unable to solve the given system of equations. 

This example shows that in general it is very difficult to find solutions 
of a system of simultaneous equations in two unknowns. There are, 
however, a few types where the solution can be found. In the remain¬ 
ing portion of this section we will discuss systems of simultaneous 
equations which can be reduced to quadratics in one unknown. 

Type A. One equation of the system is linear, the other is of the second 
degree. In this case the linear equation is solved for one of the unknowns 
and the result substituted in the second equation. The following exam¬ 
ple illustrates this method. 


Example 2, Solve the system of equations 

(1) H- 22/2 « 6, 

(2) 2x 4- 32/ - 7. 
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Solving the linear equation 2 we obtain: 


7 -3y 


which when substituted in (1) yields 




+ 2j/* = 6, 


49 - 42y + + 8y* =■ 24. 

(4) I7y- - 42^ + 25 = 0, 

a quadratic in one unknown y. Solving equation 4 with the aid of the quadratic 
formula we obtain 

42 d= - 4 X 17 X 25 42 db 8 


50 25 34 , 

“ 34 “ 17 ’ ” 34 “ ■ 

The corresponding values of x are found by substituting yi and y 2 in (3), so that 
7-3Xff 119 - 75 22 


The given system of equations has, therefore, two sets of solutions: 

2 2 2 5 

= TTi 2/1 * TT> 


X2 « 2 , y2 — 1 . 

These solutions should be checked by substituting them in the given equations. 

Type B, Both equations are linear in and that is, when both equa¬ 
tions are of the form ax^ + by^ = c. Such a system of equations can 
always be solved by the methods used to solve linear equations (see 
Sec. 13-1). This will now be illustrated. 


Example 3. Solve 


+ 2y^ « 17, 
2x2 - 3y2 = 6. 


Multiplying the first equation by 2 and subtracting the second equation from the 
product, we obtain 

7y2 » 28 or y^ 4. 

Therefore 

V « ± 2 . 

Using the first of the given equations we obtain 
' X - d=3. 
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The system has four sets of solutions, because each of the t/-values can be combined 

with each of the x-values. The solutions are: » 


XI « 3, 

VI = 2, 


CO 

II 

e« 

Vi = -2, 


X3 = —3, 

2/3 = 2, 


CO 

1 

II 

Vi = -2. 


They can be checked by substituting in 

the original equations. 


EXERCISES 


Solve the following systems of equations and check the solutions. 


• 1. 3x^ — 2xy -h 1/ — 1 =* 0, 

2.. 5x2 +22/2 ^ 3g^ 


II 

1 

7x — 42/ == 2. 


3. ^ = Si, 

4. 5uv = 7m — 12, 


c 

1 

11 

u = l\ 


6. E\ E 2 “ 5.80, 

6. Ri^ + R 1 R 2 =* 40, 


ExE^ “ 8.32. 

2Ri = 3/^2 "h 1* 


7. 6u2 + 5^2 = 58, 

8. /i2 ~ 5/2 = ~15, 


1 

u 

2/i2 + 4/22 = -2. 


9. 3.76p* - 5.38?“ - 9.66, 

x2 7/^ 

25 + 16°^’ 


2'.89p +'8.763 = 26. 

3: y , 

--=1. 

4 3 


11. m •{’ n ^ 20, 

12. 5/12 - + 2J52 = 65, 


mn == 40. 

AA - ZB ^ 10. 


13. 2x2 - Gxy - 92/2 « H, 

14. p2 4. 4qr2 « 20, 


2x + 32/ 4- 1 * 0. 

4p2 + ^2 20. 


15. 2i2 + Z2^ = 5, 

16. 2x + 2/ “1~ 3 = 0, 


2i22 = 2. 

2x2 + y2 _ ^ 9^ 


17. 5x2 + 2/^ *= 9^ 

X? Ip’ 

“•r6 + 9-“^' 


7x2 _ 22/2 « -1. 

12 20 


19. p2 -f- ^2 _ 

20. 3.76A* + 2.515=“ - 6.37, 


p2 - f = 32. 

8.25A“ - 5.325=“ = 2.14. 


21. 5x2 - 2/^ = 19^ 

23. TO* + = 20, 


CO 

1 

II 

mn * 8. 


Solve the following systems for x and y and find the values of k for which there 

is only one system of solutions. 



23. x2 + 2/2 « 25, 

24. 2x2 - 52/2 - 10, 


3x + 4y « A;. 

y =» 2x + A;. 


26. xy s kf 

28. 2x + 32/ « A;, 


a: -h 2/ - 1* 

xy « 5. 
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Solve the following systems for x and y. 


27. 

4- 2/2 ^ r \ 

28. 2 +^, 

or 


y ^ mx b. 

Ax By + C ^ 

29. 

il 

1 

0 

1 

ii 

p 


xy * 

X ~ IO1/ — 15y^. 


14-11. Engineering Problems. Many problems arising in engineering 
involve formulas which have quadratic foims. In working with such 
formulas one uses the methods developed in this chapter. 

Example 1. The inductance of a single layer coil is given by the formula L = 
0.025IdV/fc. Solve this equation for n. 

Dividing both sides of this equation by 0.025ld“i/c gives 


0.0251d2ZA; 


The value of n is obtained by computing the square root of both sides of this equation. 


n 




L 

o.oisidHk 


I I ^ 

d\0.0251lk 


1 11 

O.lSSdMlk 


The negative value of the square root has no meaning in this problem and is there¬ 
fore omitted. 

Example 2. Two resistors have to be selected which when combined in parallel 
have a resistance of 1.82 ohms, and when combined in series have a resistance of 
10 ohms. 

Let R\ and R 2 be the resistances of the two resistors to be selected. In the theory 
of electricity it is shown that the series resistance R^ is given by 

R$ “ Ri “I" R 2 


and the parallel resistance Rp by the equation 

Rp Ri R 2 

Therefore, to determine Ri and R 21 the following system of simultaneous equations 
has to be solved. 


( 1 ) 

( 2 ) 

Multiplying 
and making 


Ri 4” R 2 

A + A 

Ri R 2 


10 , 

1 

1.82 


0 . 66 . 


equation 2 by the product R 1 R 2 of the denominators gives 
R 2 4" Ri ■* O. 66 / 21 E 2 , 

use of equation 1 we obtain 


0.66i2ifi2 - 10. 



From equation 1, 
and therefore 
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or 


« 10 - Ri, 

0.65Ri(10 - Ri) « 10, 

5.5/2i - 0.55 ;^i 2 » 10, 
or 

0.55/2i2 - B.5Ri + 10 = 0. 

This is a quadratic equation which can be solved by the quadratic formula, in whicl 
A = 0.56, B = -5.5, C « 10, 

D - 4AC * 30.26 - 22 = 8.25. 

= 2.87. 

5.5 ± 2.87 


Ri 


1.1 


R 2 — 10 — Ri — 10 — 
If the upper signs are used. 


5.5 =b 2.87 6.5 ^ 2.87 


1.1 


1.1 


r. 8.37 ^ 

Ri =» "YY = 7.6 ohms, 

T. 2.63 ^ , 

R 2 »= yy' 2.4 ohms. 

The lower signs give the same values except that the order is changed. 


EXERCISES 

Solve the following equations for the variable indicated in each problem. 

1. Fd — ^Mv^; solve for v. 

2 . E ~ ; solve for d. 

dr 

^ „ SMB^A , , „ 

3. F * —— ; solve for B, 

, , 1 . 26 nMM , , 

L = —— ; solve for n. 






/r2 A2\ 


solve for r and h. 


6 . mi 


mo 


* o 


; solve for r, when mi = l.l/wo and c = 3 X 10^®. 


7. *» 146.6a}^ + 120w; solve for «. 

52+4^2 


8 . r 


Sh 


; solve for hj when r =® 68 in. and 6 « 72 in. (circular arch). 
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9, S =• 2*T(r + h); solve for r when S — 1 sq. ft. and =» 6 in. (surface of cir- 
cular cylinder). 

RX 

11 . 8 =» -f c; solve for t. 

12. a « 5(k^ 4- 3A;); solve for k. 

13. r = a + 4“ ci^'i solve for L 

14. arn^ 4 4- ~ = 0; solve for m. 

c 

15. The height A of a projectile t seconds after firing is given by 

h = kvoi — 

where k depends on the angle of elevation of the cannon, vq is the initial velocity, 
and g the acceleration of gravity. Solve for t. 

16. The formula 

« = t;o< + I 


gives the distance a in feet passed over in t seconds by a falling body whose initial 
velocity was vo feet per second. If ^ 32 ft. per second per second and = 80 ft. 

per second, how long will it take the object to fall 800 ft.? 

17. The formula for the reactance necessary to tune a transmission line is 


Xi 


ZoRe 


=fc Re{Zo — Re) 


Solve this for zq in terms of the other quantities. 

18. The formula 

h — V{)t — 


gives the height h in feet which is reached in i seconds by a body projected vertically 
upward with an initial velocity of vq feet per second. Solve for L Also find t for 
VD *= 79.5 ft. per second and h « 94.6 ft. 

19. For a simple beam loaded and supported in a certain way, the bending moment 
at any distance of x feet from one end is ilf = 20a: — For what value of x will 
M « 70? 

20. If a square wooden column x inches on each side is to carry a certain load, 
the smallest safe value of a; is a root of x^ — 125a;^ — 10,368 ~ 0. Find that root. 

21. The formula for the surface jS of a right circular cone of altitude h and base- 
radius r is given by iSf =» irrV 4- Solve for r^. 

22. The reactance of an electric circuit is 


X 


2irfL - 


1 

2irfC^ 


Compute/, if L « 30 X 10~«, C - 200 X 10“^^ and X « 150. 

23. If a lens of focal length / is used to produce an image of an object, the following 
relation exists between the distances of object and image from the lens. 



1 


Compute a and 6 if / * 5 in., and a -f 6 ** 2 ft. 
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14r-12. Operations with Polynomials in One Variable. In order to 
solve problems involving algebraic equations, a certain amount of skill 
in dealing with polynomials is necessary. The student will acquire this 
skill in the present section. 

In almost all problems involving polynomials it is advantageous to 
arrange all the polynomials according to descending powers of the 
variable, that is, starting with the term of highest degree. 

Addition and subtraction. If polynomials have to be combined by 
addition and subtraction, all the terms of like degree arc collected. 
One starts with the terms of highest degree and then proceeds to terms 
of the next highest degree and so on until all terms of like degree are 
collected. 

Example /. 

5(2x3 - 4x2 + 7x + 9) - 7(x3 -f x) -f 5(x2 + 7) 

« (5 • 2 - 7)x3 + l5(-4) -f 5 ]x2 + (.5.7 - 7)x + 5 • 9 + 5 • 7 
= 3x3 _ 15^2 -I- 28 x + 80. 

Multiplication. To multiply two polynomials, first arrange them 
according to descending powers of the variable. Then multiply all of 
the terms of the first polynomial successively by the first term, second 
term, etc., of the second fact/or. When all the tenns of like degree are 
collected the work is finished. 

Example 2. To find the product (2x3 — 3x2 — x + 5 ) ( 3^2 _j_ 2x — 4) we arrange 
our work in the following way. 

(2x3 - 3x2 - X + 5 )( 3^2 _|. 2a: - 4) 

The product of the first factor by 3x2; Cx® 

The product of the first factor by 2 x: 

The product of the first factor by —4: 

Sum of all the terms: fix® 

Example 3. Similarly, to find the product (x^ -f- 3x2 — 2)(x2 + 5x -|- write: 

(x^ + 3x2 — 2 )(x2 5x 4- 1) 


+ 6x® 

+ 3x^ 

+ 

+ 16a:’ 

- 2a:® 

- 10a: 

+ aE® - 2 

X* 4- bx^ 

4- 4x^ 

+ 161’ 

+ X® - lOx - 2 


Division. Each division may be regarded as a repeated subtraction, 
the divisor being subtracted from the dividend as many times as possi¬ 
ble. Thus the statement: ‘Tf 20 is divided by 3, the quotient is 6 and 


- 9x^ - 3x3 ^ 15^2 

4x4 - 6x3 - 2x2 4- lOx 

- 8x3 4- 12x2 + 4x - 20 

- 5x^ - 17x3 4- 25x2 4- 14x - 20 
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the remainder is 2” means that 3 can be subtracted 6 times from 20 with¬ 
out getting a negative difference. This is written in the form, 

(1) 20-3-0 = 2, 
or 

( 2 ) 20 = 3-6 + 2 . 

In this example 20 is the dividend, 3 is the divisor, 0 is the quotient and 
2 is the remainder. Equation 1 is a special case of the relation 

(3) Dividend — Divisor X Quotient = Remainder 

which holds whenever two numbers are divided by one another. 

Using relation (3) we now give the following definition for the divi¬ 
sion of two polynomials. 

Dividing a polynomial F{x) by a polynomial G(x) means finding a third 
polynomial Q{x) such that the difference 

(4) F{x) - Q{x) - G{x) = R{x) 

where R{x) is a polynomial whose degree is smaller than the degree of F{x), 
Relation (3) may be also written as 

(5) Dividend = Divisor X Quotient + Remainder 

of which (2) is a special case. Using (5), the above definition for division 
of polynomials takes on the following form. 

If two polynomials F{x) and G{x) are given, a third polynomial Q(x), 
called the quotient can he found such that 

(6) F{x) = Q{x) - G{x) + R{x) 

where the polynomial R(x), called remainder, is of lower degree than G(x), 
The process of division of polynomials is then the same as long division 
in arithmetic. This process consists in finding a scries of multiples of 
the divisor and subtracting these from the dividend until the last 
remainder is smaller than the divisor. The mechanics of division of 
polynomials will become clear from the following illustrations. 

Example Divide the polynomial 6a;^ + a?® + + Ox + 4 by + 2a; — 1. 

The two given polynomials are already arranged according to the descending 
powers of x. If this were not the case, they would have to be arranged in this way. 

To start the division, the highest term of the dividend, 6a;^, is divided by the highest 
term of the divisor, 3a;^. The quotient is 2a;®. The divisor is now multiplied by 2a;® 
and the product subtracted from the dividend. The remainder found in this way 
is used as a dividend for the next step and this process is repeated until the highest 
term of the last remainder is of lower degree than the divisor. 
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The computations described above can be arranged in the following way: 

(Dividend) -h x® + + 4 3x^ -f 2x — 1 (Divisor) 

2a;2 _ ^ 3 (Quotient) 

6x^ + 4x® — 2x^ 

- 3x® + 7x2 ^ 93. 

- 3x® - 2x2 -f X 

9x2 8a; + 4 

9x2 + 6x - 3 

2x + 7 (Remainder) 

The quotient is 2x2 — x + 3 and the remainder 2x + 7. The result can be checked 
by the fundamental relation (6) given above. We obtain, 

6x^ + X® + 5x2 + 9x + 4 « (3^2 4. 2a; - l)(2x2 - a; + 3) + 2x + 7. 

The result of the operations on the right side of this equation is equal to the left 
side and therefore the division was performed without mistake. 

Example 6. Divide 2x® — x -|- 5 by x — 2. 

The dividend does not contain a term of the second degree. In such a case we 
write the dividend with space left free for any missing terms. The required division 
may be arranged in the following way. 

2x® — X H- 6 X — 2 

2x2 + 4x H- 7 

2x® - 4x2 

4x2 — X 

4x2 — 8x 

7x+ 5 
7x - 14 

19 

A check for this computation is obtained by testing the relation 
2x® - X + 5 « (x - 2)(2x2 4. 4x -h 7) -h 19. 

It should also be noted that the divisor x — 2 is of degree one, hence the remainder, 
toeing of lower degree, has no terms containing x and is therefore a constant, in this 
case 19. 

From relation (6) it follows that the dividend is divisible by the qmtient 
or that the quotient is a factor of the dividend^ if the remainder is zero. 
Since in this case R{x) == 0, we have 


( 7 ) 


F{x) = Qix) • Q{x), 
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Example 6. Divide -f 3x — 18 by a; + 2. 


x® + 8x2 + 3a; - 18 


X +2 


I x2 4- 6x — 9 

x^ +2x2 


6x2 + 3x 
6x2 i2x 


- 9x - 18 

- 9x - 18 


0 

A check on these computations is obtained by showing that 

x^ + 8x2 + 3x - 18 = (x + 2 )(x2 + 6x - 9). 


EXERCISES 

In the following problems find the quotient and the remainder. Check the results 
by using relation (6). 

1 . (3x5 _ 5^2 ^ 7^. _ 2) -h (x - 1). 

2. (3x5 _ 5^2 4 . 7a. _ 2) ^ (x + 1). 

3. (x^ + 3x5 + X + 5 ) H- (x - 3). 

4. (x5 - x2 ~ X - 2) (x - 2). 

6. (6r2 - 19r + 10) -f- (3r - 2). 

6. (m^ — 3m2 + 2m — 1) -r- (nr — 3m + 1). 


7. 

(x» - 1) -f- 

(x - 1). 

8. 

(x® 

+ 

1) - 

(x 

•hi). 

9. 

(x’ - 1) -5- 

(x + 1). 

10. 

(j® 

+ 

1) H- 

(x 

-1). 

11. 

(x^ - 1) - 

(X - 1). 

12. 

(x* 

+ 

1) - 

(x 

f 1). 

13. 

(X‘ - 1) -5- 

(x + 1). 

14. 

(x* 

+ 

1) - 

(x 

-1). 

16. 

(x* + 1) - 

(X + 2). 

16. 

(x" 

+ 

3x® - 

■5) 

(x® - 2) 

17. 

(8*® + 27j/® 

) ^ (21 - Zy). 

18. 

(x® 

+ 

8/) • 

■T- (x + 2y). 

19. 

{x* +Zx- - 

■ 4) - (i® - 1). 

20. 

(X® 

-■ 

2/®) -5- 

(x 

- y)- 

21. 

(2x* - ar® 

- 2x® + 5x - 2) 

-5- (x2 - 2X 

+ 1). 




22. 

(6£< - 3£® 

- 5£® + 24jS - 

16) (3jB;2 

+ 3E 

-4). 




14-13. Remainder Theorem and Factor Theorem. Let us restate 
relation (6) of the section just preceding, namely, 

(1) F(x) = Q(x) ■ a(x) + R(x) 

where R(x) is of lower degree than G(x). Now if the divisor G(x) is of 
the first degree, then it follows that R{x) is a constant. Hence when 
the dividend F{x) is a given polynomial and the divisor G{x) = a: — r 
(a linear expression), then (1) becomes 

(2) ' F(x) « (a: — r) Q(x) + R 
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where Q(x) is the quotient of the division 


Fix) 

X — r 


and the constant R is 


the remainder. 

The equation 2 is an identity, true for all values of the variable x. 
If an equation is true for all values of a;, it remains true if a particular 
value is substituted for x. Substituting a: = r on both sides of (2) we 
obtain 

Fir) = R. 


Hence (2) can be written in the form 

(3) Fix) = (a: - r) • Qix) + Fir). 

The result given in (3) states symbolically the following theorem. 

If a polynomial Fix) is divided hy x r, the remainder is Fir); that is, 
the remainder is the number obtained by replacing x by r in Fix). 
This result is known as the remainder theorem. 


Example 1. In Example 5 of Sec. 14-12 it was seen that when F{x) =* — x -f 5 

is divided by x — 2 the remainder is 19. This can now be verified by the remainder 
theorem, for replacing x by 2 in F{x) = 2x® — x + 5 we obtain 

R = F(2) =:2‘8~2 + 5 = 19. 

Example 2. What is the remainder when x®® — 1 is divided by x + 1? 

In this case F(x) = x^® — 1 and r == — 1; hence, by the remainder theorem: 

R = F(r) = F(~l) = (-1)^® - 1 = -1 - 1 = -2. 

The remainder theorem has enabled us to find the remainder R — —2 without per¬ 
forming the extremely long division of x®^ — 1 by x -f 1. 

If, in particular. Fir) = 0, then we obtain from (3) 

(4) Fix) = (a; ~ r) • Qix). 

This result can be stated in the following theorem. 

If the polynomial Fix) is equal to zero when x = r, then (x — r) is a 
factor of Fix) and conversely, if (x — r) is a factor of Fix), then Fir) = 0. 
This result is known as the factor theorem. This theorem enables us to 
find out whether or not a polynomial Fix) is divisible by a linear factor 
X — r without actually carrying out the division. 

Example 3. The polynomial F{x) =* x^ — 8 vanishes for x “ 2. Hence by the 
factor theorem, F{x) is divisible by x — 2; in fact, 

x3 - 8 = (x ~ 2)(x2 + 2x + 4). 

Example 4- Decide whether or not x + 3 is a factor of x^ — 3x -f 9. 

In this case F(x) =* x® — 3x -f 9 and x — r =» x H- 3; therefore r « —3 and 

F(-3) = (-3)3 - 3(-3) + 9 » -27 + 9 -h 9 « -9 0, 

which shows that x + 3 is not a factor of x® — 3x 4- 9. 
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EXERCISES 


Perform the following divisions and check the remainder using the remainder 
theorem. 

1. (x* + 7) + {* + 1). 2. (I* - 10) ^ - 3). 

3 . (*» - 3** - 7* - 15) + (x- 5). 4 . (2x‘ - 16*® -f 2) -s- (* + 3). 

6. (2E» - E® + 6E + 6) (E - 2). 

6. (R* + 4B» + 3R® -7R - 28) •«•(«+ 3). 

7. (y* - 2y® + 3s, - 6) (y + 2). 

8. (*® - 2*< - 2** + 6* -f 3) -4- (* + 1). 

9. (2z^ - 6z® - 2a + 5) -4- (z + 5). 10. (SL* - 2L» + 3L - 7) -4- (L -f 2). 

Find the remainders of the following divisions without actually dividing. 

11 . (2*®^ + 27) -4- (* - 1). 12 . (2*®' + 27) -i- (* + 1). 

13 . (3E» - 2E® + 4E - 31) 4 (E - 2). 

14 . (5R* - 2S® + 3B + 7) -4- (B + 2). 

16 . (8r» + 2r® - 7) -4- (r + 3). 16 . 3(2s,’ - »y* + y) ^ (y - §). 

17 . (3 cos® 9 — 5 cos 9 + 4) -4- (cos 6 — 0.5). 

18 . (tan® 9 + 2) 4 (tan 9 + 1). 19. (sin® 9 + 3) 4 (sin 9 - 1). 

20 . (6 cos® a + 2 cos a + 1) 4 (cos a + 2). 

Decide whether * — 2 is a factor of the following polynomials. 

21 . 2*® - 4** - 3*® -f 9* - 17. 22 . x* - 16. 

23 . *♦ + 16. 24 . *® + * -f 4. 

26 . a:® - *» - 24. 26 . 7*» - 56. 

27 . »® -f *® - 3* + 3. 28 . X® - 2*» + 2* - 52. 


Decide whether x + 3 is a factor of the polynomials in Exercises 20-36. 


29. 4x» + 2x® - 51x - 63. 
31. X* - 81. 

33. 2*» + 6x® -f 81. 

36. X® - 4x» -f 13. 


30. X® + 81. 

32. 2x® - 5x - 1. 
34. X® - 6x® + 12.r®. 
36. 5x* + 7x® + 1. 


37. Is 4 sin® 9 — 3 sin 9 + 0.5 divisible by sin 9 — 0.6? 

38. Is tan® A + 1 divisible by tan A — 1? 

39. Find the value of fc so that 4x* + 3fee® + 6x — 1 is divisible by x — 1. 

40. Find the value of m so that x — 2 will divide 6x® — 3»i + 4* — x® + 15 with 
a remainder equal to 5. 


14-14. The Fundamental Theorem of Algebra. Let F(x) be any 
polynomial of degree n in the variable x. Then the equation 

E(x) = 0 

is called an algd^raic equation of nth degree. Every number, real or imag¬ 
inary, which when substituted for x satisfies this equation is called a root 
ofF(x) - 0. 
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Thus, for example, 

2a:^ + — 8a; — 4 = 0 

is an algebraic equation of the third degree. The left-hand side vanishes 
for a: = 2. Therefore, a; = 2 is a root of the given equation. 

Every algebraic equation has at least one root. This statement, even 
though it may seem obvious to the student, is one of the most important 
theorems in algebra and is therefore known as the fundamental theorem 
of algebra. This theorem was proved the first time by the mathemati¬ 
cian Gauss in 1799. A proof may be found in advanced books on algebra. 

Obviously this theorem is true only when the complex numbers are 
admitted as roots. For example, the equation + 1 = 0 has only 
the roots x = db 

14-16. Number of Roots of an Algebraic Equation. We can now 

restate the factor theorem given in Sec. 14-13 in the following way. 

If r is a root of the algebraic equation F(x) = 0, then {x — r) is a factor 
ofF{x). 

The linear expression a; — r is called the root factor corresponding 
to the root x = r. 

We shall now use the factor theorem to determine the number of 
roots of an algebraic equation. 

Let F(x) be a given polynomial. By the fundamental theorem of 
algebra stated in Sec, 14-14, the equation 

Fix) = 0 

has at least one root which we may call a: = ri. The polynomial Fix) 
is then divisible by x — ri and can be factored, so that 

Fix) = (x - ri) Fiix), 

where Fiix) is found by dividing Fix) by x — rj. The degree of Fiix) 
is one less than that of Fix). 

The same procedure can be repeated with Fiix). The equation 
Fiix) = 0 has at least one root x == r 2 and the polynomial Fiix) can be 
factored, so that 

Fiix) = (x - r 2 ) F 2 ix), 

and therefore 

Fix) = (x - ri)(x - rg) F 2 (x), 

where the degree of F 2 ix) is two less than the degree of Fix). 

This procedure can be repeated until the degree of one of the quo¬ 
tients Fi(x), F 2 (x), Fzix), • • • is zero, that is, until a quotient is a con¬ 
stant A. If Fix) is a polynomial of degree n, we have then 

(1) Fix) = Aix ~ ri)(x - rg) • • • (x - rn). 

This proves the following theorem. 
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Every polynomial of the nth degree can he factored in n linear factors. 
Symbolically this is given in (1). 

The equation F{x) = 0 when written in factored form 

F{x) = A{x - ri){x - r 2 ) • • • (x - rn) = 0 

is easily seen to be satisfied when a; = ri, x = r 2 , • • •, a; = rn. The 

equation F{x) = 0, therefore, has n different roots, provided that all 
the numbers ri, r 2 , • • •, rn are different. If some of these numbers are 
equal, then the corresponding root Ls said to be a multiple root. For 
example, when ri = r 2 , then the root ri is said to have multiplicity 

two or to be a double root; when ri = r 2 = ra, then the root ri is said 

to have multiplicity three or to be a triple root, and so on. This leads 
to the following theorem. 

Given an algebraic equation of degree n: 

F(x) = 0. 

The left-hand member of this equation is the product of n linear factors, 
and the equation has exactly n roots if each root is counted as often as ite 
multiplicity indicates. 

Example, Consider the equation + 2x^ — 2x® — -f a; -f 2 « 0. 

The left-hand side can be factored and written in the form 

(X - l)Hx + DHx -f- 2) = 0, 

so that it is the product of five linear root factors. The corresponding roots are, 
therefore, 

n = r 2 = 1, rs ** r4 = —1, n = -2. 

The equation has three different roots, 1, —1, —2. Each of the first two of these 
roots is a double root so that the total number of roots is five. 

14-16. Reduced Equation. If x = r is a root of the algebraic equa¬ 
tion F{x) = 0, then this equation can be written in the form 

(x - ri) Fi(x) = 0. 

Here the left-hand member can be zero only if either x — ri = 0 or 
Fi(x) = 0. The first possibility gives x = ri, the root already known. 
All the other roots of F(x) ■= 0 are, therefore, roots of the reduced 
equation 

Fi(x) = 0. 

The degree of this reduced equation is one less than the degree of the 
original equation F{x) == 0. 

The problem of finding the roots of the equation F(x) = 0 which is 
of degree n is therefore reduced to finding the roots of the equation 
Fi(x) =a 0, which is simpler, being of degree n — 1. 
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Example. Solve the equation a;* -h — 8® — 6 * 0, given that one of the roots 
is n ■■ 1. 

That this equation has the root n ** 1 can easily be checked by substitution in 
the given equation for 1 + 1 — 8 • 1 + 6 = 0. To find the reduced equation, 
divide (x* + — 8® + 6) by (x — 1) as follows. 

x3+a;2-8x+6 x-1 

x2 4. 2x - 6 

2x2 - 8x 
2x2 - 2x 

- 6x -h 6 

- 6x +6 


The reduced equation is 
and its roots are 


0 

x2 -f 2x - 6 = 0, 



-2 ± 
2 


-1 ±-v/T. 


The given equation has, therefore, the following three roots: 

*1 = 1, 

xj = -1 + V? - -1 + 2.646 - 1.646, 

*8 “ -1 - --1 - 2.646 - -3.646. 


EXERCISES 

In the following equation one root is given. Find all the other roots. Express 
all irrational roots in decimal form, correct to three significant figures. 

1. 2a:» + 3a:2 - 5i - 18 - 0; n = 2. 2. a:* - Sx^ - 20x - 300 = 0;ri - 10. 

8. x’ - 1 - 0; n - 1. 4. x* + 1 = 0; n = -1. 

B. X® + X* — 8x — 12 = 0; ri = —2. 6. tan®x — 3tanx — 2 = 0;tanx =■ 2. 

7 . 4x* - lOx* - 7x + 3 = 0; ri = 3. 8. x» - 2x* - 13x - 10 - 0; n - 5. 

9. 2 tan’ 9+3 tan’ 9 — 4 tan 9 + 1 =0; tan 9 — J. 

10. X* — 2x’ — X + 2 = 0; n = 1. 

In the following equations two roots are given. Find all the other roota 

11. x’ - lOx’ + 35x’ - BOX + 24 =. 0; n = 1, rj = 4. 

12. x’ - 6x’ - 19x’ + 144x - 180 => 0; n - 6, r 2 = 2. 

18. 6x’ - 6x’ - 39x’ - 4x + 12 = 0; n = 3, ra - -2. 

14. IBx’ + 43x’ - 167x’ + 17x + 10 - 0; n - 2, n - -5. 

IB. x’ + X* - 2x’ + 4x - 24 - 0; ri - 2, r 2 - -3. 

16. x’ — 4x’ + 4x’ — 36x — 48 «» 0; n «■ B, ra “ —1. 
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14-17. Rational Roots. We shall first consider an algebraic equation 
in which the coefficient of the highest power of the unknown is unity 
and all the other coefficients are integers. For example, 

(1) + 2x^ — 3a: — 6 = 0 

is such an equation. It can be proved that the real roots of such an 
equation are either irrational numbers or integers (they cannot be frac¬ 
tions). In the present section we shall explain the method for finding 
the integral roots which such an equation may have. In this copnec- 
tion the following theorem is true. 

For an algebraic equation in which the coefficient of the highest power of 
the unknown is unity and all of those other coefficients are integers, any 
existing integral roots are factors of the absolute term. 

Applying this result to the equation given in (1) we see that if integral 
roots exist they have to be factors of the absolute tenn 6. In order to 
find these roots, the factors of 6 have to be tested. All the possible 
integral factors of 6 are: 

-1, +1, -2, +2, -3, +3, -6, +0. 

Substituting in the given equation it is found that of these numbers 
only —2 satisfies (1) and is, therefore, a root of this equation. Since (1) 
is an equation of the third degree and has therefore three roots, the 
other two roots are either irrational or complex. These can be deter¬ 
mined by dividing x^ + 2a:^ — 3a: — 6 by a: + 2 and solving the result¬ 
ing reduced equation. Carrying out the proper computations we get 

a:^ + 20:^ ~ 3a: - 6 = (a: + 2){x^ - 3); 

so that the three roots of equation 1 are 

n = —2; r2 = V3; r^ = —\/3. 

From this example the following rule can be derived. 

In order to find all existing integral roots of an algebraic equation with 
integral coefficients and the highest coefficient 1, test all factors of the abso¬ 
lute term. 

If the highest coefficient is not unity, but all the coefficients are inte¬ 
gers, the equation may have rational roots which are fractions. The 
method for finding them will be shown in the following example. 

Let 

(2) 2x^ - 50:^ + 7a: - 6 - 0 

be the given equatiqn. The coefficient of the highest power of a: is 2, 
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while all the other coefficients are integers, 
quantity y by the substitution 


(3) 



Introduce a new unknown 


where the denominator on the right-hand side is equal to the coefficient 
of the highest power of x in the given equation. The result of replacing 

y 

X by ““ in the given equation 2 is 

(U 

2^' -5^ + 7|-6 = 0, 

from which 

(4) — by^ + l^y — 24 = 0. 


This is an equation with integral coefficients and the highest coefficient 
equal to 1. Hence, by the method discussed previously, each integral 
root of this equation is a factor of 24. Testing the various factors of 24 
we find that 2 / == 3 is a root of equation 4, and therefore by (3), x = 


y 

2 


- is a root of the original equation 2. 

£i 


Once an integer or fractional root has been found it can be used, by 
the method of Sec. 14-16, to form a reduced equation of lower degree. 
Thus, in the last example the polynomial on the left-hand side of (2) 
can be divided by x — f and the resulting quotient (a quadratic) solved 
for the other two roots of the given equation. These two roots will be 
irrational or complex numbei’s. An alternative method which will 
avoid working with fractions is to divide the polynomial on the left- 
hand side of (4) hy y — 3 and thus obtain the other two roots of equa¬ 
tion 4. Then by (3) we shall have the corresponding roots of (2). 


Example. Find all the roots of the equation 
(5) + 28x2 + lOx - 3 « 0. 




Since the coefficient of the highest power of x is 5, we substitute x ^ in (5) and 

5 


obtain, 


t/2 y 


0 , 


(6) j,* + + 60y - 76 - 0. 

Each integer root of this equation is a factor of 75. Testing the different faMstors 
of 75, it is found that —3 is a root of the given equation. To find the other roots 




EXERCISES 

Find the rational roots of the foilowing equations. 

1, 2a;* - 6a: + 2 - 0. 2. a;’ - 6®* + 11a: - 6 «= 0. 

8, - 2a:* - 4a: + 8 = 0. 4, 3a;* + 2a:* + 2a: - 1 =■ 0. 

6. - Kte* + 35a:* - 60a: + 24 - 0. 6. 5a:’ + 24a:* - 1 - 0. 

7. E’ - SE* - 2E + 6 = 0. 8. Sj/* + 8y* + y - 2 - 0. 

9. 6a:’ + X* - 12a: + 6 - 0. 10. L’ - 4L* - IIL - 6 - 0. 

11, E’ + 3E* - 24E + 28 - 0. 13. E’ - 8E* + 17B -10-0. 

18. L* - 9L* + 23L - 16 - 0. 14. 8y’ + 4y* - 66y + 63 - 0. 

16. s’ - 6*’ + 6** + 6* + 12 - 0. 

16. - to* - ^ + 16* + 12 - 0. 
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Find all the roots of the following equations. 

17. a;* -f 2x2 - X - 2 - 0. 18. 2x2 -f Sx^ ~ 2x - 3 - 0. 

19. Sx® + 6x2 - X - 2 « 0. 20. x^ + x^ - 34x2 - 4x + 120 - 0. 

21. x^ -f 3x2 - 6x2 - 18x -f 20 * 0. 22. x2 - 1 « 0. 

23. ^2 « 8. 24. x^ « 16. 

25. (x + l)(x - 2)(x + 3) « 24. 26. - 2E^ E 0. 

27. - SR- Z ^0, 28. 2L^ -h 6L2 - 13L + 5 - 0. 

29. 2i/2 + 3^2 _ 42, ^ 1 „ 0. 30. 2^ + - 2^2 - 4z - 8 » 0. 

14-18. Graphical Solution of Equations. After having worked with 
algebraic equations, we could hardly expect that all the roots of such 
an equation are rational, or even that an algebraic equation has any 
rational roots at all. The method for finding rational roots, explained 
in Sec. 14-17, can therefore be used only occasionally. If we are to find 
all the real roots of an algebraic equation, we are still faced with the 
problem of finding the irrational roots. A method for finding the 
approximate values of the irrational roots will be developed in the 
remaining sections of this chapter. The student should be reminded 
that an algebraic equation may also have roots which are complex num¬ 
bers. Finding the complex roots of an equation of a degree higher than 
the quadratic is rather difficult and will therefore not be given in this 
book. This, however, is not a serious omission in view of the fact that 
in the applications of mathematics one is usually interested only in the 
real roots. 

In the case of a quadratic equation, the irrational roots can be found 
by the quadratic formula (explained in Sec. 14-6). This fact may sug¬ 
gest the idea of finding corresponding formulas for higher degree equa¬ 
tions. Formulas of this kind which permit the computation of the 
roots are known for equations of the third and fourth degree, but they 
are too complicated to be used generally for solving such equations. 
That no such formulas exist for equations of the fifth or higher degree 
was proved by the Norwegian mathematician Abel in 1827. 

Even though formulas for obtaining irrational roots of an algebraic 
equation are difficult or impossible to derive, there are methods for 
finding approximate values of these irrational roots to any desired 
degree of accuracy. Some of these methods will be explained in the 
remainder of tliis chapter. We shall start in the present section with the 
graphical solution of equations. 

The first method for the graphical solution of equations has been 
already explained in Sec. 3-12. In order to locate approximately the 
real roots of the equation 

F(x) = 0, 

plot the graph of the function 


y “ F(x), 
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and find its x-interccpts, the abscissas of the points where the graph 
meets the a:-axis. 

Example 1, Locate approximately the roots of the equation a;® — 3a: + 1 “0. 

In order to plot the graph of 

2/ =* a;® — 3x -f 1 

the following table of corresponding values is computed, 


X 

-3 

-2 

-1 

0 

1 

2 

3 

y 

-17 

-1 

3 

1 

-1 

3 

19 


and the graph is plotted on cross-section paper (Fig. 14-6). From the graph it can 
be concluded that the given equation has three real roots, approximately 

xi =* —1.9, X 2 — 0.3, 3:3 = 1.5. 



To plot the graph of the function y = F{x) is often troublesome. 
Another method, therefore, will be given here, which can be used occa¬ 
sionally and which requires less work. The method will be explained 
in connection with the equation of the previous example, 


(1) 


-3x + l 
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Write this equation in the form 

= Sx — 1, 

and plot the graphs of the two functions 

y ^ x^, y = Sx — 1. 

These graphs can be easily plotted. Moreover, if other cubic equations 
have to be solved, the graph of y = x^ can always be used. The graph 
ofy ^ x^ has been discussed in Sec. 8-13, while the graph of t/ = 3a: — 1 
is a straight line (Fig, 14-7). 



Fiq. 14-7. 

If the two graphs intersect in a point P, the two functions have the 
same values at P, namely, 

y ^ = Sx — 1. 

The abscissa x of P, therefore, satisfies the given equation 1. From 
Fig. 14-7 it can be inferred ihat there are three points of intersection, 
-Pi> P 2 f P 3 whose abscissas are approximately: 

xi « -1.9 X 2 - 0.3 Xz * 1.5. 
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This method can always be used when a few terms of the given equa¬ 
tion F(x) = 0 can be transposed so that both sides of the equation can 
plotted with less effort than the graph of F(x). The method can also 
applied to non-algebraic equations. 


Example 8. Solve approximately the equation i* = 10. 

Computing the logarithms of both sides of the equation we have 

xlogx •« 1 
or 

log* - -• 

X 

The graphs of the two functions y ^ log x and y — - are easier to plot than the 

X 

graph of a:* ■■ 10. 



Figure 14-8 shows that the two graphs intersect at a point whose abscissa is 
roughly 2.5. Hence, xo * 2.6 is an approximate value satisfying the equation 
« 10. In fact, 2.52 ® « 9.88. * 


EXERCISES 

Find by the methods of this section approximate values for the real roots of the 
following equations. 

1. X* ~ 6x2 10 « 0 . 2. X* 4 - 5x2 - 10 » 0. 3. x* + 4x2 - 7 - 0. 

4. X* - 3x + 1 « 0. 6. X* + 2x + 20 « 0. 6. x® - 7x + 7 « 0. 

7. 3x^ - 4x2 -f- 8 « 0. 8. x» 4- 4x - 6 * 0. 

9. 2.3x2 _ 21x 4- 1.2 - 0. 10. x^ - 2.7x - 3.8 « 0. 

lla x* - 3x 4* 2 «« 0. 12. x^ ~ X 4- 5 - 0. 

18. X 4* log X ■« 3. 14. X — log X « 7. 16. 2x — log x « 8. 

16. 4x — log X - 9. ' 17. e* — 3x » 0. 18. 2* — 4x *« C. 
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In the following equations the unknown is an angle measured in radians. 

19. X — cos a? ** 0. 20. a: + sin 2a; 1.4. * 21. x — sin a; *• 2. 

22. a; — sin a; — 7 » 0. 

4 

23. The angle of a circular sector whose area is bisected by its chord satisfies the 
equation 0 » 2 sin Find an approximate value for 

14r-19. Method of Repeated Linear Interpolation. Various methods 
have been developed which permit us to find the irrational roots of an 



Fig. 14r-9. 


equation with greater precision than it is possible to find them by the 
graphical methods of Sec. 14-18. The method which is known as the 
method of trial and error or the method of linear interpolation will be 
discussed in this section. This method is simple and applies to all 
cases in which the graph of the function 
y ~ F{x) intersects the a;-axis so that y 
is positive on one side and negative on 
the other side of the point of intersection 
of the curve with the x-axis, as in Fig. 

14-9. This method cannot be used when 
the curve touches the x-axis as in Fig. 

14-10. This latter case, however, occurs Fiq, 14-10. 

seldom and will not be discussed here. 

The method of repeated linear interpolation is based on the following 
two statements. 

1. If x' and x" are two values sufficiently close to one another (Fig. 
14-9) so that F(xO and F(x") have different signs, then the graph of 
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y “ F{x) intersects the a:-axis at a point Pq whose abscissa Xq is between 
x' and x". This statement means that there is a value x = xq between 
x' and x" such that F(xo) = 0. 

2. Let Q' and Q" (Fig. 14-9) be the two points on the graph of y — 
F(x) with abscissas x' and x" respectively. Also let P' and P" be the 
projections on the x-axis of the points Q' and Q" respectively. Now if 
Fix') and F{x”) have different signs and the points Q' and Q" are suf¬ 
ficiently close to one another, then the straight line Q'Q" crosses the 
x-axis at the point Pi which, as a rule, will be nearer to the point Pq 



than either of the points P' and P". Thus the line Q'Q" becomes a close 
approximation of the section of curve of y = F{x) between the points 
Q' and Q". 

Our object now is to find the abscissa Xy of the point Pi’. This value 
xi will give us the first approximation to the abscissa Xo of the point 
Po, which is the root in question. 

The abscissa Xi of the point Pi can be found very easily from the 
fact that the two triangles P'PiQ' and are similar (see Figs 

14-11 and 14-12). Therefore it follows that 

P'Pi’ ^ P'Q' 

MQ" ~ MQ’’ 

Now since we have P'Pi' = h and MQ” = | x" — x' |, 
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In the last expression P'Q' is the absolute value of F(a:') and MQ' is the 
sum of the absolute values of F{x') and F{x"), so that 


( 1 ) 

and 


I Fi.x') I 

1 Fix') 1 + 1 Fix") 1 



(2) xx = a;' + A. 

We can now summarize our work. 



To find a first approximation to a real root of the equation 

Fix) - 0, 

proceed as follows: 

1. Find two values x* and x" sufficiently close to one another so that 
Fix') and Fix") have different signs, 

2. Having found the values of Fix') and Fix")j use il) to compute h. 

3. Using (^) find the value of x' + h which gives its the first approxima¬ 
tion to the required root. 

This procedure of replacing a curve by a straight line in order to find 
an approximation to its x-intercept is the process of linear interpolation. 
In the examples below it will be explained how a second value Xx" can be 
found such that F(xi') and F(xi") have different signs. Using the values 
Xx' and Xx' instead of the original values x' and x" the whole procedure 
can be repeated in order to obtain a closer approximation to the root. 
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Thus, by successive repetition of this process, the root can be found 
with any desired degree of precision. 


Example 1, 
the equation 


Find correct to three significant digits, the greater positive root of 
F(a;) « - ar -f 1 « 0. 


This equation has already been investigated in Sec. 14-18. It was seen there 
that the greater positive r(X)t is roughly x' = 1.5 and that the corresponding graph 
(Fig. 14r-6) crosses the a:-axis at this point from negative to positive values of F{x), 
Step 1. Compute 

F(x') = F(1.5) « 1.5^ - 3(1.5) + 1 « 3.375 - 4.5 + 1 =« -0.125. 


From the graph it can be inferred that x' is to the left of the unknown root. A second 
value x" to the right of this root is found by trials, increasing x' by one or more units 
of its right-most place. Trying the value x *= 1.6, we obtain 

F(1.6) = 1.6* - 3(1.6) 4- 1 “ 4.096 - 4.8 + 1 « 0.296. 


Since this value of the function is positive, we choose x" — 1.6. The required root 
lies between x' == 1.5 and x" = 1.6. These two values can now be used to find a 



better approximation by linear interpolation. For this purpose it is always advis¬ 
able to plot a graph, as shown in Fig. 14-13, which is large enough so that all the 
necessary arguments can be made in connection with the figure. 



14-19] 


METHOD OF LINEAR INTERPOLATION 


515 


Substituting in (1) we obtain 


h 


0.125 

0.126 + 0.296 


(1.6 - 1.5) 


0.125 

0.421 


( 0 . 1 ) 


0.03. 


It is generally sufficient to compute only one digit of h. The new approximate value 
for the root is the abscissa of Pi', 

= a;' + ^ “ 1.5 4- 0.03 = 1.63. 


In order to test the precision of this value and to obtain a closer approximation, the 
whole procedure is now repeated, starting with the new value =» 1.53. 

Step 2. Compute 

F(1.63) * 1.63« - 3(1.53) + 1 « 3.682 - 4.59 + 1 = -0.008. 

The value a;i' = 1.53, therefore, is smaller than the correct root value. In order to 
find a value greater than the root, increase the value 1.53 and compute the corre¬ 
sponding value of P(x). 

F(1.64) » 1.548 - 3(1.54) 4- 1 = 3.652 - 4.62 4- 1 » 0.032. 

We, therefore, take aji" =» 1.54, and xi' and xi" are two values which can be used for 
the linear interpolation. The corresponding part of the'graph is plotted on a much 
enlarged scale in Fig. 14r-14. 



Computing h as before, we find it to be 


h 


0.008 

0.008 + 0.032 


( 0 . 01 ) 


a®»» 


0 . 002 , 


and therefore 


- 1.53 4- 0.002 « 1.632. 
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Since the value = 1.532 is a better approximation than the previous value xi' 
a* 1.63, it can, therefore, be concluded that x *=* 1.63 is the value of the root to three 
significant digits. 

If a greater precision is required, the procedure can be repeated as often as 
necessary. 

Example 2. Find the negative root of the equation 
F{x) = - a; - 5 « 0. 

We first construct a table of values for the function 

y « 2x^ — a; — 5, 

obtaining 


X 

-2 

-1 

0 

1 

2 

y 

29 

-2 

-5 

-4 

25 


There is a negative root between —2 and —1, for as the table shows F(—2) = 29 
and F( —1) = —2 have opposite signs. In order to find closer approximations of 
this root, the process of linear interpolation is applied starting with the values 

a;' « -2, a:" « -1. 



Step i. As in the previous example, we have from Fig. 14-16, 


whence 


h 


29 

29 4-2 


(- 14 - 2 ) 


0.9 


xi' * -2 4-0.9 - -1.1. 


Step 2, From the table of functional values it can be concluded that the function 
is positive to the left and negative to the right of the required root. The value 
xi* —1.1 is too large, because 

F(-il.l) « 2(-l.l)< - (-1.1) - 6 - 2(1.46) 4-1.1 ~ 6 - - 0.98 




EXERCISES 

Find the real roots of the following equations correct to three significant figures. 


1. 


— 

Ax — 

5 « 

0 . 


2. 

x» 

-h 

7x + 3 = 0. 

3. 


-h 

3x - 

6 = 

0 . 


4. 

x» 

+ 

2x“ + 3x + 4 = 0. 

6. 

x’ 

+ 

6 x2 _ 

- 10 

* 0. 


6. 

X* 

- 

2.7x - 5.2 = 0. 

7. 


- 

20 

r 

2 . 



8 . 

(1 

+ 

fe)’ - 1 = A- 

9. 

x» 

+ 

4x* - 

- 2x 

- 

0 . 

10. 

x’ 

— 

3x“ + 3x - 10 - 0. 

11. 

X* 


x»- 

4x2 • 

~ 16 » 0. 

12. 

X* 

+ 

c> 

It 

§ 

1 

13. 

Find 

the cube root of 

60. 

14. 

Find 

the cube root of 30. 


16. Find two fourth roots of 30. 

16. A sphere of ice, 1 ft. in diameter, floating in water, sinks to a depth of h feet, 
given by the equation 2A* — 3^^ 4- 0.9 » 0. Find the depth correct to three sig¬ 
nificant digits. 
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17. An open tank is to be made from a rectangle of sheet metal, 20 by 30 in., by 
cutting out equal squares from each comer and turning up the sides. What size 
squares should be cut out in order that the volume of the tank is 900 cu. in.? Give 
your result correct to two significant digits. 

18. What is the thickness of a hollow spherical vessel whose outer diameter is 
10 in. and which can hold 400 cu. in.? For a sphere of radius r the volume is 
Give your result correct to three significant figures. 

e 

19. The values of sin 6 and sin - satisfy the following equation 

3 


sin B 


3 sin I — 4 sin® - • 
3 3 


If sin 0 =» 0.7, find sin - correct to two significant digits. 

3 

20. The diameter d in inches of the bolts needed in certain cylindrical shafts is 
the positive root of the equation -[- 800d^ — 18d — 360 ** 0. Find d to two 
decimal places. 


PROGRESS REPORT 


In this chapter the quadratic equation was considered, and methods 
for finding its roots were discussed. A precise formula for the roots 
was also derived. It was seen that these methods could be used to find 
the roots of certain more complicated equations of quadratic type. 
Methods were developed for solving some simple systems of quadratic 
equations in two unknowns. After discussing operations with poly¬ 
nomials, an exact method was developed, using the factor theorem, for 
finding the real rational roots of a polynomial equation with rational 
coefficients. Finally we discussed the method of linear interpolation for 
finding approximately the values of the real irrational roots of a poly¬ 
nomial equation. 



CHAPTER 15 


THE STRAIGHT LINE 

In plane geometry problems were solved by construction and by geo¬ 
metrical reasonings. However, by introducing a coordinate system as 
described in Chapter 3, it is possible to apply the algebraic processes to 
the solution of geometrical problems. Since the methods of algebra are 
more direct and usually easier than geometrical reasonings, much is 
gained in the solving of problems in this way. Thus by means of a co¬ 
ordinate system algebra and geometry are united and the resulting 
subject is analjrtic geometry. This subject was first introduced by Ren6 
Descartes (1596-1650), a French mathematician. 

16-1. The Distance between Two Points. Let Pi(xi, y\) and 
^ 2 (^ 2 ) 2 / 2 ) be any two points in the plane, as shown in Fig. 15-1. They 



kY 

Njlo.ya) 

1 


1 

1 

N,M 1*^ 

1 

1 

1 , 

0 

ikyx2,o) 

Fig. 15-1. 


determine the segment joining them, which will be denoted by P 1 P 2 * 
We shall also let P 1 P 2 represent the length of the segment^ a positive number. 

The perpendiculars from Pi and P 2 to the x-axis cut that axis at 
Mi(xi, 0) and M 2 {x 2 , 0), respectively. Since M 2 is to the right of 
Ml, X 2 > xi, and M 1 M 2 = X 2 — x\. Similarly, if the perpendiculars 
from Pi and P 2 to the y-axis cut that axis at Ni{Qy yi) and iV 2 ( 0 , ^ 2 ) 
respectively, then N\N 2 = ^2 — Both of these statements depend, 
of course, on how Fig. 15-1 has been drawn. If it were drawn dif¬ 
ferently, the order of the subscripts might be changed. 
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From Fig. 15-1 and the Pythagorean theorem we have: 

(P1P2)" = (PiQ)* + iQP 2 ? 

= (MiMa)" -f 
= {^2 - xi)^ -f (2/2 - yi)*. 

If we denote the distance P 1 P 2 by d we have that 

( 1 ) d = V(X 2 - *1)^ + (1^2 - 

Since the order of subscripts in (1) does not matter, the formula is valid 
for any two points in the plane. 

Example. Find the distance between the points (—2, 5) and (7, —3). Ijet P 2 
be (-2, 5) and Pi be (7, -3). Then 

d - V(-2 - 7)* + (5 -f 3)* = y/m +64 -= Vlis. 


EXERCISES 


Find the distance between the points of each of the following pairs. 


1. (2, 4), (1, -6). 

3. (-3, 5), (-6, 2) 

6 . (6, 3), (-5, 3). 

7. (5,3), (-4,2). 

9. (3, 6), (-6, -3), 


2. (3, 1), (-4, -2). 
4. (6,10), (-3, 2). 
6. (3, 2), (3, -8). 

8 . (15, 8), (-8, 12). 

10. (3,6), (-8,5). 


Prove by using the distance formula that the three points given in each exercise 
form the vertices of a right triangle. 

11. (0, 0), (4, 2), (2, 6). 12. (-6, -1), (8, 7), (-10, 6). 

13. (-3, 0), (-1, -4), (-6, -6). 14. (0, 9), (6, 3), (-8,1). 

16, (0, 3), (2,1), (6, 6). 

Prove by using the distance formula that the three points given in each exercise 
form the vertices of an isosceles triangle. 

16. (2, -2), (8, -2), (6, 6). 17. (4, 4), (2, 1), (1, 2). 

18. (0, 0), (-9, 6), (6, 9). 19. (-3, 3), (3, 5), (2, -2). 

20 . (- 2 , - 2 ), ( 2 , - 1 ), (- 1 , 2 ). 

Prove by using the distance formula that the four points given in each exercise 
form the vertices of a parallelogram. By finding the lengths of the diagonals, find 
out whether or not the parallelogram is a rectangle. 

21 . (- 2 , 0 ), (- 2 ,- 2 ), ( 2 , 0 ), ( 2 , 2 ). 

22. (-2,1), (1, -2), (5, 2), (2, 5). 

28. (-6, -3), (1, -11), (7, -6), (1,2). 

24. (0,6), (-2,10), (-4,6), (-2,2). 

26. (-3,1), (3, 3), (4,-0), (-2, -2). 
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26. Show that the points (3, 2), (0, —1), (0, 6), and (—3, 2) form the vertices of 
a rhombus. Show that the figure is a square. 

27. Show that the points (4, 1), (4, —3), and (0, 5) are equidistant from (—2, ~1). 
What is the center and radius of the circle determined by the first three points given? 

28. Find a point on the t/-axis equidistant from ( — 1, 4) and (3, 2). 

29. Find a point on the x-axis equidistant from (1, 2) and (4,1). 

15-2. The Midpoint of a Segment. Let P(x, y) be the midpoint of 
the segment joining Piixu Vi) and 2 / 2 ) as shown in Fig. 15~2. 



With the constructions shown in this figure, it can be shown easily that 
triangle P\MP is congruent to triangle PNP2- Then PiM = PN. 
Obviously Piilf == a; — and PN = X2 — x. Then 

whence 

( 1 ) 

In like manner 

( 2 ) 

This discussion, of course, depends upon the way the figure was drawn, 
but the results (1) and (2) are the same no matter what figure is drawn, 
as the reader may easily verify. 

Example, Find the midpoint of the segment joining (1, 2) and (—5, 4). 

By formula (1), x » »■ —2, and by formula (2), y *« =• 3. Thus, 

2 2 

the midpoint is (—2, 3). 


X — Xi — X2 — X 
Xi + X2 

*-T" 

yi + tf2 
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EXERCISES 

Find the coordinates of the midpoint of the segment joining: 

1. (4, 6), (2, ~4). 2. (4, ~6), (-2,4). 

3. (-5, 3), (-3, -6). 4. (2, -5), (4, 7). 

6. (0,3), (-5,9). 6. (-5, -8), (3,4). 

7. Find the coordinates of the midpoints of the sides of a triangle whose vertices 
are (1, 1), (5, 7), and (—3, 6). 

8. Find the coordinates of the midpoints of the sides of a triangle whose vertices 
are (3, 2), (-6, 8), and (-3, 7). 

9. The midpoint of a segment is (2, 3), and one extremity is (—6, 5). Find the 
coordinates of the other extremity. 

10. The midpoint of a segment is (3, 4), and one extremity is (4, 5). Find the 
coordinates of the other extremity. 

11. The points (6, 8), (—4, 0), (0, —4), and (6, —2) form the vertices of a quadri¬ 
lateral. Prove that the segments joining the midpoints of opposite sides bisect each 
other. 

12. The points (8, 2), (4, 10), (—2, 4), and (—4, —4) form the vertices of a quadri¬ 
lateral. Prove that the segments joining the midpoints of opposite sides bisect each 
other. 

13. For the quadrilateral of Exercise 11, show that the segment joining the mid¬ 
points of a pair of opposite sides bisects the segment joining the midpoints of the 
diagonals. 

14. For the quadrilateral of Exercise 12, show that the segment joining the mid¬ 
points of a pair of opposite sides bisects the segment joining the midpoints of the 
diagonals. 

16-3. The Inclination and Slope of a Line. Let Pi{xx, yi) and 
P 2 {x 2 f 2 / 2 ) be tw'o points in the plane. By the line P 1 P 2 we mean the 
line determined by Pi and P 2 and extending infinitely far in both direc- 
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tions, and by the segment P 1 P 2 we mean the portion of the line included 
between Pi and P 2 . 

Th^ smallest angle through which the positive half of the x-axis must be 
Totaled counterclockwise to bring it parallel to a given line P 1 P 2 is called 
the angle of inclination of P 1 P 2 . In Fig. 15~3 ,0 is the angle of inclination. 

Any line P 1 P 2 will either cut the x-axis or be parallel to it. If it cuts 
the x-axis, the angle of inclination is less than 180®; if it is parallel to 
the x-axis, the angle of inclination is taken as 0®. 

Another description of the direction of a line is given by its slope m, 
which is defined by the relation 

(1) m = tan 0 

where 0 is the angle of inclination of the given line. 



Figure 15-4 shows two possible positions of the line P 1 P 2 , with 0 be¬ 
tween 0® and 90® as in (a), and with 0 between 90® and 180® as in (6). 
We see then that 


1 _ ^^2 _ 

\y2 - 2/1 

' PiM 

IX 2 —” X1 


Now, when 0 is between 0® and 90®, m = tan ^ is a positive number, and 

2/2 2/1 

we see that in Fig. 15-4a the expression-is positive. When 0 is 


X2 ~ Xi 

between 90® and 180®, m = tan 0 is negative, and 
is negative. Hence we state simply that 


2/2 - 2/1 
X2 -- 


for Fig. 15-46 
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Since - ---, the order in which the points are chosen in 

X2 — X\ — X2 

(2) is immaterial; and hence (2) is valid for any line PiP 2 * However, 
when P 1 P 2 is parallel to the ^-axis, xi = rr 2 and the denominator of 
(2) is zero. Thus (2) has no meaning and we say that the line has no 
slope. Since the angle of inclination of a line parallel to the a;-axis is 
90®, and tan 90® = 00 , we can say that the slope of a line parallel to the 
y-axis is infinite. Also, the slope of a line parallel to the x-axis is zero. 


Example 1. Find the slope and angle of inclination of the line through (1, 0) and 
(4, —2). By formula (2), 


0 - (- 2 ) 


1 - 4 


-3 


2 

3 


-0.6667 


whence 6 » 146.3®. 

Example 2. Draw the line through P(2, 4) with slope — |. 

From P(2, 4) lay off a horizontal segment PQ four units to the left. Then from 
Q lay off a vertical segment upward three units as shown in Fig. 16-5. Then the 



line RP is the required line. The same result could have been achieved by making 
the construction indicated by the dotted lines in Fig. 15-5. 


EXERCISES 


Find the slope of the line joining each pair of points. Find also the angle of 
inclination of each line, accurate to the nearest tenth of a degree. 


1. (3,6), (6,3). 

3. (-3,2), (-6,8). 
6. (-2, 8), (12, -4). 
7. (-2, -3), (4,6). 


2. (2,4), (-6,6). 

4. (6,7), (-5,3). 

6. (8,3), (-6, -6). 
8. (10,7), (-8,-3), 
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If three points Pi, Pt, and P 3 are given, and the slope of P 1 P 2 is equal to the slope 
of PiPs, then these two lines coincide. Use this fact to show that the points in each 
of the following sets lie on a straight line. 


9. (0,0), (3,4), ( 6 , 8 ). 

11. (2, 1), (0, - 1 ), (- 2 , -3), 
13. (-4, -1), ( 0 , 1 ), (2, 2). 

16. (-2,1), (0, 0), (4, -2). 


10. (0,0), (- 1 , 2 ), (-3,6). 

12. (-2,2), 0,1), (4,0). 

14. (0, -4), (-2, -2), (-4,0). 
16. (-1,4), (3,3), (7,2). 


Determine k so that the three points in each of the following sets lie on the same 
line. 


17. ( 2 , 3), (4, 6 ), {k, 9). 

19. (0,0), (- 1 , - 2 ), (3,fc). 
21 . ( 1 , - 1 ), (-2,5), ( 2 ,fc). 
23. (1, -1), (2, 1 ), (fc, k). 


18. (1, 4), (2, 3), (fc, 1). 
20. (3, 1), (5, 4), (1, k). 
22. ( 0 , 2), ( 1 , 1 ), (fc, 3). 
24. (-3,8), (4,6), (fc,fc) 


Construct the line through the given point with the given slope. 


26. P( 6 , 2), m = 

27. P(3, 4), m - 3. 

29. P(-3, -4), m = -3. 
31. P(3, 1 ), m = -5. 


26. P(~2, 1), m « f. 
28. P(~2,4), m = 5. 
30. P(4, 2), m = - J. 
32. P(2, 3), m = -2. 


16-4. Parallel and Perpendicular Lines. When two lines Li and L 2 
are parallel, they have the same angles of inclination di and 62 , respec¬ 
tively. Then, since = 62 , tan di = tan and 


(1) mi = m 2 . 

It follows that, if two lines are 'parallel^ their slopes are equal. Con-- 
versehjj if the slopes of two lines are equals the lines are parallel. 



Let Li and L 2 be lines with angles of inclination of and $2 respec¬ 
tively, and let Li be perpendicular to L 2 . Now either ^2 =* + 90® 
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as shown in Fig. 15-6, or ^1 = ^2 + 90°. In the first case, if we denote 
the slopes of Li and by mi and m 2 respectively. 


m 2 = tan 62 = tan { 6 \ -f 90°) 


= —cot 61 

In the second case. 


1 _ 1 _ 

tan Bi mi 


mi = tan ^i = tan {62 + 90°) 


= —cot 62 = — 


1 

tan 02 


J_ 

m2 


Hence, in either case, 

(2) mim 2 = —1 or mi = — 

ITI2 


That is to say, if two Imes are perpendicular^ their slopes are negative 
reciprocals. Converselyj if two lines have slopes which are negative redpro-- 
cals, the lines are perpendicular. 


EXERCISES 

The three points given in each exercise form the vertices of a triangle. Find the 
slopes of the sides of the triangle, and using this data show that each is a right 
triangle. 

1. (6, 2), (5, 7), (3, 5). 2. (0, 0), (4, 2), (2, 6). 

3. (0, 9), (6, 3), (-8, 1). 4. (0, 3), (2, 1), (6, 5). 

6 . (-3, 0), (-1, -4), (-5, -6). 6. (~6, ~1), (8, 7), (-10, 6). 

7. Show that the line through (—2, 0) and (0, 1) is parallel to the line through 

(1, -1) and (5, 1). 

8 . Show that the line through (1, —2) and (6, 6) is parallel to the line through 
(-2, -4) and (3, 3). 

9. Show that the segment joining (2, 0) and (0, 3) is parallel to and half as long 
as the segment joining (4, 0) and (0, 6). 

10. Show that the line through ( — 1, —2) and (3, 0) is perpendicular to the line 
through (2, 0) and (0, 4). 

11. Show that the line through (—2, —3) and (2, —2) is perpendicular to the 
line through (1, 0) and (0, 4). 

12. Prove that the points (0, 3), (3, 4), (5, —2), and (2, —3) form the vertices of 
a rectangle. 

13. Using the idea of slope, show that the points (3, 2), (0, — 1), (0, 6), and (—3, 2) 
form the vertices of a square. 

14. Prove that the ppints (2, 8), (6, 4), (3, —2), and ( — 1, 2) form the vertices of 
a quadrilateral whose opposite sides are peurallel. 
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Using the slope, show that the four points given in each exercise below form the 
vertices of a parallelogram. Which of these parallelograms are rectangles? 

15. (~2, 0), (->2, 2), (2, 0), (2, 2). 16. (~3, 1), (3, 3), (4, 0), (-2, -2). 

17. (0, 6), (-2, 10), (-4, 6), (~2, 2). 18. (-5, ~3), (1, -11), (7, -6). (1, 2). 

19. (-2,1), (1, -2), (5,2), (2,5). 

20. The points (6, 8), (—4, 0), (0, —4), and (6, —2) form the vertices of a quadri¬ 
lateral. Prove that the figure formed by joining in order the midpoints of the sides 
of the quadrilateral is a parallelogram. 

21. The points (8, 2), (4, 10), (—2, 3), and (—4, —4) form the vertices of a quadri¬ 
lateral. Prove that the figure formed by joining in order the midpoints of the sides 
of the quadrilateral is a parallelogram. 

22. Show that the points (—2, 0), (0, —4), (4, —2), and (2, 2) form the vertices 
of a square. Then prove that the midpoints of the sides of this square form the 
vertices of a square. 

23. Show that the points (3, 2), (0, —1), (0, 5), and (—3, 2) form the vertices of 
a square. Then prove that the midpoints of the sides of this square form the ver¬ 
tices of a square. 

16-6. The Angle between Two Intersecting Lines. Let Lx and L 2 be 
two intersecting lines with angles of inclination Bx and 62 respectively. 



order to specify one angle between Li and L 2 ; we adopt the following 
definition. 

The angle 6 from Lx to L 2 is the positive angle less than 180^ throvgh which 
Lx must be rotated in counterclockwise direction in order to comddc with Z/ 2 * 
Now in Fig. 15~7a, B — B 2 — Bx and 


tan B 2 — tan 


( 1 ) 


tan B « tan (82 — Bi) 


1 + tan Bx tan B 2 
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Since tan 6 i is the slope nti of Li, and tan $2 is the slope m 2 of L 2 , we 
may write ( 1 ) as 


( 2 ) 


tan 6 = 


m 2 — mi 

1 + mim2 


In the case of Fig. 15-75, di — 62 + 6 = 180® whence d ~ 180® + 
$2 — $ 1 . Then 

( 3 ) tan e = tan [ 180 ® + ($2 ~ ^1)] = tan (62 - Si) 

by the reduction formulas in Sec. 4-11, and (2) holds as in the previous 
case. 

Hence, if Li and L 2 are two intersecting lines with slopes mi and m 2 
respectively, the angle 6 from Li to L 2 is given by 


(3) 


tan 6 


m2 — mi 
1 + mim2 


Formula (3) requires that neither mi nor m 2 be infinite. But this 
exceptional case occurs when Li or L 2 are parallel to the y-axis, and 6 
can then be found without using formula (3) as will be shown in the 
example which follows. 


Example 1. Find the interior angles of the triangle whose vertices are A (—3, 5), 
B(3, 3), and C(3, -2). 


The slope of AJ5 is 



- , and the slope of AC is — - • 
3 o 



Fia. 15-8. 
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The angle A is the angle from AC to AB, whence from (3) 

Slope AB — Slope AC 
“*14- (Slope AB)(Slope AC) 


From Table 3, 


- (-i) 

1 4- (—i)(—ff) 


3 

5 


0.6000. 


A = 31.0°. 


In this case BC is parallel to the y-axis so that formula (3) cannot be used to find 
angles C and B. Now if 6i and 02 denote the angles of inclination of AC and AB 
respectively, from Fig. 15-8 it is obvious that 


Now since 
we have 
Hence 


(7 = - 90°, B = 270° - 02. 

tan 01 = —= —1.1667 and tan 02 = — ^ 
01 = 130.6° and 02 = 161.6°. 
C = 40.6° and B = 108.4°. 


As a check we have 


-0.3333, 


31.0° 4- 40.6° 4- 108.4° « 180°. 


Example 2. If Li has the slope find the slope of a line L2 such that the angle 
from L\ to L2 is 46°. 

If the slopes of Li and L 2 are mi and m2, then mi = and 

m2 — ^ 

1 4- \m2' 

3m2 ~ 1 
3 4" m2 ' 

3 4- m2 = 3m2 — 1, 

vvi = 2. 


tan 45° - 


whence 


EXERCISES 

Find the angle from Li to L 2 when the following data are given. 

1. Li has slope f, L2 has the slope 1. 

2. Li has the slope —^,1/2 has the slope 3. 

3. h\ has the slope 1, L 2 has the slope 2. 

4. L\ has the slope L 2 has the slope 3. 

6. L\ has the slope -J-, L% has the slope —4. 

6 . L\ has the slope 2, L2 has the slope —1. 

7. Li passes through (1,1) and (2, 3); L% passes through ( — 1, 2) and (0,0). 

8. Li passes through ( — 1, 2) and (5, 6); L 2 passes through (0, 0) and (4, —1). 

9. L\ passes through (—3, —2) and ( —1, 3); I/2 passes through (6, 0) and (0, 2). 

10. L\ passes through (4, —3) and (0, 0); L2 passes through (—4, —4) and (2,2). 
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Find the interior angles of each of the triangles whose vertices are given. 


11. (-4, -1), (0, 1), (2, 2). 

15. (-3, 3), (3, 5), (2, -2). 

16. (6, 6), (-2, -1), (4, 3). 

17. (-2,0), (-3,2), (3, 1). 


12. (-1,4), (3,3), (7,2). 

14. (1,2), (-3,6), (-1, -1). 
16. (-4, 2), (3, 2), (0, -2). 

18. (4, 4), (2, 1), (1, 2). 


In each of the following problems find mi, the slope of Li, when mt, the slope of 
Li, and 9, the angle from Li to Lt, are given. 

19. W2 = 2, = 45°. 20. m2 = §, 9 = 60°. 

21. ma - 1, e = 136°. 22. m 2 = 0, 9 - 150°. 

23. m 2 - -2, 9 = 30°. 24. TO2 “ -J, 9 = 60°. 


16-6. The Area of a Triangle. Con.sider the triangle shown in Fig. 
15-9 with vertices Pi(xi, yi), 2 / 2 ), and Pz(xz, 2 / 3 ). Start with Pi, 



which is the lowest vertex, and locate the points M(a: 2 , 2 / 1 ) and N(x 3 , yi), 
and construct the dotted segments PiN, NM, PzN, and P2M. Now the 
area P 1 P 2 P 3 equals the area P 1 P 3 N plus the area NP 3 P 2 M minus the 
area P 1 P 2 M. Since the area of a triangle is one-half the base times the 
altitude and the area of a trapezoid is one-half the sum of the parallel 
sides times the distance between those sides, we have 

Area PiPzN = ^{xz - xi){yz - yi), 

Area NP3P2M = ^(*2 - * 3 ) ( 2/2 - Vi + Va - Vi), 

Area P 1 P 2 M = ^(x 2 — xi)(y 2 - yi). 

Then 

Area PiPzPz = - xi)(yz - 2 / 1 ) + (*2 - xzXyz +ya- ^Vi) 

, -ix 2 - xi)(y 2 - yi)] 

= hixiiya - ya) + xziya - yi) + * 3(^1 - 2 / 2 )] 
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which we may write as 



J/2 1 


Vi 1 


2/1 1 

Xi 


— X2 


+ X3 



Vz 1 


2/3 1 


2/2 1 . 


Since this is obviously the expansion of a third-order determinant, we 
have that 




Xl 

2/1 

1 

(1) 

Area P 1 P 2 PZ = h 

X2 

2/2 

1 



Xs 

2/3 

1 


The proof given here has been based upon Fig. 15-9. However, similar 
proofs cover all other cases, and the results obtained are the same as (1) 
with the possible difference of a sign. Thus for any triangle we may state 
the following. 

The area A of a triangle given by its three vertices P\{x\, yi), P 2 {x 2 , 
and Paixs, ys) is given by the formula 




Xl 

2/1 

1 

(2) 

A == 

X2 

2/2 

1 



X3 

ys 

1 


where the sign is chosen so that A is 'positive. 


Example. Find the area of the triangle whose vertices are (3, 6), (—2, 2), and 
( 1 , - 2 ). 

By (2) we have 


3 

5 

1 


2 

7 

0 

~2 

2 

1 

1 

* ^ 

-3 

4 

0 

1 

-2 

1 


1 

-2 

1 


^(8 H- 21) 14.5. 


It follows that the area of the triangle is 14.5. 


In this example the points were chosen for insertion in (2) in the order 
in which they are met by starting with (3,5) and traversing the perim¬ 
eter of the triangle in the counterclockwise direction (shown by the 
arrows in Fig. 15-10). It can be shown in general that whenever the 
points are chosen in this counterclockwise order the determinant in 
(2) is positive, and, further, that this is true regardless of which point 
is used as a starting point. If the points are chosen in the opposite, or 
clockwise, order the determinant in (2) will be negative regardless of 
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which point is used as a starting point. The reader may easily verify 
that these general statements are correct for this example. 



EXERCISES 


Find the areas of the triangles whose vertices are given. 

1. (2, 1), (0, -3), (4, 1). 2. (4, 4), (2, 1), (1, 2). 

3. (-3, 3), (3, 6), (2, -2). 4. (-3, 0), (-1, -4), (-5, -6). 

6 . (-6, -1), (14, 8), (-10, 6). 6. (8, 2), (4,10), (-2, 3). 

7. (-5, 3), (1, -1), (7, -6). 8. (-2, 0), (-2, 2), (2, 0). 

9. (-4, -1), (0,1), (2, 2). 10. (-1, 4), (3, 3), (7, 2). 


Prove that the points in each exercise form the vertices of a parallelogram, and 
then find its area. 

11. (1,1), (-1,1), (2, 4), (-2, -2). 12. (2, 0), (2, 8), (6, 4), (-2, 4). 

13. (-6, -4), (6, 4), (0, 2), (0, -2). 14. (2, 8), (-4, 4), (8, 4), (2, 0). 

16. (6, 6), (6, 2), (-2, 0), (-3, 4). 


Form a quadrilateral by joining the points in the order given. Then find the area 
of the quadrilateral. 

16. (6, 8), (-4, 0), (0, -4), (6, -2). 17. (8, 2), (4,10), (-2, 3), (-4, -4). 

18. (6, 2), (0, 4), (-2, 2), (-3, -6). 19. (5, 0), (1, 4), (-4, -2), (0, -3). 

20. (6,3), (1,6), (-3,2), (0,-6). 

21. Find the area of the polygon formed by joining in order the points (6,0), 
(4,8), (0,4), (-2,0), (2,2). 

22: Find the area of the polygon formed by joining in order the points (5, —2), 

(6.2) ,(1,-1), (-3,1), (0,-4). 

23. Find the area of the polygon formed by joining in order the points (4,0), 

(6.2) , (0, 3), (-2,0),'(0, -4), (1, -1). 
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16-7. The Equation of a Straight Line. By definition, the equation of 
a straight line is an equation in x and y of the form/(a;, y) — 0 which is 
satisfied by the coordinates of every point on the line and which is not 
satisfied by the coordinates of any point not on the line. 

A line may be determined by giving its slope and a point through which 
it passes or by giving two points through which it passes. In the next 
few sections we shall find the equations of lines given by these geometri¬ 
cal conditions. When these geometrical conditions are stated in gen¬ 
eral literal notation, the resulting equations are called standard forms. 
These standard forms will enable us to show that the points satisfying a 
first degree equation form a straight line, and conversely. 

16-8. The Point-Slope Form. Let L be a line passing through the 
point Piixi, y\) and having a slope m. If P{Xj y) is any point on the 
line different from Pi, then the slope of PPi is the same as the slope 
of L, and we have 


( 1 ) 

and hence, 


y -Vi 

X — Xi 


y - yi ^ m(x - xi). 


Since (1) holds for any point on L different from P\{xiy yi), (2) does 
also. In addition (2) is satisfied by (xi, yi), whence (2) holds for every 
point on L. 

On the other hand, if (x, y) is not on L, (1) and therefore (2) does 
not hold. Thus (2) is satisfied by the coordinates of the points on L 
and by the coordinates of no other points, and therefore it is the equa¬ 
tion of L. 

The line passing through Pi(xi, yi) with slope m has the equation 
(2) y - Pi = m(x ~ xi). 

This equation is called the point-slope form. It enables us to write very 
readily the equation of a line given by its slope and a point through 
which it passes. Also, any equation of first degree that can be put into 
the form (2) is an equation of a line whose slope is m and which passes 
through the point (xi, y\). 

Example 1, Find an equation of the line through (2, —3) with slope 
By (2) we have 

2 / + 3 « ^(x - 2) 

which can be written 

X - 2j/ - 8 « 0. 

This is an equation of the given line. 
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ExampU Id. Show that 2 a[;—y+2 »0isan equation of a straight line and find 
the slope of the line. 

The equation can be written as 

2 / « 2a: + 2 
or 

y - 0 - 2(a: - (-1)]. 

It follows that the line passes through (—1, 0) and has slope 2. 

16-9. The Slope-Intercept Form. If a line intersects the x-axis, the 
abscissa of the point of intersection is called the x-intercept of the line. 
Similarly the p-intercept is the ordinate of the point of intersection of the 
line and the p-axis. 

As a special case of the point-slope form, let the point be given by the 
p-intercept b. Then the line passes through (0, 6), and has slope m and 
has the equation 

p — 6 = in{x — 0), 

or 

p = mx + 6. 

Hence, the line with slope m and y-intercept b has the equation 
(1) p = mx + b. 

This equation is called the slope-intercept form. Since a line with a 
finite slope is not parallel to the p-axis, it intersects the p-axis, and there¬ 
fore has a p-intercept. Thus any line not parallel to the p-axis has an 
equation of the form (1). Also any first degree equation whose p-coeffi- 
cient is not zero can be put in the form (1) by solving for p. Thus we 
see that if a first degree equation is solved for p, the coefficient of x is the 
slope of the line given by the equation. 

Example 1. Find the slope of the line whose equation is 

3a; — 2t/ + 6 « 0. 

Solving the equation for y, we obtain 

2p = 3a; -h 6, p « f a; -f 3 

whence the line has slope f and p-intercept 3. 

Example 2. Find the equation of the straight line through (3, 4) and perpendicular 
to 3a/ — 2p -f- 6 ** 0. 

The equation of the line can be written as p « fx -f 3, whence its slope is f. 
Then the slope of any perpendicular line is — f. Using the point-slope form, the 
required line has the equation 

(y - 4) - -|(a: - 3) 

or 

’ 2® + 3y - 18 - 0. 
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15- 10. Lines Parallel to the Axes. Since a line parallel to the ^-axis 
has no finite slope, neither of the preceding forms of the equation of a 
line apply. However, it is obvious that any line parallel to the j^-axis 
has an equation of the form 

(1) X = a 

where a is a constant and equal to the abscissa of any point on the line. 
Thus the line through (5, —3) and parallel to the i/-axis is a: = 5. 

Any line parallel to the x-axis has slope zero and hence has the form 

(2) y = b 

where b is the ^/-intercept of the line. Thus b is the ordinate of any 
point on the line. For example, the line through (5, —3) and parallel 
to the x-axis isy — —3. 

16- 11. The General Linear Equation. As we have just seen, every 
line not parallel to the y-oxis has an equation of the form y = mx + 6. 
A line parallel to the y-sxis has an equation of the form x = a. Hence 
the following theorem holds. 

Every straight line has an equation of first degree. 

The converse theorem is also true. 

Every equation of first degree is satisfied by the coordinates of the points 
on a straight line. 

To prove this statement we start with the general equation of first 
degree. 

(1) Ax + By + C — 0. 

Since (1) would be trivial if A and B were both zero, we assume that 
A and B are not both zero. We shall consider two cases in connection 
with (1), (a) when JB = 0, and (b) when B 9 ^ 0. 

(a) If 5 == 0, then A 9 ^ 0 by hypothesis, and we have Ax + C — 0 
which can be written as 

C 


which is the equation of a line parallel to the y-axis. 
(6) If B 0, we can solve (1) for y and obtain 


y = 



C 


A C 

This is the equation of a line with slope —;r and y-intercept — 

B B 
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EXERCISES 


Find an equation of the line passing through the given point with the given slope 


1 . ( 6 , 6 ), m = 

2. (2, -3), TO = f 

8. Q, 4), m = 

4. (-3,1), TO = f 

6, (- 1 , -2), m = -3. 

6 . (2, -3), TO = 4. 

7. (5, 4), m - -i 

8. (7, - 6 ), TO - f. 

9. (— 6 , 8 ), TO = 0 . 

10. (2, 2), TO = -f. 


Find the slope-intercept form of the equation of the line whose slope m and 
^-intercept h are given. 


11 . 

m 


§,6 = 3. 

12 . 

m 


li 

- 2 . 

13. 

m 


- 6 , 5 = 4. 

14. 

m 



= — 

16. 

m 


1, 5 = 2. 

16. 

m 



= 1 . 

17. 

m 


4, 6 = 0. 

18. 

m 

=s 

5, 6 « 

-3. 

19. 

m 


-3, 5-2. 

20 . 

m 

= 

hy^ ^ 

1 . 


Find an equation of the line passing through the given point with the given angle 
of inclination 6, 

21. (I, 1), e = 45°. 22. (0, 2), e = 60°. 

23. (3, -4), e = 135°. 24. (0, 0 ), e « 120°. 

26. (-3, 2), e « 30°. 26. (-1, -3), e = 150°. 

Find the slope-intercept form of the equation of the line whose ^/-intercept h and 
angle of inclination 6 are given. 

27 . 6 =* 5 , ^ » 45 °. 28 . 6 = - 3 , 0 = 135 °. 29 . 6 == - 4 , 0 - 60 °. 

30. 6 « -2, (9 = 30°. 31. 6 = 0 , ^ - 120°. 32. 5 == - 1 , ^ « 150°. 


Find the slope and ^-intercept of each of the following lines. 

33. 3x + 2 / « 6 . 34. 2a; + 3t/ « 12. 

36. 3x -h 52 / ~ 10 *= 0. 37. 2a; - 2 / -h 4 - 0. 

39. 2a; -f 32 / - 6 ^ 0. 40. 7a; + 52 / + 14 = 0. 

42. 4a; + 32 / — 12 « 0. 


36. 5a; + 2y - 10 
38. 2/ - 3x + 12 = 
41. 3a; — 5y — 20 


= 0. 
0 . 

= 0. 


Find an equation of the line through the given point (a) parallel, and (5) perpen¬ 
dicular to the given line. 


43. (1, 2), a; - 2 / » 3. 

46. (4, 6 ), a; - 22/ * 4. 

47. (0, 0), 3a; - 52/ = 15, 
49. (6, 8), a; * 52/ + 6. 


44. (-2, 3;, 2a; + 2 ^ « 5. 

46. (- 1 , - 1 ), 3a; + 42 / = 12. 
48. (-3, -5), 6 a; - 82 / = 13. 

60. (-4, 2), 2 / = 6 a; + 10. 


Find an equation of each of the lines determined by the following pairs of points. 

61. (3, 2), ( 6 , 1 ). 62. (-1, 2), ( 6 , 3). 63. (-5, 6 ), (0, 0). 

64. ( 6 , 2), (~3, 2). 66 . ( 8 , -3), (-2, 1). 66 . (4, 3), (- 6 , 2). 

67. Find the equation of the 2 /-axis. 

68. Find the equation of the a;-axis. 

59. Find the equation of the line through (3, — 2 ) parallel to the y-axis. 

60. Find the equation of the line through (3, — 2 ) parallel to the a;-axis. 

61. Find the equation of the line through (5, —3) perpendicular to the 2 /-axis. 

62. Find the equation of the line through (5, —3) perpendicular to the ^-axis. 
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Find the angle from Li to L 2 . 


68. Li: X + 2 / * 4, 

L 2 : 2x + 2/ =* 8. 
66. Li: 4x -f 32/ = 12, 
L /21 2x “f" Sy =* 6. 


64. Li: X — 32/ « 3, 
L 2 : 2x 4- 2/ “ 2. 
67. Li: 5x — 2 / = 5) 
1^2: X 4 - 2/ * 4 . 


65. Z/ii 2x -|- 32/ * 6, 
L 2 : 6x — 32/ =* 15. 
68 . Li: 3x 4 42/ « 12, 
Z/ 2 : 4x — 3y » 6. 


16 - 12 . The Two-Point Form. If two points Pi(xi, yi) and P2(^2> ^2) 
are given on a line not parallel to the y-axis, the slope of the line is 


m = 


y2-y\ 

X2 — X\ 


Substituting this for m in the point-slope form we have 


(1) y -yi = ——- (x - *i)- 

X 2 — Xi 



All equation of the straight line passing through Pi(xiy yi) and P2(x2, 2/2) 
is given by (f). This is called the two-point form of the equation of a 
line. Writing ( 1 ) as 


{y - yi){x2 - xi) = {y2 - yi){x - xi), 


we have a second form of the equation of the line. Tliis form has no 
exceptions since it is also valid in the case = X2. 

The reader may easily verify that ( 1 ) can be written as a determinant 


( 2 ) 


X 

y 

Xi 

yi 

X2 

Vz 


1 

1 

1 


= 0 . 


This determinant is not as useful as ( 1 ) for actually finding an equation 
of a line, but it is sometimes convenient in theoretical discussions. 
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Example. Find an equation of the line through (3, 4) and (—1, 2). Prom (1) 
we have 

or 

X ~ 2t/ 4- 5 =» 0. 


EXERCISES 


Find an equation of the line passing through each of the following pairs of points. 


1. (0, 0), (4, 6). 

4. (1, 3), (3, 6). 

7. (-3, ~2), (1,1), 
10. (5,6), (-9,3). 
13. (0,0), (-1,3). 


2. (1,2), (3,4). 

6. (0,0), (-1,4). 

8. (-5,6), (2,3). 
11. (6, 2), (-5, 3). 
14. (2,3), (-1, -5), 


3. (-2,3), (4,-1). 
6. (-2, -2), (3, 5). 

9. (-3, -2), (5, 7). 

12. (0, 0), (1, 2). 

16. (1, 2), (1, 5). 


Find the equations of the medians of the triangles whose vertices are as follows. 

16. (0, 0), (1, 5), (6, 2). 17. (2, 3), (6, -3), (0, -2). 

18. (4, 4), (-2, 2), (0, -^4). 19. (6, 10), (-3, 5), (-5, 3). 

20. (1,1), (-3, -3), (-1, -5). 

21. Find the equation of the line through (1,1) parallel to the line through (3, 4) 
and (5, —8). 

22. Find the equation of the line through (3, —3) parallel to the line through 
(1, 1) and (3, 3). 

23. Find the equation of the line through (1, 1) perpendicular to the line through 
(3, 4) and (6, -8). 

24. Find the equation of the line through (3, —3) perpendicular to the line 
through (3, 4) and (5, —8). 

26. Show that (1,1), (3, 4), and (5, 7) lie on a straight line. 

26. Show that (1, —3), (2, —1), and (—2, —9) lie on a straight line. 

27. Show that (2, 4), (3, 8), and (0, —4) lie on a straight line. 


16-13. The Intercept Form. One of the easiest ways of plotting the 
line corresponding to a given equation is to find its intercepts on the 
axes. We shall now use the intercepts of a line to find its equation. 

Let a be the x-intercept and 6 the 2 /-intercept (Fig. 15-12), neither of 
which is zero. Since the line thus contains the points (a, 0) and (0, 6), 
its equation, found from the two-point form, is 


or 

( 1 ) 


y-Q= _ _ (x - o), 

a 


a b 


This is called the intercept form of the equation of a line. 
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An equation of the form Ax + By + C ^ Q where A, B, and C are 
not 0, can be reduced to the intercept form after dividing by — C, 
obtaining 


whence 




c 

® “ A’ 


6 = - 


C 

b' 


If either 4, 5, or C is 0, the equation cannot be written in intercept 
form. (Why?) 



Example L Find the equation of the line with ^-intercept 5 and ^-intercept — 6 
From (1), a « 5 and h = ~6, whence the equation of the line is 



which we may write as 

6a; — 5y = 30. 

Example 2. Find the intercepts of the line 2x — 3y « 6. 
Dividing by 6 to make the right member unity we obtain 



whence the x-intercept is 3 and the t/-intercept is —2. 


EXERCISES 

Find an equation of each of the lines determined by the following data. 


1. x-intercept 3, y-intercept 4. 

3. x-intercept —2, y-intercept 6. 
5. x-intercept 2, ^-intercept —7. 
7. x-intercept —8, ^-intercept 3. 
9. x-intercept 6, ^-intercept 1. 


2. x-intercept —5, ^-intercept 2. 

4. x-intercept 3, ^-intercept —4. 

6. x-intercept —6, y-intercept —2. 
8. x-intercept 4, ^-intercept 4. 
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Find the intercepts of the following lines by reducing each of them to the form (1). 

10. 3x - 4y - 8 = 0. 11. 2x - 3y -f 3 = 0. 12. 3x - 21/ = 6. 

13. 5a; - 3y * 15. 14. 5a; -f % - 20. 16. 2a; - ly = 14. 

16. 3a; -f 52/ « 10. 17. 8a; - 32/ = 12. 18. 6?/ - 5a; + 30 = 0. 

19. 2y 4“ 3! ““ 8 =* 0. 

20. Find the equation of the line passing through (4, 3) having equal intercepts. 

21. Find the equation of the line passing through (1, 3) and forming with the axes 
a triangle of area 8. 

22. Find the equation of the line passing through (2, 3) and forming with the axes 
a triangle of area 12. 

23. Find the equation of the line passing through (3, 1) and having equal inter¬ 
cepts. 

24. Find the equation of the line through (5, 12) having equal intercepts. 

26. Find the equation of the line passing through (3, 3) and forming with the axes 
a triangle of area 24. 

16-14. Intersection of Two Lines. The coordinates of the point of 
intersection of two non-parallel lines satisfy the equations of both lines. 
The coordinates of this point of intersection are the values of x and y 
obtained by solving the two equations simultaneously. This has been 
done algebraically and graphically in Chapters 3 and 13. 

MISCELLANEOUS EXERCISES 

1 . Find the equation of the line through (2, —3) parallel to the line through 
(2,4), (-4,1). 

2. Find the coordinates of the vertices of the triangle the equations of whose 
sides are a; 4- y =* 2, 2a; — 2 / “ 1» 3a; -f ^ « 9. 

3. A diagonal of a square joins the points (2,1) and (3, 6). Find the coordinates 
of the other vertices. 

4. Find the distance from the origin to the point of intersection of the lines 
a; 4- 32/ — 1 =0 and 2a; — 42/ 4- 5 = 0. 

6. Find the distance from the point (1, 1) to the point of intersection of the lines 
6a; 4- 2 / — 4 = 0 and 3a; 4- 2/ + 1 = 0- 

6. Show that the lines 3a; — 22/ 4- 3 * 0, 5a; 4- 2 / — 8 = 0, and a; — 42/ 4~ 11 
«= 0 intersect in a common point. 

7. Find the equation of the line perpendicular to 3a; — 2 / ~ 3 and bisecting the 
segment joining (—2, 4) and (4, 6). 

8 . Find an equation of the perpendicular bisector of the segment whose ends are 
(1, -2) and (3, 6). 

9. Find an equation of a line through the point (—2, 0) bisecting the segment 
whose ends are (0, 2) and (3, —1). 

10. Find the point of intersection of the two diagonals of the rectangle whose 
’•ertices are (0, 0), (8, 0), (8, 4), and (0, 4). 

11 . Write the equations of the sides of the triangle whose vertices are (3, 3), 
(-3, 3), and (0, 0). 

12. Find the area of the triangle formed by the lines a; — 2 /*» 0 , x 4 - 2 /“ 0 , and 
2a; 4- y 8 — 0. 
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13. Find the area of the triangle whose sides lie along the lines 2a; + y — 6 « 0, 
a; — y + 3 « 0, and a; — 2y — 8 = 0. 

14. Find the equation of the litie whose intercepts are twice those of the line 
2a; -f y — 4 s= 0. 

16. Show that the two points (5, 2) and (6, —15) subtend a right angle at the 
origin. 

16. Find the equation of a line through the point (1, —3) and parallel to the line 
3x — y — 5 « 0. 

17. Find the coordinates of the foot t)f the j)eriM5ndicular from the origin to the 
line whose equations is a; -f- 2y — 5 — 0. 

18. Find the coordinates of the foot of the perpendicular from the point (1, — 1) 
to the line 3a; -f 4y — 12 = 0. 

19. Find the equation of the line through the origin whose slope is twice that of 
the line 3a; — y = 5. 

20. Determine p so that the line 3a; — py == 5 shall be parallel to the line 3a; — 
4y = 3. 

21. Find the form of formula (2) in Sec. 15-6 when one of the vertices, say 
(xZf ya), is in the origin. 

22. The vertices of a triangle are (—5, 3), (5, —3), and (7, 3). Find: 

(а) The equations of the sides. 

(б) The equations of the lines through the vertices parallel to the opposite sidet 

(c) The equations of the perpendicular bisectors of the sides. 

(d) The equations of the lines through the vertices perpendicular to the opposite 
sides. 

(e) The area of the triangle. 

23. Find the equation of the line which makes equal intercepts on the axes and 
passes through the point (2, 5). 

24. Find the equation of the line whose y-intercepts are twice its x-intercepts and 
which passes through the point (3, 4). 

26. Find the point on the x-axis which is equidistant from the points (3, 2)j 
(-2, 3). 

26. Find the slope of each of the following straight lines: 



X 

y 

1 


X 

y 

1 1 

(«) 

5 

6 

1 

= 0, (W 

0 

9 

1 1 


1 

_2 

1 

1 

-3 

0 

1 1 


27. For the triangle whose sides are 

a; “ y 4- 2 »* 0, 2x + 9y + 15 « 0, 7x -f 4y — 30 0 

find: 

(а) The coordinates of the vertices. 

(б) The equations of lines through the vertices perpendicular to the opposite sides. 

(c) The equations of the lines through the vertices parallel to the opposite sides. 

(d) The equations of the peipendicular bisectors of the sides, 

(c) The area of the triangle. 

28. The electrical resistance R of a bismuth spiral changes when placed in a mag¬ 
netic field and varies linearly with the field density B. Two observations were made 
in the laboratory. At densities of 14,000 and 6000 lines per sq. cm. the resistances 
of the spiral were 9.6 and 7.4 ohms respectively. Find the equation of the line. 
What is the resistance of the bismuth spiral at zero field density? 
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29. The charging current in amperes of an automobile storage battery is given by 

E 

the equation I = -r + where E is the generator voltage, E\ the battery voltage 
R 

which is considered constant, and R the resistance in ohms of the circuit. In a spe¬ 
cific case the storage battery voltage is 6.4 volts and the circuit resistance is 0.5 
ohm. What is the current increase through the battery i)er volt increase of the 
generator? 

30. The resistance of Nichrome wire changes linearly with temperature. Two 
readings were taken in the laboratory. At a temperature of 100° C. the resistance 
of the sample was 24 ohms; at 200° C. the resistance was 60.4 ohms. What is the 
resistance of the sample at 0° C.? 

31. The voltage of a storage battery cell varies with the concentration Z in 
grams of sulphuric acid per liter of electrolyte throughout a given range according 
to the equation E « 1.850 + 0.00067Z. Determine the voltage increase when the 
acid concentration changes from 0.8 to 1.4 kilograms per liter of electrolyte. What 
is the slope of the line given by the equation? 


PROGRESS REPORT 

This chapter was devoted to the study of those parts of geometry 
which involve the straight line. In this study we have translated certain 
geometrical concepts into algebra. In doing so, a geometry-algebra dic¬ 
tionary has been created in which the geometrical concepts of point, 
distance, angle, line, etc., were written as algebraic symbols, expres¬ 
sions, and equations. Anyone who works in the field of mathematics 
and its applications should be well acquainted with the results of this 
chapter. We shall therefore conclude with a summary of the principal 
results in the form of a geometry-algebra dictionary. 

Geometry-. 

Geometry 

A point 

Distance between two points 
Midpoint of a line segment 

(Slope of a line segment 

Parallel lines 
Perpendicular Lnes 

Angle between two intersecting lines 
Line parallel to the x-axis 
Line parallel to the y-axis 


EBBA Dictionary 


Algebra 

y) 

V (x2 - xiY -f (^2 - yi)^ 

( xi 4 - ^2 yi “f~ y2 \ 

2^2/ 


y2 - yi 


or tan B 


X2 — xi 
Slopes are equals: mi =» m 2 
Slopes are negative reciprocals: m 2 
m 2 — mi 


JL 

mi 


tan B a 

y 

r «* a 


1 4 " mxm2 
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Geometry Algebra 

Line through a given point and with a y — yi ** “* ^i) 

given slope 

Line with a given slope and a given y ^ mx + b 
y-intercept 

y — yi y2 y\ 

Line through two given points - *- 

ic — afi X2 xi 


Line with given intercepts 

Any straight line 

Point of intersection of two lines 



Ax + By + C =» 0 
Solution of two equations 



CHAPTER 16 


THE CIRCLE, EQUATIONS, AND LOCI 

In this chapter the method of studying geometry by means of algebra 
will be applied to the circle. Knowledge of this study of the circle is 
indispensable in the study of calculus and in many engineering problems. 
Thus in electrical engineering, the current of an induction motor, de¬ 
pending on the load, may be represented as a vector from the origin 
with varying length and angular position; with the voltage constant, 
the terminal point of the varying vector will describe a circle. This 
diagram is commonly known as the circle diagram. Again, a circuit 
containing a fixed resistance and variable inductance establishes a rela¬ 
tion between the current and voltage which assumes the form of an 
equation of a circle. 

In addition, we shall study in this chapter how to plot graphs on polar 
coordinates and how to plot graphs from data in parametric form. 

16-1. The Circle. From his study of geometry the .student knows 
that a circle is a figure consisting of all the points in a plane which are 
at a constant distance from a fixed point. The fixed point is called the 
center of the circle, and the constant distance is called the radius. To 
obtain an algebraic representation of the circle we shall translate the 
geometrical definition of the circle into algebra. 



Let Cih, k) be the fixed point, and let r be the radius (Fig. 16-1). 
If Pix, y) is any point of the circle, then from the formula for the dis- 
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tance between two points we have 

(1) V(x -hf + (y- kf = r, 
which becomes, after squaring, 

(2) (jc - /i)2 + (y - kf = r\ 


Thus, if a point P is on the circle, its coordinates satisfy (2). The equa¬ 
tion 2 is called the standard form of the (iquation of the circle with 
center at k) and radius r. 

If the center of the circle is at the origin then h and k are both zero, 
and (2) reduces to 


( 3 ) 


+ y^ = r^. 


Example. Find the equation of the circle with center at (—2, 1) and radius 3. 
We have 

/i « -2, ifc - 1, r = 3. 


Therefore the equation of the required circle is 


(a; 4-2)2 4-(y-1)2 
or 

4- 4a; 4- y2 — 22/ — 4 


9, 


0 . 


EXERCISES 

Find the equations of the following circles. 

1. Center at (3, 4), radius *= 7. 

2. Center at (0, 0), radius = 5. 

3. Center at (3, —1), radius = 4. 

4. Center at (0, 0), radius = 8. 

6. Center at (—2, —3), radius — 6. 

6. Center at (—a, —a), radius = a. 

7. Center at (o, —a), radius « 2a. 

8. Center at (6, 6), radius = 6\/3- 

9. Center at (6, 0) and passing through the origin. 

10. Center at (2, 3) and touching the x-axis. 

11. Center at (—2, —3) and touching the y-axis. 

12. Center at (2, 2) and touching both axes. 

13. Center at (a, a) and touching both axes. 

14. Center at (—3, 5) and passing through the point (3, —3). 

16. Diameter, the segment from (6, 2) to (8, 4). 

16. Diameter, the segment from (12, —8) to (—4, 2). 

17. Diameter, the segment from (0, 0) to (4a, 4a). 

18. Touching the 2 /-axis at the origin and radius « 3 (two solutions). 

19. Touching the x-axis at the origin and radius » 2 (two solutions). 

20. Touching both axes, radius — 2 (four solutions). 
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16-2. Reduction of the General Equation of the Circle to Standard 
Form. The standard form of the equation of the circle, given in (2) of 
the previous section, when expanded is an equation of the form 

(1) + JDjc + Ey + F = 0, 

where Z>, E, and F are constants. 

The question now arises: Is every equation of the form (1) the equa¬ 
tion of a circle? To answer this question we complete the squares in 
X and y, so that (1) becomes: 

r^2 p2 j\2 ^2 

x^ + Dx + — + y^ + Ey + — = — + ~-F 
or 

(2) (x + + (j' + ly = i + ^- 4^- 

This equation has the standard form of a circle with center at 
and radius — 4F, provided the right mem¬ 

ber of (2) is positive. If the right member of (2) is negative, no real 
numbers y can satisfy the equation, since the sum of the squares of 
two real numbers cannot equal a negative number. Therefore in this 
case there is no circle. If the right number of (2) is zero the center is 
the only point whose coordinates satisfy the equation, and hence the 
circle is a single point. 

Consider now the equation 

(3) Ax^ + Ay^ + Dx + Ey + F ==0. 

When this equation is divided by A, it reduces to the form of (1). But 
division of both members of an equation by a constant does not affect 
the geometrical figure it represents. Therefore (3) is also a general 
equation of a circle. 

Example. Find the center and the radius, and draw the circle 
-h _ 2a; - 4y - 20 » 0. 

The equation may be written 

- 2a;) -f (y* — 4y) « 20. 

Ck>mpletmg the square in each parenthesis we have 

(x* - 2x -f 1) + - 42/ + 4) « 20 + 1 + 4 

(x - 1)2 4* (y - 2)2 » 25. 



or 
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From this equation it follows that the center of the circle is at the point (1, 2) and 
the radius is 5 (Fig. 16~2). 


X 


Fia. 16-2. 

EXERCISES 

By reducing each equation to standard form, determine whether it is the equation 
of a circle. If it is, find the center and radius of the circle, and draw the circle. 

1. a:2 + « 6 a: -f 102 / - 2 « 0 . 2. + ^,2 _ gx + 82 / -f 30 » 0. 

3. x2 + 2 /^ — 6 x -f 82 / = 0. 4. x2 -f 2 /* -j- 2x H- 8 y 4 - 8 « 0. 

6 . 2 x 2 4 - 22/2 4 - 8x — 42/ + 10 =» 0. 6. 3x2 4 - 3 y 2 4 - 2 x — 42 / » 0. 

7. x2 4 - 2 /^ - 2x ~ 62 / 4- 10 « 0. 8 . x2 -f 2/2 4 . lOx - 2^y « 0. 

9. x2 + 2 /^ + lOx - 242 / + 175 = 0. 10. x2 4 - 2 /^ = 8 x. 

11. x2 4“ 2 /^ - 4x - 12 * 0. 12. 2x2 4" 22/2 - 3x - 52 / 4- 3 - 0. 

Find the equation of the circle which satisfies the given conditions. 

13. Center at (1, 2) and passing through (4, 6 ). 

14. Center at (—5, 3) and radius \/2. 

16. Center at (3, —2) and radius \/T3. 

16. Center at (5, —2) and passing through (4, 3). 

17. Center at ( — 1, 3) and passing through the origin. 

18. Center at ( 0 , 2 ) and tangent to the x-axis. 

19. Center on the line x « 3 and tangent to both axes. 

20. Center on the y-axis and passing through (4, 6 ) and ( 6 ,10). 

21. Center on the x-axis and passing through ( 6 , 4) and ( 8 , —4). 

22. Whose diameter is the segment (—2, 3), (5, —2). 

23. Passing through the points (1, —2) and (3, 2 ) and with center on the y-axis. 

24. The extremities of whose diameter are (4, — 2 ) and (—2, 6 ). 

26. A diameter of the circle is the line segment joining the points (- 2 , 4) and 

( 6 , - 2 ). 




548 THE CIRCLE, EQUATIONS, AND LOCI [16-3 

16-3. The Circle through Three Points. It was shown in the preceding 
section that every circle has an equation of the form 

(1) x^ + y^ + Dx + Ey + F = 0, 

where D, and F are constants. Thus, if a circle is given by certain 
conditions, its equation can be found by determining the proper values 
of D, Ej and F in (1). 

It is known that only one circle can be drawn through any three given 
points which do not lie on a straight line. Hence three points (xi, ^i), 
(^ 2 } y 2 )f and ( 0 : 3 , j/ 3 ) not on a straight line determine a circle. The values 
of D, Ey and F which give the equation of this circle can be found by sub¬ 
stituting the coordinates of these points in ( 1 ), thereby obtaining three 
linear equations from which the values of Z>, Ey and F can be found. 
This process will be illustrated in the following example. 

Example. Find the equation of the circle through the three points (1, —3), 
(1, 7), and (4, -2). 

The equation of the circle has the form (1). Since the coordinates of each of the 
three points must satisfy the equation of the circle, the three equations obtained by 
substituting the coordinates of these points in (1) must hold simultaneously. 

I -{“ 9 -h D — ^E "1“ F ~ 0, 

* I+ 49 + D+7E + F = 0 , 

16 + 4 + 4Z> - 2jE + F = 0. 

Simplifying these equations and then solving for D, Ey and F we find 
D « -2, « -4, F = -20. 

Hence the required equation is 

j-2 -f 2^2 _ 2a; - 4y - 20 = 0. 

The student should find the center and the radius of this circle. 


EXERCISES 


Find the equations of the circles through the following sets of three points. Draw 
the corresponding figures. 


1. (1,0), (0, -1), (0,0). 

3. (0, 0), (0,10), (3, 1). 

6 . ( 1 , 6 ), ( 2 , 6 ), (- 6 ,- 1 ), 

7. (2, 2), (2, 4), (10, 2). 


2. (0,2), (-1,3), (-3,2). 
4. (1,1), (3,2), (2,-1). 

6. (0,0), (8,4), (1,3). 

8. (6, 3), (3, 1), (-3, -1). 


9. Find the equation of the circle which passes through the points (2, 6) and 
(8, 4) and which has its center on the line 2aj -f y + 4 « 0. 

10. Find the equation of the circle through the points (3, 6) and (5, —1) which 
has its center on the osaxis. 
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11. Find the equation of the circle circumscribing the triangle formed by the co¬ 
ordinate axes and the line 2 x + — 6. 

12. Find the equation of the circle passing through the origin and the point ^8 4) 
and the center on the x-axis. 

13. Do the points (2^ 0), (0, 4), (2, 2), (1, 1) lie on a circle? 

14. Find the equation of the circle through the points (-* 1, 3) and (3, 1) and which 
has its center on the line 3aj -f 2 / — 5 — 0. 

15. Find the equation of the circle circumscribing the triangle whose sides are 
a; = 0, 2 / =* 0, and 2x — y -f- 4 = 0. 

16-4. Equation of a Locus. The totality of points which satisfy a 
given geometric condition is said to form a locus of a point. The student 
has studied such problems in plane geometry. But plane geometry 
gives us no general method by means of which we could determine a 
locus. Each problem had to be solved by a method peculiar to the 
problem itself. 

In contrast to plane geometry, analytic geometry provides a general 
method for solving locus problems. We merely translate the given geo¬ 
metrical conditions, describing the locus, into algebra. IVo examples 
of this method have already been given. In Sec. 15~8 we found the 
equation of a line through two given points by defining it as the locus 
of a point moving so that the line segment joining it to one of the given 
points has a constant slope. In Sec. 16-1 the circle was considered as 
the locus of a point whose distance from the center is constant. In 
both cases we translated the given conditions into algebra and simplified 
the resulting expressions algebraically. 

In the examples which follow we shall show how we can apply the 
method of analytic geometry to locus problems. 

Example 1. Find the equation of the locus of a point such that the sum of the 
squares of its distances from (0, 0) and (4, 6) is 76. 



Fig. 16r-3. 
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Let Pi and P 2 be respectively the given points (0, 0) and (4, 6) and let P(a?, y) 
be any point on the required locus (Fig. 16-3). Our requirement is that 

(PPi)2 4- {PPi? » 76 


which becomes, when stated algebraically, 

4)2 4 (y - 6)2 = 76. 

Simplifying, 

2a;2 4 22/2 - 8a; - Vly = 24, 
a;2 4 2 /^ — 4a; — 62 / = 12, 

^x2 - 4a; 4 4) 4 ( 2 /^ - 62 / 4 9) « 12 4 9 4 4, 
(X ~ 2)2 4 (y - 3)2 - 25. 

This is the equation of a circle with center at (2, 3) and radius 5. 


In our work concerning loci we have to consider two types of problems. 

Type 1. Given a locus defined geometrically, find the corresponding 
equation. 

Type 2. Given an equation, find the corresponding geometrical locus. 

Problems of Type 2 we have already studied in Chapter 3. In the 
present section we are considering only problems of Type 1. To solve 
such problems we proceed by the following steps: 

1 . A figure is drawn, showing the data for a representative point on 
the locus. 

2. If a coordinate system is not given, one must be introduced. 

3. The given geometrical conditions, describing the locus, are trans¬ 
lated into algebra and the resulting equation is simplified. 


Example 2. 
points. 


Find the equation of the locus of points equidistant from two given 



We construct a figure (Fig. 16-4) and introduce a coordinate system so that the 
given points have the coordinates Pi(o, 0) and P 2 (—0). This choice of coordi- 
nates will simplify our work. Now geometrically the requirement is that 

P 2 P - PiP. 
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V(a; + o)® + (y “ 0)2 

Simplifying, 

+ 2aa; + 

4aa; 

and since o 0, we obtain finally 


VCx - af + (y - 0)^ 

— 2ax + -f 

0 , 


X = 0. 

This is the equation of the 2 /-axis, which is the perpendicular bisector of P 1 P 2 . 


EXERCISES 

Find an equation of the locus of a point which moves as described below. When¬ 
ever possible, identify the locus. 

1. Five units to the right of the ^/-axis. 

2. Six units below the x-axis. 

3. Equidistant from (2, 4) and ( 6 , 8 ). 

4. Its distance from (— 2 , 3) is 7. 

6. Its distance from (0, 0) is twice its distance from the line y =* 5. 

6 . Its distance from the point ( 0 , 4) is three times its distance from the line 
X = -3. 

7. Its distances from (0, 0) and (4, 8 ) are equal. 

8 . Its distance from ( 0 , 0) is half its distance from the line 3 / 4 - 8 = 0. 

9. Its distance from the point ( 0 , 0) is one-half of its distance from the line x 
- 2 - 0. 

10. The sum of the squares of its distances from (0, 0) and ( 6 , 8 ) is 168. 

11. The difference of the squares of its distances from ( 0 , 0 ) and (3, 5) is 12 . 

12. The sum of the squares of its distances from two fixed points is a constant k. 

13. The difference of the squares of its distances from two fixed points is a con¬ 
stant k. 

14. The sum of the squares of its distances from the vertices of a square is a con¬ 
stant k. 

16-6. Polar Coordinates. In Chapter 3 we introduced the rectangular 
coordinate system, a device for locating points in the plane by setting 
up a correspondence between pairs of real numbers (x, y) and the points 
in a plane. In the subsequent chapters this device was used frequently 
in making geometrical or graphical interpretations of algebraic rela¬ 
tionships. 

The polar coordinate system, a second method for locating points in 
the plane, is often useful. Let 0 be a fixed point in the plane and let OA 
be a fixed line extending from 0 infinitely far in one direction only (Fig. 
16-5), and let the unit of length be chosen along OA as shown. Now, any 
point P in the plane can be located with respect to 0 and OA by giving 
6, any angle with initial side OA and terminal side OP, and r, the length 
OP measured on the terminal side of 9, These two values are customarily 
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written (r, 6) and are called a set of polar coordinates of the point P. 
The point 0 is called the pole of the system; the line OA is called the 
polar axis of the system. 


0 


-a. 




P(r.e) 


+ 

5 




Fig. 16-6. 


We .shall adopt the following conventions in measuring r and 9: 

(a) If 9 is measured counterclockwise it is positive; if is measured 
clockwise it is negative. 

(b) If r is measured from 0 to P along the terminal side of 9, r is 
positive; if r is measured along the extension through 0 of the terminal 
side of 9 then r is negative. 

Example. Fig. 16-6 shows the points Pi(5, 30°), P%{—5, 60°), Pz(i, —210°), and 
P4(-4, -90°). 



For a given pair of coordinates (r, 9) only one point in the plane can 
be located. However, for a given point in the plane many pairs of co¬ 
ordinates can be found. For example, the point Pi in Fig. 16-6 located 
by the coordinates (5, 30°) can also be located by the coordinates 
(-5, 210°), (5, -330°), (5, 390°), (-5, -150°), (5, 750°), etc. For a 
given point, it is easily seen that there are infinitely many pairs of co¬ 
ordinates. Thus unlike rectangular coordinates, a system of polar 
coordinates does not establish a one-to-one correspondence between 
points in the plane and pairs of values (r, 9). 
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The student will recall that a complex number could be given in 
polar form by giving its modulus and argument. In this way the posi¬ 
tion of the point on the Argand diagram corresponding to the number 
is given by specifying its distance from the origin and the angle the line 
joining it to the origin makes with the positive x-axis. Hence the polar 
form of the complex numbers and the polar coordinate system are 
based on the same idea. 

To facilitate the plotting of points and curves in polar coordinates, 
especially designed polar coordinate paper should be used. 


EXERCISES 

Using either a scale and a protractor or polar coordinate paper, plot the following 
points. 

1. (2,30°), (3, 120°), (1,215°), (3.2,311°), (1.5, -45°), (2.5, -90°), (1.8, 180°), 

(1.8, -180°), (1-7, 2ir), ( 3 ,^^, (s-y)- 

2. (3,170°), (8,430°), (1.3,-220°), (-3,65°), (-8,250°), (-8,250°), 

(-6.3, -470°), (6.3, -470°),(2,lfr) , , ( 2 ,^) , (_2. -f’). 

8. (3, 70°), (3,430°), (3, -290°), (3,650°), (-3, 250°), (-3, -110°), (-3, 610°), 
(-3, -470°). 

*• (-«")■ • 

6. (0, 70°), (0, 0°), (0, 10°), (0, 412°), (0, -80°). 

6. (2, 70°), (2, 0°), (2, 120°), (2, 180°), (2, 90°), (2, 270°), (2, -60°), (-2, 45°), 

(- 2 , 210 °), ( 2 , 0 °). 


Find five other pairs of coordinates for each of the following points: 

7. (2, 90°), (3, 210°). 8. (-3, 180°), (3, 135°). 

9. (1, 120°), (1, -120°). 10. (5, 30°), (5, 270°). 

11. What curve will be obtained from all points (r, d) where r satisfies the equation 
r « a, a being a constant? Where r satisfies the equation r — --af 

12. What locus or curve will be obtained from all points (r, 0) where S satisfies 
the equation 

(a)fl = ^, (5)9-y, (0 9 = - ^ , (d) 9 - 60°? 


16-6. Graphs in Polar Coordinates. In Chapter 3 it was seen that 
an algebraic relationship between two variables x and y can be repre¬ 
sented pictorially by plotting the pairs of values satisfying the relation¬ 
ship on rectangular coordinates. Likewise, we shall now see that an 
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algebraic relationship between two variables r and 0 can be represented 
by plotting the pairs of values satisf 3 dng the relationship on polar co¬ 
ordinates. How this can be done will be illustrated by examples. 

Example 1. Plot the curve r =« 5 sin 0 on polar coordinates. To construct a 
table of values from which to plot this function, we may substitute chosen values 
for 6 and find r, or vice versa. In this case the former presents least difficulty. 
The choice of values to be substituted for S is of course at our discretion, but usually 
the principal angles are the most convenient. If the principal angles do not give 


90* 



enough points to determine the general character of the curve, more values of 0 
should be plotted, using tables of natural functions. 

For this example we have the table: 


0 

r « 5 sin 0 

0 

r =* 6 sin 

0® 

0.00 

150® 

2.50 

30® 

2.50 

180® 

0.00 

60® 

4.35 

210® 

-2.50 

90® 

5.00 

etc. 

etc. 

120® 

4.35 




By analyzing the function r «= 6 sin the general behavior of the ciuwe between 
the plotted points can be determined. For example, as $ increases between 0® and 
90®, the function 5 sin 6 increases from 0 to 6. As $ passes from 90® to 180®, 5 sin 0 
decreases from 6 to 0. Now, as d takes on values from 180® to 360®, r *= 6 sin d 
takes on negative values, giving points already found when 0 was less than 180® as 
the student may verify by extending the table. For example, when 0 « 30® we 
find the point (2.5, 30®) and for 0 » 210® we obtain the same point located by 
(—2,5, 210®). Thus,' r »*“ 5 sin ^ gives the circle shown in Fig. 16-7. 
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In some cases the negative values of r do not give points already 
found. This is illustrated in what follows. 

Example 2. Plot the function r =* 2 cos 3^. 

Substituting values for B we obtain the following table. 


0 

30 

r - 2 cos 30 

0 

30 

r * 2 cos 30 

0® 

0® 

2.00 

140® 

420® 

1.00 

20® 

60® 

1.00 

150® 

450® 

0.00 

30® 

90° 

0.00 

160® 

480® 

-1.00 

40® 

120® 

-1.00 

180® 

540® 

-2.00 

60® 

180® 

-2.00 

200® 

600® 

-1.00 

80® 

240® 

-1.00 

210® 

630® 

0.00 

90® 

270® 

0.00 

220® 

660® 

1.00 

100® 

300® 

1.00 

240® 

720® 

2.00 

120° 

360® 

2.00 

etc. 

etc. 

etc. 


Note that although the angle 30 is used to evaluate r, the angle B is the angle used in 
plotting. Hence the curve represented by r = 2 cos 30 is the three-leaved rose of 
Fig. 16~8. As in Example 1, the curve retraces itself as 0 passes 180®. 


X 


Fig. 16-& 

Curves of this general type plotted on polar coordinate paper are 
obtained in plotting the field strength of radio energy directed by two 
or more antennas suitably placed and excited. Advanced treatises on 
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radio waves and their propagation show many forms of field patterns, 
of which Fig. 16-8 may be considered a special example. In another 
engineering application, the horizontal distribution of the intensity of 
light from an incandescent lamp or fixture is plotted on polar coordinate 
paper; in this case the pattern is not generally regular or simple mathe¬ 
matically. 

EXERCISES 


Using polar coordinate paper plot the curves representing the following functions 


1. 

r » 4 sin 0. 

2. r = —4 sin 0. 

3. 

r « 6 sin 20. 

4. r = —3 cos 20. 

6. 

r = 2 cos - • 

2 

0 

6. r = 5 sm ^ • 

7. 

r = 6 sin 40. 

8. r = 2 -f- 2 cos 0. 

9. 

r = 1 — 2 sin 0. 

10. r = 2(1 — sin 0). 

11, 

r sin 0 = 2. 

12. r cos 0 = 2. 

13. 

r cos (0 — 30®) = 2. 

14. r cos (0 + 60°) = — 1. 

16. 

5 

le r ® 


lb. r — ‘ 


14- 2 sm 0 

2 — cos B 

17. 

r = 30. 

18. r = i .sin (0 - 30°). 

19. 

r = 6 cos (0 — 45®). 

20. = 5 + 8r cos (9 - 60°). 

21. 

Using Fig. 16-9, show that any equation of the type 


is a circle of diameter a. 


r = a cos 0 



22. Show that any equation of the type 

r = a sin ^ 

is a circle of diameter a. 

1&-7. Relations between Polar Coordinates and Rectangular Co-- 
ordinates. Occasionally it is advantageous to be able to change from 
rectangular coordinates to polar coordinates, or vice versa. To obtain 
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a relation between the two coordinate systems, let the pole and polar 
axis in a polar coordinate system coincide with the origin and positive 
x-axis of a rectangular coordinate system (Fig. 16-10). Also choose the 
same unit of length for both sys¬ 
tems. Now consider any point P 
in the plane. If we denote the 
polar coordinates of P by (r, 6) 
and the rectangular coordinates of 
P by (x, 2/), then obviously 

(1) X == r cos 6, y = r sin 6, 

(2) r^ = x^+f, 0 = arctan^- 

y 

Since arctan - is a multiple-valued 

X 

function, a correct value of 6 can 
be determined by noting the quadrant in which P lies, or the signs of 
y and x. 

Using the fonnulas (1) it is possible to transform a relationship given 
in I’eetangular coordinates to polar coordinates; using the formulas 

(2) it is possible to transform a relationship given in polar coordinates 
into rectangular coordinates. The curve which represents the given 
relationship is the same in both coordinate systems. 

Example 1. Transform the equation 

(3) r sin ^ = 4 
to rectangular coordinates. 

If the equation 3 is plotted in polar coordinates, it can be shown to be a straight 
line. However, this fact is made obvious if (3) is transformed to rectangular coor¬ 
dinates, for from (1), rsin ^ = y, whence (3) becomes 

2/ = 4. 

Example 2. Transform the equation 



(4) — 4a; -h = 0 

to polar coordinates. 

Substituting from (2) and x « r cos from (1), the equation becomes 


Factoring, we obtain 


— 4r cos 0=0. 
r = 0 or r — 4 cos 0 = 0. 


But since r = 4 cos 0 gives the value r = 0 when 0 = 90®, we can express (4) in 
polar form simply as 

r = 4 cos 0. 
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EXERCISES 


Transform the following equations into rectangular coordinates. 


1 . r « 6 . 



6 . tan 0 =» 1 ^. 

7. rsmO » 2 . 

9. r — 2 CSC 0 , 

11, r 4 sec 0 « 0. 
13. r » 2 sin 0, 


15. r « 2(1 — cos 0 ). 


17. r cos ~ 

19. 4 = -f" 4 — 4r cos * 


2 . r « a. 
4. ^ = 0. 


6. sin 0 =» i. 

8 . r cos 0 — 3. 

10. r = 7 CSC 0. 

12. r — 3 sin 0. 

14. r *= sin ^ -h cos 0, 


16. r 


12 


2 -f- cos ^ 


18. r sin 


20. 9 = 4- 4 — 4r cos 


(-i> 


Transform the following equations into polar coordinates. 


21. y ^0. 

23. y = \/3x, 

26. X - - 1 . 

27. t/ * 2. 

29. a; — t/ = 2. 

31. + y^ = 25. 

33. y - a;2. 

36. 4- 2/^ = 36. 

37. (x^ 4-2/2 4' 0x2)2 = a2(a:2 4 . 
39. a;2 - a; 4- 2 /^ 4- 2 / = 0* 


22. y — X. 

24. a; « —\/%* 

26. a; = 0. 

28. X 4- 2 / “ 0* 

30. 2x 4“ 2/ = 4. 

32. x2 - lOx 4- 2/^ = 0. 

34. 2/2 = 4aa;. 

36. (X - 1)2 4 - ( 2 / - 2) 2 ^ 5. 
38. x2 + 2x 4- 7 / * 2Vx2 4- ^2 
40. (x2 4 - y^? - x(x2 - 32/2). 


16-8. Parametric Equations. In general, the graph representing an 
algebraic relation between two variables is a curve. We have seen that 
this is true in two coordinate systems, the rectangular and polar systems. 
In our discussions up to this point the values of one variable correspond¬ 
ing to those of another were specified by a given relation between the 
two variables. In this way we can think of the pairs of numbers which 
we plotted as being specified by the given relation. For example, the 
equation 

(1) y ^ x + l 

is such a relation specifying pairs of values (a;, y), and its graph is a 
straight line with y-intercept 1 and slope 1. 
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However, it is possible to specify pairs of numbers (x, y) by giving 
each as a function of an auxiliary variable. For example, the relations 


X = 2ty 

( 2 ) 

2/ = + 1 

specify a pair of numbers (x, y) for each real value of the auxiliary varia¬ 
ble t. The curve representing the pairs (x, y) can be plotted as shown 
in the example. 

Example. Plot the curve representing the equations 2. 

Substituting various values of t in (2) we obtain the following table. 


t X y 

0 0 1 

1 2 3 

2 4 6 

-1 -2 -1 

-2 -4 -3 


The graph, shown in Fig. 16-11, turns out to be a straight line with ^-intercept 1 
and slope 1. 



When the pairs (x, y) are given in terms of a third variable t, as 


(3) 


X = fit), 
y = git), 


the auxiliary variable t is called a parameter, and the equations 3 are 
called parametric equations. 

In many cases it is possible to eliminate the |>aramcter t, obtaining 
thus a relationship between x and y. For example, it is easily seen that 
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eliminating the parameter from (2) we obtain (1), which verifies that 
Fig. 16-11 is the correct graph of (2). However, if a relationship be¬ 
tween two variables is given, many sets of parametric equations repre¬ 
senting the same relationship can be found. For instance, the para¬ 
metric equations 

X = 

. y=^+\ 

also represent the relation (1). 

In many cases the parameter chosen has no especial significance. 
However, in applied problems in physics and engineering a parameter 
is often chosen which has a geometrical or physical meaning. Suppose, 
for example, that a body is subjected to various forces and as a result 
moves about in a plane, and that the position of the body is known at 
every instant. If we then place a rectangular coordinate system in the 
plane, we know at evciry instant the coordinates (x, y) of the position 
of the body. Thus if we choose ^ as a parameter and let t measure time, 
then for every value of t we know the corresponding values of x and y. 
In short, x is a function of the time <, and y is a function of the time U 
and we have a relation of the form (3) which describes the path of the 
mo\dng body. 


EXERCISES 


Plot the curve corresponding to each set of parametric equations. Find a relation 
between x and y by eliminating the parameter. 


1. X 


5 - t 


= 2 - 


Z.x^t^-lyy = {t- m + 1 ). 

6. a; « sin^ 2/ =* 6 + 2 cos^ 0. 

7. a; » 5 cos 9^ y — 5 sin 9, 

0. a; « < — 1, 1 / « 4^2 — -f 1- 


2. a; =* 2i - I, 2 / = 6(2/ - 1). 

4. a; « 2 cos 29, y 2 sin^ 9. 
it ^ K 4 

8. a5 = 2 cos y « 3 sin /. 

10. a; « 2/, y * /2 _ 1 


11. Show that x ^ t, y = 3 -f 4/ are parametric equations of a straight line. 
Plot the line. 

12. Show that a? * 3/ 2, 2 / == 2/ — 6 are parametric equations of a straight line. 

Plot the line. 

2 at a(l - t^) 

y 


1 -hi 


1-hl 


are parametric equations of a circle. 


13. Show that x 
Plot the circle. 

3/ 3/^ 

14. Show that x *= --;, y =« ::- \ are parametric equations of the curve 

1+/® l-fr 

/p8 ^ ^8 _ as Q piq^ curve. 
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16. The barrel of a gun is elevated to an angle a with the horizontal and a shell 
is fired with a muzzle velocity of vq feet per second. Assuming that the shell travels 
in a vertical plane, we shall set up a rectangular coordinate system in this plane, 
choosing the muzzle of the gun as the origin, the y-axis vertical, and the x-axis hori¬ 
zontal and so that the shell moves in the positive direction. Neglecting the air 
resistance, wind effects, etc., it can be shown that the position of the shell t seconds 
after firing is given by 

X — vot cos a, 
y — VqI 8m a —— , 

A 

where g =* 32.2 ft. per sec. per sec. Plot the path of a projectile fired at 46® with 
the horizontal with a muzzle velocity of 600 ft. per sec. 


PROGRESS REPORT 

In this chapter we discussed the circle and obtained a standard form 
for the equation of the circle. Then locus problems were discussed alge¬ 
braically. Polar coordinates and parametric equations were also treated. 



CHAPTER 17 


EQUATIONS OF THE SECOND DEGREE: THE CONICS 

For the study of the calculus, a familiarity with the graphs of certain 
second degree equations is important. In order to establish this famili¬ 
arity we shall discuss in this chapter the graphs of such equations and 
some of their analytic and geometrical properties. We shall in this way 
obtain a partial answer to the question: What is the locus of the general 
second degree equation in two variables? 

The equations of conic sections occur frequently in physical problems. 
Planetary motion is elliptical, and recent theories of electron motion 
suggest that electrons travel about the nucleus of an atom in ellipses. 
The properties of a parabola are utilized in ultra-high frequency tech¬ 
niques; if the source of radio waves is placed at the focus of a paraboloid, 
the radiations into space will be along parallel, straight lines. This is 
analogous to the light radiation from a parabolic reflector of an automo¬ 
bile headlight. It is known that a cable supporting a uniform, hori¬ 
zontal load (as cables of a suspension bridge do) assumes the shape of a 
parabola. But if the cable bears no load, the configuration is that of the 
catenary, and a solution of this problem hinges on certain functions 
associated with the hyperbola. These problems are beyond the scope 
of this book, but the comprehension of such practical applications 
depends on the fundamental knowledge of the properties of conic 
sections. 

17-1. The Conic Sections. The curves of intersection of a plane and 
a right circular cone are called conic sections or conics. If the plane cuts 
across one nappe of the cone, the curve of intersection is an ellipse, as 
in Fig. 17“1. If the plane is parallel to a straight line in the surface of 
the cone, the curve of intersection is a parabola, as in Fig. 17-2. If the 
plane cuts both nappes of the cone, as in Fig. 17-3, the curve of inter¬ 
section is an hyperbola. These definitions explain the origin of the 
term conic, which is applied to these curves. A study of these curves 
can be made from these definitions, but we shall find it more conven¬ 
ient to start from other definitions which will be given in succeeding 
sections. 

We have already made a study of the equation of the first degree, and 
we found that its locus was a straight line. The conic sections are of 
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interest because, as we shall see, their equations are equations of second 
degree. Further, although we shall not prove it in this book, it can be 



Fig. 17-1. 




Fig. 17-2. 


Fig. 17-3. 


shown that the locus of the general second-degree equation in two 

XT’€11*1 O r>l 

Ax^ + Bxy + Cy^ + Dx + Ey + F^0 


IS a conic. 

17-2. The Parabola. The geo¬ 
metrical definition of the parabola 
which we shall use is the follow¬ 
ing. 

The parabola is the locus of a 
point which moves in a plane so 
that its distance from a fixed point 
is equal to its distance from a fixed 
line. The fixed point is called the 
focus, the fixed line the directrix. 
The line perpendicular to the 
directrix through the focus is the 
axis of the parabola. The inter¬ 
section of the parabola and the 
axis is the vertex. 

The equation of a parabola is 
particularly simple if we choose 
as focus the point (p, 0), where p 
is positive, and as directrix the 
line X =* — p. 



Fig. 17-4. 
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Then from Fig. 17-4, the definition requires that 

(1) KP = FP. 

Obviously, 

( 2 ) KP^x + v, 

and 

(3) FP = y/{x-v)^+ {y-Of. 

Using (2) and (3) in (1) we obtain 

a; + p = V(x — + 2/^. 

Squaring both sides of the equation we obtain 

(x -4- pf = (x - + j/2 

which reduces to 

(4) = 4^x, 

which is the standard form of the equation of the parabola. 

The chord of a parabola drawn through the focus perpendicular to the 
axis is called the latus rectum. When x = p, then = 4p^, and 
y == d:2p; hence the length of the latus rectum is 4p (Fig. 17~5a). 



It is left as an exercise to the student to show that with the vertex 
at (0, 0), focus at (—p, 0), and directrix x = p, the equation of the 
parabola is 

( 5 ) 
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This information is summarissed in Fig. 17-66. The student may also 
verify the information summarized in Fig. 17-6. 




A parabola can be sketched readily by locating the vertex V, the focus 
F, and drawing the latus rectum, since the general shape of the figure 
is indicated clearly in Fig. 17-6 and Fig. 17-6. The procedure is to 
locate tbiese parts and then to sketch in the curve free-hand. 
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EXERCISES 

For each of the following parabolas, find the coordinates of vertex and focus, the 
equation of the directrix, and the length of latus rectum. Sketch the curve. 


1. 

» 4x. 

2. 


~-4x. 

3. 

x^ = Ay. 

4. 

*** = 

-Ay. 

6. 

X® =« 16y. 

6. 


IGx. 

7. 

^ » -16x. 

8. 

** = 

-162/. 

9. 

y^ « 64x. 

10. 

= 7y. 

11. 

oc 

ii 

12. 


-6x. 

13. 

1 

n 

14. 

2y* = lx. 

16. 

y* - -ar. 

16. 

3y* = 10*. 

17. 


18. 

** - 

-2/* 

19. 

1 

tt 

20. 

y* = 

-7x. 

Find the equations of the following parabolas 

, and 

sketch: 


21. Vertex at (0, 0), focus at (4, 0). 

22. Vertex at (6, 0), focus at (—8, 0). 

23. Vertex at (0, 0), focus at (0, —8). 

24. Vertex at (0, 0), focus at (0, 6). 

25. Vertex at (0, 0), directrix, 3?/ -f 8 » 0. 

26. Vertex at (0, 0), directrix, 2y — 7 - 0, 

27. Vertex at (0, 0), focus at (—6, 0). 

28. Vertex at (0, 0), focus at (5, 0). 

29. Focus at (4, 0), directrix, a; 4* 4 = 0. 

30. Vertex at (0, 0), directrix, — 4 = 0. 

31. Focus at (0, 10), directrix, 2 / -h 10 = 0. 

32. Vertex at (0, 0), focus at (6, 0). 

33. Find the equation of the parabola which has its axis coinciding with the x-axis, 
its vertex at the origin, and which passes through the point (4, 2). 

34. Find the equation of the parabola which has its axis coinciding with the x-axis, 
its vertex at the origin, and which passes through the point (3, 5). 

36. Find the equation of the parabola which has its axis coinciding with the ^-axis, 
its vertex at the origin, and which passes through the point (4, 4). 

36. Find the equation of the parabola which has its axis coinciding with the ^>axis, 
its vertex at the origin, and which passes through ( — 4, —4). 

37. Find the equation of the parabola which has its axis coinciding with the ^-axis, 
its vertex at the origin, and which passes through (8, —4). 

38. Using the definition of a parabola, derive the equation of the parabola whose 
vertex is at (4, 0) and whose directrix is the 2 /-axis. 

39. Using the definition of a parabola, derive the equation of the parabola whose 
vertex is at (0, —6) and whose directrix is the x-axis. 

17-3. The EUipse. The geometrical definition of the ellipse which 
we shall use is the following. 

An ellipse is the locus of a point which moves in the plane so that the sum 
of its distances from two fixed points is a constant greater than the distance 
between the two points. The student may devise very easily, on the basis 
of this definition; a mechanical method of constructing an ellipse. 
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The two fixed points are the foci of the ellipse; the midpoint of the 
segment joining them is the center of the ellipse. We shall choose the 
coordinate system so that the center is at the origin and the foci are 
F\(c, 0) and F^i—c, 0) where c is positive, as in Fig. 17-7. For con¬ 
venience we shall call the constant length sum 2a, which must then be 



greater than 2c by the definition of the ellipse. Our requirement is that 
(1) FiP + FzP = 2o. 

Using the distance formula, (1) can be written as 

V{x - c)^ + + V{x + c)^ + = 2a 

or _ _ 

V{x — c)^ -I- = 2a — {x + c)^ + y^, 

which becomes, upon squaring both sides of the equation, 

{x — c)* -h 2/^ = 4a* — 4a V(x -|- c)* -f j/* + (x -f c)* -f y*. 

Simplifying, we obtain 

aV (x -1- c)* -f- y* = a* + cx. 

Squaring again, we have 

a*(x -f- c)* -b a* 2 /* = a^ + 2a*cx + c*x* 
or 


(2) 


(a* — c*)x* 4- a*y* = o*(a* — c*). 
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Since a > c, then is positive. Setting 

(3) 6^ = 


in equation 2 we have 

(4) == (]?}?, 


Dividing both sides of (4) by we obtain ihje itandard form of the 
equation of the ellipse. 


(5) 



= 1 , 


where d? is greater than b^. 

When .t; == 0, y = ±6, and when y — 0^ x = ±a. The locus is 
plotted as shown in Fig. 17-8. 



The segment F 1 F 2 is the major axis, the segment Q 1 Q 2 is the minor 
axis. Vi and F 2 are the vertices of the ellipse. Thus the semi-major 
axis has length a, and the semi-minor axis has length 6. 

The student may verify as an exercise that if we start with foci 
Fi(0, c) and ^ 2 ( 0 , —c), and proceed as above, we obtain 

1/2 ^ 

( 6 ) ^ ^ 1 » 

where a^ is greater than The locus is plotted in Fig. 17-9. In this 
case the major axis and the vertices are along the 2 /-axis. 


Fig. 17-9. 

Example 1, For the ellipse 

16x2 + 252/2 = 400, 

find (a) the coordinates of the vertices, (6) the coordinates of the foci, (c) the length 
of the semi-axes. Sketch the ellipse, showing all this data on the figure. 

Dividing both sides of the equation by 400, we obtain the standard form 



Fig. 17-10. 
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From this equation and the relation ^ we obtain the following information: 

Semi-major axis: a » 5. 

Semi-minor axis: h » 4. 

Coordinates of the vertices: (5, 0), (—5, 0). 

Coordinates of the foci: (3, 0), (—3, 0). 

The graph is shown in Fig. 17-10. 

Example 2, Find the equation of the ellipse whose foci are (0, 4) and (0, —4), 
and whose vertices are (0, 6) and (0, —5). 



The midpoint of the line joining the foci is the origin, and hence the origin is the 
center of the ellipse. The major axis is along the y-axis. Since a » 6 and c ■= 4, 
from 6^ * we have 6^ * 26 — 16 ■= 9. Thus the standard form of the equa¬ 

tion of the ellipse is 


9 "^25 


1 . 


The ellipse is sketched in Fig. 17-11. 


EXERCISES 


For the following ellipses find (o) the coordinates of the vertices, (5) the coordi¬ 
nates of the foci, (c) the lengths of the semi-axes, and sketch, showing all this data 
on the figure. 


1. 4®* -1- “ 36. 

8. 26** -f 4j;* - 100 

6 . ** -1- V - 16. 

7. 4®* -I- y* - 36.' 


2. 9** + V “ 36. 

4. 4** H- 26y* - 100. 
6. 4** -i- y* - 16. 

8 . 26** -I- 9y* - 226. 
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9. a** + 25y* - 226. 

10. ** + 4v* - 36. 

11. 0** + 16i/® » 144. 

12. 16®* + 9j/* - 144. 

18. 4®* + = 11. 

14. 3®* + 4j/* « 9. 

16. 12®* + 6y* - 23. 

16, 100®* + 225j^ - 324. 

17. 26x* + 36y* - 900. 

18. 36®* + 26i/* =• 400. 

19. 9®* + 26j/* - 900. 

20. 64®* + 26y^ = 1600. 

21. 4®* + 25y* - 626. 

22. 49®* + 36j(* - 900. 

28. ®* + 49y* = 196. 

24. 16®* + 9y* = 576. 


Find the equation of each of the eUipses satisfying the following conditions. 
Sketch the curves. 

25. Foci (5, 0) and (—5, 0); vertices (13, 0) and ( — 13, 0). 

26. Foci (15, 0) and ( — 15, 0); vertices (17, 0) and ( — 17, 0). 

27. Foci (0, 12) and (0, —12); vertices (0, 15) and (0, —15). 

28. Foci (0, 3) and (0, —3); length of major axis 10. 

29. Foci (0, 15) and (0, —15); length of minor axis 16. 

30. Foci (8, 0) and (—S, 0); length of major axis 34. 

31. Foci (12, 0) and ( — 12, 0); length of major axis 26. 

32. Vertices (13, 0) and ( — 13, 0); length of minor axis 10. 

33. Vertices (0, 17) and (0, —17); length of minor axis 16. 

34. Vertices (15, 0) and ( — 15, 0); length of minor axis 24. 

35. Find the equation of the ellipse whose vertices are the points (4, 0) and 
(—4, 0) and which passes through the point (0, 2). Sketch the curve. 

36. Find the equation of the ellipse whose vertices are the points (0, 6) and 
(0, —6) and which passes through the point (4, 0). Sketch the curve. 

37. Find the equation of the ellipse whose vertices are the points (0, —4), (0, 4) 
and which passes through the point (2, 3). Sketch the curve. 

38. Find the equation of the ellipse whose foci are the points (—3, 0), (3, 0) and 
whose semi-major axis has length 5, Sketch the curve. 

39. Find the equation of the ellipse whose vertices are (10, 0) and ( — 10, 0) and 
which passes through (5, y/^). Sketch the curve. 

40. Find the equation of the locus of a point which moves so that the sum of its 
distances from (0, 4) and (0, —4) is 10. Sketch the curve. 

41. Find the equation of the locus of a point which moves so that the sum of its 
distances from (8, 0) and (—8, 0) is 20. Sketch the curve. 

42. Find the equation of the locus of a point which moves so that the sum of its 
distances from (—2, 1) and (6, 1) is 10. Sketch the curve. 

43. Find the equation of the locus of a point which moves so that the sum of its 
distances from the points (2, 0) and (—4, 0) is equal to 10. Sketch the curve- 

17-4. The Hyperbola. The geometrical definition of the hyperbola 
which we shall use is the following. 

The hyperbola is the locus of a point moving in a plane such that the 
difference of its distances in either order from two fixed points is a positive 
constant less than the distance between the two fixed points. 

The two fixed points are the foci of the hyperbola, the midpoint of 
the segment joining them is the center of the hyperbola. We shall 
choose the coordinate system so that the center is at the origin and the 
foci are Fi(c, 0) and F 2 (—c, 0) where c is positive, as shown in Fig. 17-12. 



572 


THE (IONICS 


[17-4 


For convenience we shall call the positive constant length difference 2a, 
which by the definition of the hyperbola is less than 2c, Then we 
require, from Fig. 17-12, that either of these two requirements be 
fulfilled. 

(1) FsP - FiP = 2a 

(2) FiP - F 2 P - 2a. 



If (1) is satisfied, since 2a is positive, we get the right branch of the 
hyperbola as shown in Fig. 17-12; if (2) is satisfied, we get the left 
branch of the hyperbola. Using the distance formula to write (1) and (2) 
algebraically we obtain respectively: 

(3) V (x + c)^ + - V(x - c)^ + 2 /^ = 2a 

(4) V(x — c)^ + 2 /^ — V(x + c)^ + 2 /^ = 2a 

The student may simplify both (3) and (4) by the method used to 
simplify the corresponding equation in the case of the ellipse. Both 
simplifications result in the equation: 

(6) (c^ — a^)x^ — = a^(c^ — a^). 

Since c > a by definition, — a^ > 0 and we may write 

( 6 ) ' ^ ^ _ ^2 
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Making this substitution in (5) we obtain 
(7) - aV = 

Dividing both members of (7) by we obtain the result 


( 8 ) 




1 . 


sn 


the standard form of the equation of this hyperbola. In this case, unlike 
that of the ellipse, b® can have any size relative to a^. The student may 
verify that (8) is equivalent to (3) and (4) jointly. 

When y = 0, then x — ±a, and the points Fi(a, 0) and F 2 (—o, 0) 
are the vertices of the hyperbola. The segment Vi F 2 is the transverse 
axis, whence the semi-transverse axis has length a. When x = 0, y 
has no real values, whence the locus does not cross the y-axis. The 
segment B 1 B 2 , where Bi and B 2 have the coordinates Bi(0, b), B 2 ( 0 , 
—b), is called the conjugate axis. The semi-conjugate axis has length b. 

If a fixed straight line is so related to an infinite branch of a curve 
that, as a point on the curve recedes indefinitely along the infinite 
branch, the distance of the point from the line comes as near to zero as 
we please, but never equals zero, tlien the line is called an asymptote 
of the curve. 

The hyperbola (8) has as asymptotes the lines 

b b 

(9) y = y=- -X. 

a Q 

Proof of this fact is beyond the scope of this book. 



Fio. 17-18. 
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To sketch the hyperbola, draw the rectangle with sides perpendicular 
to the a;-axis through the points Vi and V 2 , and with sides perpendicular 
to the y-axis through the points Bi and B 2 , as shown in Fig. 17-13. The 
straight lines through the center of the hyperbola and the opposite 
comers of the rectangle are the asymptotes (9), as can be readily seen. 
After these preliminary constructions, the hyperbola can be sketched 
easily, as shown in Fig. 17-13. 



The student may verify as an exercise that if we start with the foci 
Fi(0, c) and F 2 ( 0 > “"c) and proceed as above, we obtain the standard form 




where is given by (6). In this case the asymptotes are 


( 11 ) 

and the curve is sketched as shown in Fig. 17-14. 

Example, Sketch the curve of 

162/2 - 9a;2 » 144, 

showing on the graph (a) the coordinates of the foci, (h) the coordinates of the ver 
tices, and (c) the asymptotes. 
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Dividing the equation by 144 we obtain the standard form 

9 16 


Thus the semi-transverse axis a * 3, and the semi-conjugate axis 5 = 4. The ver¬ 
tices are yi(0, 3) and 72(0, —3); the ends of the semi-conjugate axes are Bi(4,0) 


i I I I I I 


I i i 
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i«. 9a^ - 


« 36. 

16. 

X*- 

2V 

- 100. 

17. 16y® 

-X* 

« 16. 

18. 


x2 - 

16. 

19. V - 

- flx* 

« 25. 

20. 

- 

64x* 

» -81. 

21. X* - 


« -100. 

22. 

25x® 

- v’ 

» -100. 

23. 2&c‘ 

-y* 

8 

il 

24. 

X*- 

49y* 

« -100. 


Plnd the equations of the hyperbolas given by the following data. Sketch a graph 
of each. 

26. Foci at (5, 0) and (—6, 0); vertices at (3, 0) and (—3, 0). 

26. Foci at (0, 5) and (0, —5); vertices at (0, 4) and (0, —4). 

27. Foci at (0, 13) and (0, —13); vertices at (0, 6) and (0, —5). 

28. Foci at (17, 0) and ( — 17, 0); length of transverse axis 30. 

29. Foci at (0,17) and (0, —17); length of transverse axis 16. 

30. Vertices at (0, 3) and (0, —3); length of conjugate axis 8. 

31. Vertices at (15, 0) and ( — 15, 0); length of conjugate axis 16. 

32. Foci at (0, 10) and (0, —10), length of conjugate axis 16. 

33. Find the equation of the hyperbola with center at the origin and transverse 
axis on the 2 ;-axis which passes through the points (—6, 2) and (5, 1). Sketch the 
hyperbola. 

34. Find the equation of the hyperbola whose vertices are (4, 0) and (—4, 0) and 
which passes through (5, 4). Sketch the hyperbola. 

36. An hyperbola with center at the origin has its transverse axis along the x-axis 
of length 24 and conjugate axis of length 10. Find the equation of the hyperbola 
and sketch its graph. 

36. Find the equation of the hyperbola whose foci are (0, 6) and (0, —6) and whose 
transverse axis is twice its conjugate axis. 

17-6. Change of Coordinate Axes. In analytic geometry the solution 
of a problem can often be simplified by the use of a different set of axes 
instead of the one employed in the statement of the problem. In fact, 
we shall devote the next few sections to reducing by a change of axes 
a number of apparently difficult problems to ones which we have just 
solved. 

If the new axes are parallel, respectively, to the old ones and the posi¬ 
tive directions are the same, the transformation is called a translation 
of axes. If the origin remains unchanged and the new axes are obtained 
by revolving the old ones about the origin through some given angle, 
then the transformation is called a rotation of axes. It is readily seen 
that, in general, any change of axes can be accomplished by a translation 
and then a rotation or vice versa. In this book we shall consider only 
the translation of axes. 

17-6. Translation of Coordinate Axes. Let OX and OF of Fig, 17-16 
be the original axes and let O'Z' and O'F' be the new axes, parallel, 
respectively, to the old and having the same positive directions. Let the 
coordinates of O' referred to the original axes be (h, k). 

Let P be any point in the plane, and let its coordinates referred to the 
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old axes be (z, y), and let its coordinates referred to the new axes be 
(x', y')- From Fig. 17-16 we see that 

x = NP= NN'+ N'P = ft + x', 

y = MP = MM' + M'P = k + y', 

whence 

X = x' + h, 

y = y' + k. 

The above discussion depends on the picture as arranged in Fig. 17-16. 
The student should verify that the same formulas hold for all translar 
tions and all positions of P. 



Example, The equation of a curve is 

+ 2/^ — 24a; + -f 24 « 0. 

Find the equation of the same curve with respect to a new coordinate system ob¬ 
tained by translating the origin of the axes to the point (3, —2), and sketch the curve. 
We have from (1), 


( 2 ) 


X « a;' -j- 3, 
y - y' - 2. 


Making this substitution, the given equation becomes 

4(*' + 3)* + (y' - 2)* - 24(x' + 3) + 4(y' - 2) + 24 


Simplifying, we obtain 


which we can write in standard form as 



-0. 


1. 
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This is the equation of an ellipse. By drawing its graph with respect to the new axes 
we obtain the graph of the original equation with respect to the original axes. With 
respect to the new axes we have immediately the following information; 

Vertices: Vi: x' « 0, y' — 4; V 2 : x' = 0, —4. 

Ends of minor axis; Qi: ^ 2, 2 /' = 0; Q 2 : =» 0. 

Foci: Fi: x' « 0, y' = F^. x' « 0, y' = -2V3. 

From (2) we have immediately the information: 

Vertices: Vi: x = 3, y *= 2; F 2 : x ** 3, y = —6. 

Ends of minor axis: Qi: x = 5, y = —2; Q 2 : x = 1, y » —2. 

Foci: Fi: X = 3, y « 2V3 ~ 2; F^: x =• 3, y = -2v'3 - 2. 

The graph is drawn in Fig. 17-17. 



EXERCISES 

Find the coordinates of the following points after translating the axes to the new 
origin indicated. Draw a figure for each exercise to verify the results. 

1. New origin O' (3, 4). Points: (1, 2), (—3, 2), (3, 6). 

2. New origin O' (1, 2). Points: (3, —1), (0, 0), ( — 1, 2). 

3. New origin O' (—3, 1). Points: (4, 2), (0, 0), (5, —7). 

4. New origin 0' (-1, -2). Points: (3, -4), (-1, -1), (2, 3). 

6. New origin 0' (3, —4). Points: (6, 4), ( — 1, 3), (-3, -3). 

6 . New origin O' (6, 1). Points: (6, 2), (—5, 1), (2, 1). 

Transform each of the following equations so that the axes are translated to the 
new origin O'. Plot a graph showing both pairs of axes and the curve. 

7. X ~ 3y - 5 - 0; 0'(2, -1). 9. x - 2y « 6; 0'(7,1). 

8. 3x + 4y - 12; 6'(1, -2). 10. 3x - y - 6; 0'(2,0). 
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11. 4* + % - -16;0'(1,2). 

12. Si -y - 10;O'(-2, -1). 

13. + V + 4* - 83/ - 8 - 0; 0'(-2,1). 

14. X® + j/® - 4x - % - 3 - 0; 0'(2, 3). 

16. x^ + 3/* - 8x = 0; 0'(4, 0). 

16. X* + 3/* + 4x - 8y - 5 - 0; 0'(-2, 4). 

17. 3x* + 33/“ + 5x + 12v = 0; -2). 

18. 33® - 4x - 1233 + 44 = 0; 0'(2, 6). 

19. x“ - 4x - 833 - 20 = 0; 0'(2, -3). 

20. 4x2 + 33“ - 8x + 433 - 8 = 0; 0/(3^ _2). 

21. 4x2 + 9332 + 8x - 1833 - 3 = 0; 0'(-l, 1). 

22. 9x2 - 4332 - 2433 - 72 = 0; O'(0, -3). 

23. x2 - 332 - 6x - 813 - 23 = 0; 0'(3, -4). 

24. 332 - 4x2 + 8x + 433 - 16 = 0; 0'(1, -2). 
26. (x - A)2 + (33 - fc)2 - r2; 0 '( h , k ). 


17-7. Application of Translation of Axes to the Equations of the 
Conics. In the preceding .sections the equations of the conies were 
found to be the following (the vertices of the parabolas and the centers 
of the other conics at the origin): 


( 1 ) 

( 2 ) 


Parabola: 

Ellipse: 


= ipx, ^ =^^py, x“ = -4py. 



y2 ^2 

(3) Hyperbola: ^-^ = 1, = 

We shall consider the question: What equations can he reduced by a 
translation of axes to the forms (1), (2), or (3)? 

For example, we want to know what equation can be reduced to 

(4) y'^ = ■ipx' 
by the substitution 

(5) X == x' + h, y = y' + k. 

The answer can be found by making in (4) the inverse substitution 

(6) a;' = a: — /i, y — fc. 

This substitution gives the result 

(7) (y - k)^ = 4:p{x - A). 

Thus, any equation of the form (7) can be reduced to the form (4) by the 
substitution (5). It follows that the locus of (7) is a parabola with ver¬ 
tex at the point (A, k) and axis parallel to the a;-axis. 
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In like manner we can establish the following results. 

The graph of each of the equations 

(8) (y - kf = - h\ = db4j>(y-ft) 

IS a parabola with vertex (h, k) and axis parallel to a coordinate axis. 
The graph of each of the equations 


... (x-hf,(y-kf , (x-hf,(y-kf , 
C9) ^ + 2,2 = 1. 62 + a2 = 1 


is an ellipse with center (/i, k) and axes parallel to the coordinate axes. 
The graph of each of the equations 


(X -hf (y- kf 


(y - kf (X - hf 


is an hyperbola with center (h, k) and axes parallel to the coordinate axes. 
The converse of each statement also holds. 

Equations 8, 9, and 10 are termed standard forms. 

Thus, knowing the vertex of a parabola, or the center of an ellipse or 
hyperbola, we can make use of all the facts developed thus far in the 
chapter, provided the axes of the conics are parallel to the coordinate 
axes. An example will illustrate how this can be done. 


Example. Find an equation of the ellipse whose foci are the points (2, —2), 
(2, 6) and the length of whose minor axis is 6. 



17-71 


TRANSLATION AND THE CONICS 


581 


The center is midway between the foci, at (2, 2); and hence in (9), A » 2, — 2. 

The distance between foci is 8, whence c « 4. Also, 26 « 6, or 5 « 3. Since 
« 6^ H- a 6. Hence the desired equation is 

(x - 2)2 ( y ~ 2)2 
9 25 “ 

or 

25x2 -f 92/2 - lOOx - 362/ “ 89- 

We plot the locus as shown in Fig. 17-18. We see that the major axis is parallel 
to the y-axis, the vertices are (2, 7) and (2, —3), the ends of the minor axis are 
(-1, 2) and (5, 2). 


EXERCISES 


Sketch the following parabolas. Find the coordinates of vertex, focus, ends of 
latus rectum, and length of latus rectum. Show this information on your figure. 


1. (y - 2Y = 8(.x - 3). 

3. (y + 3)* - 16(2! + 4). 

6. (* + D* = 12(y + 3). 

7. {x - 3)2 = 4y. 

9. (y - 3)2 = 2(x + 2). 

11. (y + 6)2 = -X. 

Sketch the following ellipses, showing 
foci, vertices, and ends of minor axis. 

13. {x - 2)2 + 4(y + 2)2 = 16. 

16. 4(x - 2)2 + (y+ 2)2 = 16. 

17. 9(x + 1)2 + 25(y - 5)2 = 225. 
19. 9(x - 1)2 + 16(2/ + 2)2 = 144. 
21. 25(x - 4)2 + 9(2/ + 2)2 = 225. 
23. (x + 5)2 + 4(y - 2)® = 36. 


2. (x - 5)2 - - 20 ( 2 / + 2). 

4. (x+4)2= -8(»-‘l). 

6. (x - 10)2 - 100 ( 2 / + «)• 

8 . (x + 5)2 = - 16 ( 2 / + 2 ). 

10. (y - 3)2 = -8(x + 3). 

12. (y + 3)2 = 16(x - 3). 

the figure the coordinates of the center, 


14. 25(x - 2)2 + 36(2/ + 1)* - 900. 
16. 16(x + 1)2 + 9(2/ - 1)2 = 576. 

18. 4(x + 2)2 + 2/2 = 144. 

20. 9(x - 3)2 + 16(2/ + 4)2 = 144. 

22 . 81 (x + 2)2 + 100(2/ - 3)2 =• 8100. 
24. 36(x - 1)2 + 25(2/ “ 2)2 =. 400. 


on 


Sketch the following hyperbolas, showing on the figure the coordinates of the 
center, vertices, foci, ends of conjugate axis, and equations of asymptotes. 


26. 9(x - 1)2 - 16(y + 2)2 = 144. 

27. 4(x - 3)2 - 9(2/ - 1)2 = 36. 

29. 25(x + 2)2 - 144(2/ - 3)2 = 3600. 
31. 16(y + 1)2 - i2 = 16. 

33. 2/2 - 4(x + 4)2 = 36. 

36. (y + 7)2 - (x - 3)2 = 16. 


26. 9(x - 2)2 - 4(2/ - 4)2 - 36. 

28. (x + 2)2 - ( 2 / - 2)2 = 64. 

30. 25(x - 3)2 - 2/2 = 100. 

32. 9(x + 2)2 - 4(2/ - 1)2 = -36. 
34. x2 - (2/ + 4)2 = -64. 

36. 4(y + 1)2 - 9x2 = 25. 


Find an equation of the conic section determined by the following conditions, and 
sketch, supplying on .the figure the standard data indicated in the directions for the 
preceding exercises. 

37. Parabola, vertex (2, 2), focus (2, —6). 

38. Parabola, vertex (—2, 4), focus (—6, 4). 

89. Ellipse, major axis 10, foci (3, —2) and (—3, —2). 

40. ESlipse, minor axis 6, focus (2, 4), vertex (2, 6). 

41. EUif/se, major axis 10, foci (3, 2) and (1, 2). 
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42. Ellipse, minor axis 6 , focus (—2, —2), vertex (0, —2). 

43. Ellipse, minor axis 6, focus (—3, —1), vertex (—3,1). 

44. Hyperbola, center (2, 1), focus (7,1), vertex (5, 1). 

46. Hyperbola, center ( — 1, 4), vertex ( — 1, 8), conjugate axis 6. 

46. H 3 rperbola, center (2, 3), vertex (2, 7), conjugate axis 6. 

47. Hyperbola, foci (—3, —2) and (7, —2), conjugate axis 6. 

48. Hyperbola, foci (0, —3) and (10, —3), conjugate axis 8. 

17-8. Reduction of Equations of Second Degree to Standard Forms. 

If we carry out the multiplications indicated in the standard forms (8), 
(9), and (10) of Sec. 17-7, we see that all these equations have the gen¬ 
eral form 

( 1 ) Ax^ + C!/^ + Dx + Ei/ + F = 0. 

From (8), (9), and (10) of Sec. 17-7 we see that 

(а) If (1) is a parabola, either A = 0 or (7 = 0; 

(б) If (1) is an ellipse, A and C have the same sign; 

(c) If (1) is an hyperbola, A and C have opposite signs. 

The student may easily verify that in each of these three cases, (1) can 
be reduced to the corresponding standard form. A general proof may 
be formulated, following the lines of the examples below, but will not 
be presented here. 

In this discussion we have ignored the fact that there may be no locus 
for (1), or that it may yield a special case of a conic. A situation of this 
kind has already been met in Sec. 16-2. 

It is possible to show that the most general equation of second degree, 

(2) Ax^ + Bxy + Cy^ + Dx + Ey + F = 0, 

can be reduced to the form (1) by a rotation of axes. Hence the locus of 
points satisfying (2) is a conic section, a special case of a conic section, 
or there may be no locus. However, a more detailed analysis of these 
matters is beyond the scope of this book. 

Example 1. Reduce -f 6a: + = 7 to standard form. 

There is a squared term in x but not in y; we therefore try to write the equation 
in one of the standard forms of the parabola. We obtain 

-h 6a: « —8y + 7. 

Adding 9 to both sides to complete the square in the left member, we obtain 

+ 6a: -f 9 * + 16, 

{X -h 3)2 - -8(y ^ 2), 

which is one of the standard forms (8) of Sec. 17-7. Thus the locus is a parabola 
with vertex at (—3^ 2) and axis parallel to the y-axis. 
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Example 2. Reduce 24®^ + — 96® + 294j/ — 639 = 0 to standard form. 

There are squared terms in x and y and their coefficients have the same signs; we 
therefore try to reduce the equation to one of the forms of the ellipse. Thus, 

24(®* - 4®) + 49(y2 + 6j/) = 639, 

2i(x^ - 4® + 4) + 49(j/2 + 6y + 9) = 639 + 96 + 441, 

24(® - 2)* + 49(y + 3)^ = 1176, 

which gives as the desired result: 

(a: - 2)» (y + 3)^ ^ 

49 24 

Thus we have an ellipse with center at (2, —3). 

Example 3. Reduce 36®^ — 25j/* + 216® + lOOy — 676 = 0 to standard form. 
There are squared terms in x and y, and their coefficients have opposite signs, so 
we reduce the equation to one of the forms of the hyperbola. 

36(®* + 6®) - 25(y=* - 4«/) = 676, 

36(®* + 6® + 9) - 25(y2 - 4y + 4) - 676 + 324 -100, 

36(® + 3)* - 26(j/ - 2)2 = 900, 

giving the desired result 

(x + 3)2 _ (y - 2)2 ^ 

25 36 

This is a hyperbola with center at (—3, 2). 


EXERCISES 


Reduce each of the following equations to standard form and sketch, showing on 
the graph all the standard information as indicated in the directions for the exercises 
following Sec. 17-7. 

1. ^ — 4x — iy + 16 ^ 0. 


8. 7®2 + 16y2 + 14* - 64y - 41 - 0. 

6. 9®2 - 16y2 - 108* + 96y + 36 = 0, 

7. y2 + 2® + 8y + 6 = 0. 

9. 8®2 + 4j/ 2 - 64® - 8y + 68 >= 0. 
11. 16y2 - ®2 - 6® - SOy + 75 = 0. 
13. 4*2 + 12® - 20y + 49 - 0. 

16. 4®2 + 9y2 - 8® + 18y + 12 - 0. 

17. 8®2 - 28y2 - 8® - 28y - 61 - 0. 
19. 2®2 - 24® + 3y + 78 - 0. 

21. 8*2 + 9y2 + 16® - 64y - 1 - 0. 
23. 8*2 - 9y* - 16® + 54y - 1 = 0. 

26. 3y* + 15® - 12y + 20-0. 

27. 2*2 - 18* + 15y - 21 - 0. 

29. 3y2 - 4*2 - 16* - 24y - 52 - 0. 
81. y — *2 — 4* + 4. 


2. *2 + 12® + 12y + 12-0. 

4. 3* - y2 _ 2y + 2 = 0. 

6. 2y2 + 8y + 6* = 0. 

8. y2 + 6® - 5 - 0. 

10. 3*2 + 9® + 6y + 2 - 0. 

12 . ®2 - 2® - 12y - 11. 

14. y2 _ i2x + 12y = 12. 

18. ®2 + 8* + 8y - 0. 

18. ®* + 4y2 + 8® - 8y = 5. 

20. 4*2 + 25y2 - 8® + 50y - 35. 

22. 9*2 +1/2 _ i&j _ 8y - 56. 

24. 16*2 +1/2 ^ 105. 

26. *2 - 1/2 20® - 0. 

28. *2 - 9i/* + 4® + 18y - 30. 

80. 9*2 - 1/2 _ igj, _ loj, „ 0. 

82. 16*2 - y2 + 32* _ 20y + 60 - 0. 
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PROGRESS REPORT 

The present chapter was devoted to the study of the parabola, ellipse, 
and hyperbola; their equations were found and their properties were 
described. 

In Chapter 15 it was shown that the general first-degree equation in 
two variables is the algebraic representation of a line. The conclusion 
of the present chapter is that the general second-degree equation in two 
variables is the algebraic representation of a conic. 



CHAPTER 18 


ELEMENTS OF SOLID ANALYTIC GEOMETRY 

Just as plane analytic geometry is the application of the methods of 
algebra to the study of geometrical figures in the plane, so solid analytic 
geometry is the application of the methods of algebra to the study of 
figures in three-dimensional space. On the whole, engineers are con¬ 
cerned with structures in three-dimensional space. It is sometimes 
convenient to treat physical problems from a two-dimensional point of 
view, but such a simplification of real conditions is not always feasible. 
A solid body, whether it is a block of steel or the wing of a plane, can 
only be represented and analyzed as a three-dimensional configuration. 
Therefore, one of the purposes of this chapter is to train the student in 
the visualization of spatial relations. 

18-1. Directed Lines. Consider any line and a point at position A 
on that line (Fig. 18-1). This point can move away from A and along 
the line in either of two directions. Suppose we move the point along 



the line to position B. Then the line segment AJB is called a directed 
line segment with initial point A and terminal point jB. In Chapter 6 
a directed line segment was called a vector, and we shall use the terms 
interchangeably in this chapter also. 

The directed line segment or vector AC, obtained by moving a point 
from position A to position C, represents the other possibility for direc¬ 
tion of motion along the line. The vectors AB and AC are said to have 
opposite directions. 

A directed line segment which lies on a line may be thought of as 
giving its direction to the line. Thus a line is said to be directed if there 
is given a vector or directed segment which lies on the line, the direction of 
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the line being the same as the direction of the line segment. For 
example, in Fig. 18-2, the line passing through A and B has the direc¬ 
tion left to right because the vector CD lying on it has that direction. 

The direction of a number line is always chosen in the direction of 
increasing values of the numbers. Thus the usual arrows on the axes 
in a rectangular coordinate system indicate the directions of these lines. 

18-2. Rectangular Coordinates. In Chapter 3 we adopted the con¬ 
vention of locating points in a plane by relating each point to a pair of 
real numbers called the coordinates of the point. 'A simple extension of 
this idea can be used to locate points in space. 

Consider three lines in space which intersect at a point 0 and which 
are such that each line is perpendicular to the other two (Fig. 18-3). 



These three lines are called the jc-axis, ^-axis, and z-axis, and on each 
a unit length and a positive direction are chosen as shown in Fig. 18-3. 
Usually the same unit is chosen for all three axes. The point 0 at which 
the axes intersect is called the origin. The plane determined by the 
aj-axis and the t/-axis is called the xy-plane or the xy coordinate plane; 
the plane determined by the x-axis and the 2 -axis is the xz coordinate 
plane; the plane determined by the 2 /-axis and the 2 -axis is the yz co¬ 
ordinate plane. 

Now let P be any point in space (Fig. 18-4). Pass through P a 
plane parallel to the x 2 /-plane, a second plane parallel to the a: 2 -plane, 
and a third plane parallel to the j/ 2 -plane. These planes cut the x-axis, 
y-axis, and 2 -axis at A, S, and C, respectively (Fig. 18-4). If we denote 
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the number on the line OX at A by x, the number on the line OY at B 
by y, and the number on the line OZ by z, then the numbers (x, y, z) 
written in that order are called the coordinates of the point. Thus OA 
has length x, OB has length 2 /, and OC has length z, as shown in Fig. 
18-4. In this way we can associate a triple of numbers (x, y, z) with 
any point in space. It is obvious that for the point in Fig. 18-4 all 
three coordinates are positive numbers. For a point on the other side 
of the 2 / 2 -plane, the x coordinate is negative; for a point on the other 
side of the x 2 -plane, the y coordinate would be negative, etc. 



Each of the eight parts into which the coordinate planes divide space 
is called an octant. It is not customary to assign a numerical order to 
the octants. However, that octant in which all three coordinates are 
positive is usually called the first octant. 

The point P with coordinates (x, y, z) can be located by reversing the 
above process. The point P can also be located as follows. Find the 
point A corresponding to x on the x-axis, the point B corresponding to 
y on the 2 /-axis. Then find Z), the intersection of the perpendicular to 
OX at A with the perpendicular to OF at 5. Then erect a perpendicu¬ 
lar to the X!/-plane at 2), and on this perpendicular measure the length z, 
up if ^ is positive, down if z is negative. Such a construction is carried 
out in Fig. 18-5. 

That a point P has coordinates (x, y, z) is denoted by P(x, y, z). Thus 
P(0, 0, 0) is the origin. 
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In this way to every point P in space there corresponds one triple of 
numbers (x, y, 2 ), and to every triple of numbers (x, z) there corre¬ 
sponds one point. 



Example. Locate on a sketch the points Pi(3,6,4), P 2 (—6,7,4), and 
P8(4, -4, -2). 

These points are located in Fig. 18-6. 



Fig. 18-6. 
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EXERCISES 

Locate the following points on a sketch. 

1. Pi(3, 4, 5), Pj(-3, 8, 6), P3(0, 0, -4). 

2. Pi(5, 4. -3), P2(-4, -6, 3), PaCS, -4, 3). 

3. Pi(6, 0, 0), Pi(5, -S, 0), PsCO, 0, 5). 

4 . Pi(3, 3, 3), P2(-3, 3, 3), P3(-3, -3, 3). 

6. Pi(0,0, -4), P2(0,0,4), P,(4, -4, -4). 

6. Pi(-3, 0, 0), P2(0, -3, 0), P3(0, 0, -3). 

7. Pi(-5, -5, 0), P2(-5. -2, -4), P3(3, 3, -4). 

8. Pi(4, -2, -3), P2(4, 2, -3), P3(-4, -2, -3). 

18-3. The Distance between Two Points. Let Pi(xi, pi, zi) and 
i/ 2 , * 2 ) be any two distinct points. Through each of the points 



pass three planes, one parallel to each coordinate plane. These planes 
intersect and form a rectangular parallelepiped which has P 1 P 2 as a 
diagonal (Fig. 18-7). It is easily seen that the dimensions of the rec¬ 
tangular parallelepiped are 

(1) PiE = X2 - xi, EF = y2- 2/1, FP 2 = Za - Zi. 

Since the triangles PiEF and P 1 FP 2 are right triangles, 

(PiF)2 = {P^Ef -f {EF)^ 

and 


whence 

( 2 ) 


(PiPa)^ = (P2P)2 + (PiP)2, 

iPiPz? = (P 2 P)* + (PiP)* + (PP)*. 
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Combining the results of (1) and (2) we have that the distance d between 
Px and P2 is given by 

(3) d = V(X2 - Xif + (^2 - Vlf + (^2 - 2if. 

Note that tlie order of subscripts does not matter. If P2 is at the origin, 

(3) becomes 

(4) d = + yx^ + . 

EXERCISES 

Find the distance between the points of each pair. 

1. (5, 1, 2) and (3, 0, -3). 2. (6, 1, 7) and (5, -2, 3). 

3. (5, 0, 2) and (~1, -3, -2). 4. (3, 1, 5) and (-2, -3, 4). 

6. ( -2, -3, 5) and (-3, -2,1). 6. (-3, -1,2) and (4, 3, 5). 

7. (-8, 3, 4) and (-2, -1, -2). 8. (-6, -3, -1) and (3, 4, 5). 

9. (6, -3, -2) and (5, -9, 3). 10. (4,1, 1) and (0, 0, 0). 

18-4. The Angle between Two Lines. Since two lines in space may 
not meet, we must define what we mean by the angle between them. 

Let L\ and L2 be two lines in space, and assume that directions have 
been assigned to those lines. Choose a rectangular coordinate system in 
the space. Now parallel to Li, draw a directed segment lx which has its 

initial point at the origin and 
the same direction as Lx ; 
parallel to L2 draw a directed 
segment I2 which has its initial 
point at the origin and the 
same direction as L2 (Fig. 
18~8). These two segments 
Y determine a plane and in this 
plane they determine many 
angles. We shall define the 
angle between Lx and L 2 as 
the angle B between 0° and 
180° determined by lx and l 2 - 
Summarizing, we have this 
definition: 

The angle 6 between two directed lines Lx and L2 is the angle between 
0° and 180^ determined by the two directed segments lx and I 2 with initial 
points al the origin, which are parallel to, and have the same direction as, 
Lx and L2 respectively, 

18-6. Direction Cosines. In plane analytic geometry the direction 
of a line with respect to the coordinate axes is given by the angle of 
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inclination, or its tangent, called the slope of the line. In solid analytic 
geometry we shall give the direction of a line with respect to the axes 
by three angles or by the cosines of these angles. 

Let L be a directed line in space. As usual, we shall assume the co¬ 
ordinate axes to be directed as indicated by the arrows in Fig. 18~9. 
I^et Z be a directed segment with initial point at the origin parallel to 
L and with the same direction as L, Let a be the angle between I and 
the x-axis, the angle between I and the 2 /-axis, and y the angle between 
I and the «-axis (Fig. 18-9). These are then by definition the angles 



Fig. 18-9. 

which L makes with the axes. The angles a, jS, and y are called the 
direction angles of L, The cosines of these angles, cos a, cos jS, and 
cos 7 , are called the direction cosines of L, 

Obviously, two lines which are parallel and have the same direction 
have the same direction angles and the same direction cosines. Let Li be 
a line parallel to L but with the opposite direction. Then the parallel 
directed segment h with initial point at the origin has the direction 
opposite to that of L Since I and li are parallel, li is then an extension 
of I through the origin. Then the direction angles ai, piy and 7 i of Li are 

= 180° - a, /3i = 180° - iS, 7i = 180° - y. 

Since cos (180° — 0) = — cos By it follows that 

cos «! == — cos a, cos /Si = — cos cos 7 i — cos 7 . 

Thus the direction cosines of two parallel lines which have opposite direc-^ 
tions are opposite in sign. 
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If the coordinates of two points on a line are given and its direction 
is known, the direction cosines of the line can be determined. Let L be a 
directed line on which the two points Pi{xi, y\, Zi) and P 2 {x 2 , y 2 , Z 2 ) are 
given such that Pi is the initial point of the directed segment P 1 P 2 
which has the same direction as L (Fig. 18-10). For convenience, let 
us suppose as in Fig. 18-10 that the direction angles a, and 7 of L 
are all between 0° and 90°. The sides of the rectangle APiBD are 



parallel to the x and y axes, and PiC is parallel to the z-axis. It is evi¬ 
dent that angle AP 1 P 2 is equal to a, angle BP 1 P 2 is equal to /3, and 
angle CP 1 P 2 is equal to 7 , as shown. Now the triangles AP 1 P 2 , BP 1 P 2 , 
CP 1 P 2 are right triangles. Since 

d = P1P2 — V {x 2 — xi)^ + (y 2 — yi)^ + (22 ~ 

and 

PlA = X 2 - Xt, PiB = 1/2 - yi, PlC = Z 2 - zi, 
it is obvious that 


( 1 ) 


cos a = 



cos p = 



cos 7 = 


Z2 — Zi 


d 


If a is greater than 90°, then cos a is negative. It is easily seen that 

X2 — Xi 


in this case cos a = 


, but if a > 90° then X 2 < Xi]X 2 — *1 


X2 — X\ 

is negative; and cos a = — - -In this way it can be shown in 

CL 

general that: 
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If L is a directed line 'passing through the points Pi(xi, yi, zi) and 
P2(j^2y 1/2f ^2), and if the vector with initial point Pi and terminal point P2 
has the same direction as L, then the direction cosines of L are 

X2 - Xi ^2 - y\ Z 2 - Zi 

d'd'd' 

where d is the length of the segment PiP2- 

Since the direction angles are by definition between 0 ° and 180 °, the 
cosines (2) determine the direction angles uniquely (see Sec. 11 - 9 ). 

If the direction of L is reversed, the new direction is that of the 
directed segment P2P1 with P2 as initial point. By the rule the direc¬ 
tion cosines are 

- X2 yi — y2 - Z2 
d ’ d ’ d ' 


the negatives of those given in (2). This verifies the remark made pre¬ 
viously that two parallel lines which have opposite directions have 
direction cosines that are opposite in sign. 

From (2) we have that 


cos^ ot + cos^ + cos^ 7 


(Z2 - Xi)’^ + ( 2 /2 - + (Z2 - 


Thus if a, and 7 are the direction angles of a line, 

(3) cos^ a + cos^ p 4- cos^ y = 1. 

From ( 3 ) we see that if any two direction angles or direction cosines are 
given, then the third direction cosine is determined except for sign. 

Example. Find the direction cosines of the line passing through the points 
Pi(l, 4, —2) and P 2 (--l, 0, 4), the direction of the line being given by the directed 
segment P 1 P 2 which has Pi as its initial point. 

The distance d between the two points is 

d - V(-l - If + (0 - 4)2 + (4 - 1-2])* 


= V '4 + 16 + 36 = ^/m = 2V54. 


Then by the rule the direction cosines are 



-1 - 1 

Vl4 

cos a 

“ 2vT4 “ 

' 14 ' 

COS jS 

0-4 

-v/Ii 

“ 2 VI 4 

7 

cos 7 

4 - (-2) 

^ 3-V/T4 

2\/14 

14 


and the direction angles are 

a « 106.6®, /S - 122.3®, 7 


=» -0.267, 


-0.635, 
« 0.802, 

« 36.7®. 
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As a check on the accuracy of the direction cosines we may verify that 

2 ^ 2 f VT^V^/ VT4Y^/3VT4Y 

cos* o + cos* 0 + cos* 7 - ( - ) +1-^ ) + I “J 4 ~ ) 

_ 14 + 56 + 126 _ 196 _ . 
m ~ 196 “ ■ 


EXERCISES 


Find the direction cosines of the line passing through the given points Pi and Pt, 
the direction of the line being given by the directed segment PiPj which has Pi as 
its initial point. Find the direction angles to the nearest tenth of a degree, and check 
the direction cosines by showing that the sum of their squares is 1. 


1. Pi(l, 2, 3), P2(4, 5, 8). 

3. Pi(2, 1, -4), Pj(3, 1, -2). 

6. Pi(-5, -2, 7), P2(4, 3, 1). 

7. Pi(l, 1, 2), Psd, 1, 5). 

9. Pi(-5, 2, -7), P2(0, 0. 6). 
11. Pi(0, 0, 5), P2(5, 0, 0). 

18. Pi(0, 0, 2), P2(0, 0, 0). 

16. Pi(0, -2, 0), P2(0, 0, 0). 


2. P,(-l,0,5), P2(5, 1, -2). 
4. Pi(4, 1, 2), P2(3, 1, 0). 

6. Pi(3, 1. 6), P2(5, 1, 2). 

8. Pi(-4, 3,1), P2(0, 1, 3). 
10. Pi<4, 1, 2), P2(4, 5, 0). 

12. Pi(0, 0, 0), P2(0, 5, 0). 

14. Pi(3, 0, 0), P2(0, 0, -2). 
16. Pi(4, 0, 0), P2(0, 0, 0). 


Using relation (3) of this section, find the direction cosines and direction angles 
not specified by the following data. 


17. a « 60^ ^ « 90^ 

18. a * 135°, 

19. P = 30^ 7 = 90^ 

20. a = 120°, 7 

21. ^ = 60^ 7 = 150^ 

22. ^ = 135°, 7 

23. a = 45°, ^ * 45°. 

24. a = /3 ~ 7 . 


- 90°. 
= 60°. 
= 45°. 


26. What are the direction angles and direction cosines of the i-axis? 

26. What are the direction angles and direction cosines of a line parallel to the 
y-axis, but with the opposite direction? 

27. What are the direction angles and direction cosines of the 2 -axis? 


18-6. A Formula for the Angle between Two Lines. Let L\ and La 
be two directed lines with direction angles ai, /3i, 71 , and a 2 , 02 ) 72 ) 
respectively, and let 6 be the angle between Li and La. Let L and I 2 
be directed segments with initial points at the origin, parallel to and 
with the same directions as Li and La respectively (Fig. 18-11). Then 
by definition the angle d between L and I 2 is the angle between Li and La. 
By definition, the direction angles ai, 0i, and 7 i of Li are the direction 
angles of h; similarly aa, 02) and 72 are the direction angles of Za. Let 
Pi(xi, yi, «i) be the terminal point of h, P 2 {x 2 ) Vi) 22 ) be the terminal 
point d I2- Denote the length of h by di, the length of I2 by da. Denote 
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the length of the segment P 1 P 2 by dg. Applying the law of cosines (see 
Sec. 11-2) to the triangle P 1 OP 2 we have that 


( 1 ) 

Since 


cos B = 


di ^ + d2^ - 
2did2 


di“ = + ^l^ 

d% - + y<^ + Z2^, 


dz = {Xi - xi)^ + (y2 - y\f + (22 - 2i)^ 


from (1) we have that 

( 2 ) 



Fio. 18-11. 


This expression can be written in the form 

® --©(i)+(i)(i)+©(i)- 


Xx 

cos 

«1 

X2 

cos 0^2 ~ T > 
(12 

COS , 

cos /32 = 7 ; 
(12 

Zx 

«2 


cos 7i = - , COS 72 = T • 
ax 02 
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Using these formulas in (3) we have the result: 

If the direction angles of Li are ai, piy yi and the direction angles of L 2 
are aa? 72 > I'h^ ^he angle $ between Li and L 2 is given by 

( 4 ) cos 6 = cos ai cos 02 + cos Pi cos pa + cos yi cos 72* 

Since 6 by definition lies between 0° and 180°, (4) determines $ uniquely 
(see Sec. 11-9). 

If Li and L 2 are pamllely 0 = 0° arid 

( 5 ) cos Pi cos 02 + cos pi cos P2 + cos 7i cos 72 = 1 - 
If Li and L 2 are perpendicular, 6 = 90° and 

(6) cos oi cos 02 + cos pi cos P2 + cos 7i cos 72 = 0. 

18 - 7 . Direction Numbers. Any three numbers a, b, c which are pro¬ 
portional to the direction cosines of a directed line, and also have their 
respective signs, are called a set of direction numbers of the line. Thus, 
if L is a line with direction angles a, 7 , then any three numbers a, b, c 
such that 

(1) a = k cos o, b = ft cos p, c = k cos Y, 

where k is positive, form a set of direction numbers for L. 

If Pi(xi, yi, zi) and P 2 {^ 2 y 2 / 2 > ^ 2 ) are two points on L, and L is directed 
from Pi to P 2 f then from (1) of Sec. 18-5 we have that 


X 2 -- xi = d cos a, y 2 — Vi — d cos 0, Z 2 Z\ = d cos 7 

where d is positive. Thus the differences X 2 Xi, y 2 — Za form 
a set of direction numbers of L, 

Example 1. For the example of Sec. 18-6, the numbers —2, —4, 6 form a set of 
direction numbers, for they are 2\/T4 times the direction cosines. Obviously —4, 
—8, 12 and —1, —2, 3 are also sets of direction numbers for this line. On the other 
hand 2, 4, —6 and 8, 16, —24 are sets of direction numbers for a parallel but oppo¬ 
sitely directed line. 

If a set of direction numbers a, b, c are given, it is possible to find the 
direction cosines. From ( 1 ) and the identity (3) of Sec. 18-6, 

a^ + b^ + c^ = ft^(cos^ a + cos^ p + cos^ 7 ) = k^. 

Since by definition k is positive, we have 


k = + 6 * + c*. 
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cos a = 


cos p = 


( 2 ) 


Vo^ + 6 ® -t- ’ ** Va“ + 6 * + c* ’ 

c 


cos -y = 


Va 2 + b^ + c^ 


Obviously, two lines are parallel if their direction numbers ai, 6 i, Ci 
and a 2 j h 2 , C 2 are proportional; that is, if 

(3) fli = ka2i Cl = kC2^ 


where A; is a positive or negative constant. If none of the direction 
numbers are zero, (3) can be written 


(4) 


fl 2 ^2 C 2 


If Li and L 2 are two lines with direction numbers ai, 61 , Ci and 
a 2 j 62 , C 2 , respectively, by Sec. 18-6 and ( 2 ) above, the angle 6 between 
Li and L 2 is given by 


(5) 


cos 0 = 


(l\Cl2 4 ” 4 “ C 1 C 2 

y/~a'^ 4“ 4“ c^ y/ 4“ 4“ C 2 


The two lines are perpendicular if cos ^ = 0, whence the lines are perpen¬ 
dicular if 

(6) 0102 4" bi&2 4“ C 1 C 2 = 0, 

and conversely. 

Example 2, Given a line Li with direction numbers 1, —2, 2 ^nd a line L 2 with 
direction numbers 3, 1, —2. Find the angle between the lines. 

By (6) 


cos ^ — 


(1 » 3 ) - (2 » 1 ) - (2 . 2 ) 

Vl2 + (-2)2 4- 22 \/32 + 4- (-2)2 


~3 ^ yii 

V9 y/n “ 14 


-0.267, 


whence 


e - 106.6*. 
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EXERCISES 


Find the direction cosines of the lines with the following direction numbers. Find 
the direction angles to the nearest tenth of a degree. 


1 . 1 , 2 , ~ 2 . 

3. 5,0, -12. 

6. 3, 0, 0. 

7. -2, -5, 3. 

9 . - 8 , 1 , - 4 . 

Find to the nearest tenth of a degree 
the direction numbers are as follows. 

11. Li: 0, 0, 2; L 2 : 6, 12, 0. 

13. Li: 0, 1, 1; L 2 ; 2, 0, 0. 

16. Li:4, 1, -2^; La: 0,0, 5. 


2. 3, 4, 0. 

4. 1, 1, 1. 

6. 1, 2, -3. 

8. -1,4,8. 

10. 2, 3, 4. 

angle between the lines of each pair, if 


12. Li: 1, 1, 1;L2: 1, -2, 2. 
14. Li: 1, -2, 3; La: 1,3,2. 
16. Li:2,3,4;L2: -1, -2,3. 


the 


17. Given six lines by two points through which each passes as follows: 

Li: (1, 2, -2), (0, 0, 0 ); La: (0,1, -4), (4, 7, 4); 

La: (5, 1 , 2 ), (4, - 1 , 4); L 4 : ( 2 , 3, 4), ( 0 , 0 , 0 ); 

U: (2, 1, -5), (0, -2, -9); Lq: (4, ~2, 3), (1, -8, 9). 


Find the groups of parallel lines in this set. 

18. Find all mutually perpendicular pairs of lines among the six lines of Exercise 17. 

19. Given six lines by two points through which each passes as follows: 

Li: (3, 1, -1), (0, 0, 0); L 2 : (5, 1, 4), (3, 4, 1); 

La: (3, 4, 5), (3, 2, 3); L 4 : (-1, 5, 4), (-1, 2, 1); 

L 5 : ( 0 , 0 , 0 ), (0, 1, 1); Le: (2, -3, 3), (0, 0, 0). 

Find the groups of parallel lines in this set. 

20. Find all groups of mutually perpendicular lines among the six lines of Exer¬ 
cise 19. 

21. Given six lines whose direction numbers are: 

Li:l,2, -1;L4: -7,4,1; 

La: 1, 1, 3; Ls: 5 ^, y, nfj 
La: - 2 , -4, 2 ; Le: 1,1, 2 . 


Find all groups of mutually perpendicular lines. 

22. Among the six lines of Exercise 21, find all groups of parallel lines. 

23. Show that the points (3, —1, —1), (I, 2, —2), and (5, 5, —1) are the vertices 
of a right triangle. What is the perimeter of the triangle? Find the two acute 
angles. 

24. Show that the quadrilateral with vertices at (2, 3, 4), (3, 7, 3), (5, 0, 1), 
(6, 4, 0) is a parallelogram. Find the angles of the parallelogram. 

26. Show that the quadrilateral with vertices (0, 0, 0), (0, 3, 3), (3\/2> 3, 3), 
(3\/2, 0, 0) is a square. 

26. Show that the points (0,1,3), ( — 1, —1, —1), (—2,2, —1) and ( — 1,4,3) 
form the vertices of a parallelogram. 

27. Show that the points (2, 3, 7), (1, 3, 2), and (0, 3, —3) lie on a straight line. 
28» Find the area of the triangle whose vertices are (1, 2, —5), (3, 1, 4), and 

(6, -6, -3). 
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18-8. Simple Loci in Space: Surfaces. The locus of a point moving 
in space so as to satisfy a single condition is a surface. For example, 
the locus of a point moving at a constant distance r from a fixed point 
is a sphere with center at the fixed point and radius r. To find the equa¬ 
tion of such a locus, the geometrical condition must be expressed as an 
equation involving the variable coordinates x, 2 /, z of the moving point. 
The procedure is what we would expect from our knowledge of plane 
analytic geometry. 

Example 1. Find the equation of the locus of a point moving 5 units from the 
origin. 

If P(x, y, z) is the point, then OP *= -f 2/^ 4- and since OP * 5 the equa- . 
tion of the sphere is 

x^ + ^ 25. 

Example 2. Find the equation of the locus of a point moving so that it is 4 times 
as far from the x^-plane as from the 2 / 2 -plane. 

I^et the point P have coordinates (x, y, z). The distance from the x^-plane is 
I 2 I, and the distance from the 2 / 2 -plane is | x |. Hence the requirement is that 
I 2 I « 4 I X I, whence the equations of the locus are 

2 = 4x, or 2 = --4x, 
which can be written together as 2 ^ = 16x^. 

In some simple cases the locus of an equation is easily described. 
For example, a: == 5 is the equation of the plane perpendicular to the 
x-axis at the point a: = 5; = 25 is the equation of a right cir¬ 

cular cylinder whose axis is the 2 :-axis. The sections of this chapter 
which follow will show how the loci of first degree equations and some 
second degree equations can be described. 


EXERCISES 

Find the locus in space of the point moving so as to satisfy the following condition: 

1. The point is the same distance from the x2/-plane as from the x 2 -plane. 

2. The point is the same distance from the 2 / 2 -plane as from the x2-plane. 

3. The point is twice as far from the xy-plane as from the 2 / 2 -plane. 

4. The point is three times as far from the x 2 -plane as from the x^-plane. 

5. The point is 5 units from the x 2 /-plane. 

6. The point is 2 units from the 2 / 2 -plane. 

7. The point is 4 units from the x 2 -plane. 

8 . The point is 10 units from the origin. 

9. The point is 4 units from the origin. 

10. The point is 3 units from the x-axis. 

11. The point is 5 units from the 2 -axis. 

12. The point is 8 units from the 2 /-axis. 

13. The point is equidistant from the origin and the point (0, 0, 8). 
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14. The point is equidistant from (4, 4, 0) and (—4, —4, 0). 

16. The point is 5 units from (0, 0, 5). 

16. The point is 4 units from (1, 2, 3). 

17. The point is equidistant from (0, 5, 2) and (3, --4, —2). 

18. The point is equidistant from (2, 1, 4) and (—3, 4, 8). 

Describe the surface which is the locus of each of the following equations. 


19. 0? = 0. 

20. 

2/ -0. 

22. X ^ y. 

23. 

y = -2. 

26. 2 = 6. 

26. 

2 = 3a:. 

28. 2/2 + 2^ = 4. 

29. 

t/2 sss 4. 


21 . 2 = 0 . 

24. 2/ =* 5. 

27. + ^ 25. 

30. = 9. 


1&-9. The Plane. A line which is perpendicular to a plane is called a 
normal to the plane. Since all normals to a plane are parallel, their 
direction numbers are proportional (Sec. 18-7). 

Let RS (Fig. 18-12) be any plane, and lot Poi^o, Voi ^o) be a fixed 
point of the plane. Let L be a directed normal to the plane at and 
let B, C be a set of direction numbers for L. Now the plane may be 
regarded as the locus of points P(:r, z) such that PqP is perpendicular 
to L. The numbers x — Xq, y — yo? and z — Zo form a set of direction 
numbers for (Sec. 18-7). By ( 6 ) of Sec. 18-7, PqP is perpendicular 
to L if and only if 


(1) A(x - Xo) + BQf - yo) + C(z - Zo) = 0. 



Hence the equation of a plane passing through a point Po(xoy yo, Zq) cmd 
perpendicular to a line with direction numbers A, B, and C is given by (7). 
The direction numbers A, B, C are called the direction numbers for the 
plane. 

Since any plane can be specified in this way, we see from ( 1 ) that 
every plane is represented by an equation of first degree. 

We shall now prove the converse of this theorem: Every equation 
of (He first degree represents a plane. 
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The general equation of first degree is 

(2) Ax -f” By -j- Cz -f- D = 0, 

where not all three of the constants A, Bj and C are zero. Let Xq, j/o> 
be a set of values satisfying (2). Then 

(3) Axq + Byo + Czq + Z) = 0. 

Subtracting (3) from (2) we obtain 

(4) A(x - Xo) + B(y - yo) + C(z - Zq) = 0, 

which is the equation of a plane containing the point (xq, yoy Zq) and 
normal to a line with direction numbers A, By C, 

As a consequence of these results, (2) is called the general equation of 
the plane, and (1) is called the general equation of the plane containing 

(^0, yo, 2o). 

Since two planes are parallel if and only if they have parallel normals, 
two planes are parallel if and only if the coefficients of Xy yy and z in their 
equations are proportional. 

Similarly, two planes 

Aix + Biy + Ciz + Di = 0, 

A 2 X + B2y 4 “ C 2 Z + D 2 = 0 

are perpendicular if and only if 

(5) A\A2 4" 4" C 1 C 2 = 0. 

Example 1. Find the equation of the plane which passes through (2, —1, f) and 
whose normal has the direction niunbers —2, 3. 

Using (1) we have 

— 2) ~ 2(y -f 1) 4" 3(2 — f) “ 0, 
which becomes upon simplifying 

a; — -f 62 — 15 = 0. 

Example 2, Show that the plane 4a; + ^ = 0 is perpendicular to the plane of 
Example 1. 

Since 4, 1, 0 is a set of direction numbers for this plane, and 1, —4, 6 is a set for 
the plane of Example 1, by (5), 

(4 • 1) + (1 • [-4]) + (0 .6) - 0 

shows that the planes are perpendicular. 

18-10. The Plane Determined by Three Points. The following ex¬ 
ample illustrates how to find the equation of a plane determined by 
three points. 
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Example. Find the equation of the plane which passes through the points 
Pi(7, 1, 2 ), P 2 (- 3 , -3, 1), and PaCS, -1, 1). 

Since Pi lies in the plane, the equation of the plane has the form 

(1) A(x - 7) + B{y - 1 ) + C(z ~ 2) « 0. 

Substituting the coordinates of P 2 in ( 1 ) we have 

(2) -lOA - 4P - C = 0, 
and substituting the coordinates of P 3 in ( 1 ) we have 

(3) -2A - 2P - C = 0. 

Solving (2) and (3) simultaneously for A and B in terms of C (See. 13-8), we obtain 
A — \C and B « — fC, whence ( 1 ) becomes 

\C(x - 7) - fC( 3 / - 1) + C(z - 2) - 0. 

This reduces to 

X — 4i/ + 62 ^ — 15 =* 0, 

the required equation. 

18-11. Sketching a Plane. The x-coordinate of the point at which 
a plane crosses the a:-axis is called the x-intercept of the plane; the 



y-intercept and 2-intercept are defined similarly. To find the x-intercept 
of a plane find the value of x when y = 2 ; = 0 in the equation of the 
plane; to find the y-intercept of a plane find the value of y when x = 2 = 0 
in the equation of the plane, etc. 

When a plane is not parallel to any of the coordinate axes it can be 
skeWhed conveniently by finding its intercepts on the axes as indicated 
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in the following example. A plane parallel to an axis can be sketched 
easily on the basis of what has been done in Sec. 18-8. 

Example. Sketch the plane a; 4- 22 / -j- 3« — 12 = 0. 

The x-intercept is 12 , the 2 /-intercept is 6 , and the 2 -intercept is 4. Since the 
intersection of two planes is a straight line, the given plane and the a;y-plane inter¬ 
sect in a straight line passing through the ^-intercept and 2 /-intercept of the given 
plane, called the trace of the given plane in the xiz-plane. It is convenient to draw 
the portion of this ti-ace between the intercepts; similarly in the other coordinate 
planes. Then the triangular section as shown in Fig. 18-13 makes a convenient 
sketch of the plane. 

EXERCISES 

Find the equation of the plane which passes through the given point and whose 
normal has the given direction numbers. 

1 . ( 1 , 2 , — 1 ); direction numbers 1 , 5 , — 1 . 

2 . ( — 1 , 1 , ^); direction numbers 2 , — 2 . 

3. (2, —1, 0); direction numbers —2, I, — 

4. ( 0 , 0, 0); direction numbers 0, 1, 0. 

6 . (4, — 6 , 5); direction numbers —3, 2, —-2. 

6 . (1, —2, 3); direction numbers I, 2, 3. 

7. (3, —2, 1 ); direction numbers 0, 1, 1. 

8 . ( — 1, 0 , 2); direction numbers 2, —1, 3. 

For each of the following planes, (a) find the in'ercepts, ( 6 ) find a set of direction 
numbers for the normal to the plane, (c) sketch the plane. 

9. ic -j- 22 / + 32 = 6 . 10 . 2 x + 32 / — 42 « 12 . 

11. fix + 2i/ + 32 * 10. 12. 3x - 2y + 2 - 12 * 0. 

13. 6 x - 4?/ - fi 2 - 24 - 0. 14. 42 / - 3x - 2 - 12 = 0. 

16. 2 = fi?/ - 2x - 13. 16. 7x - 22 / + fi 2 - 14. 

Determine whether the planes are parallel, perpendicular, or neither. 

17. X + 2?/ + 32 = 6 , 3x + 61 / + 92 — 15 = 0. 

18. X + 22 / + 32 = 6 , 12x - Zy - 22 - 12 =* 0. 

19. 2x + 2 / + 42/ = 15, 3x — 22 / — 2 -■ 6 = 0. 

20. 3x - 22 / + 2 = 7, 9x - 62 / + 32 * 17. 

21. 6 x + 42 / + 22 = 15, 9x + 62 / + 32 * 19. 

22. 3x — 2 / “ 22 = 6 , 32/ — X -- 32 = 10. 

23. 42 / - 3x - 2 - 12 « 0, 7x - 22 / + 52 « 14. 

24. fix + 22 / + 32 10, 3x — 22 / + 2 — 12 « 0. 

Determine the equation of the plane passing through the given three points. 

26. (0,1,2), (1, -1,2), (2,4, -5). 

26. (1,0, -2), (2,3, -3), (-5, -4, - 1 ). 

27. (4, 1, 4), (0, 4, -1), (0, 0, 0). 

28. (1, 2, (3, -1, 2), (-2, 2, -i). 

29. (1.2, -2.3, 4.0), (-3.1, -2.7, 0.9), (1.8, -1.2, -0.7). 

30. (3.2, -1, -2), (5. -1.2, 3.7), (5.6, -7, 4.3). 
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81. Find the equation of the plane passing through the point (1, 2, 5) which is 
parallel to the plane « « 0. 

32. Find the equation of the plane passing through the point (1, 1, 1) which is 

parallel to the plane 2a; — 3?/ + — 1 =0. 

33. Find the equation of the plane passing through (2,1, —1) which is parallel to 
the plane a; -- Gy + 42 — 5 =» 0. 

34. Find the equation of the plane through (2, 1, 3) perpendicular to the segment 
joining this point and ( — 1, —2, 6). 

36. Find the equation of the plane through (3, —2, 4) perpendictilar to the seg¬ 
ment joining this point and (0, 4, —2). 

36. Find the equation of the plane which passes through (5, 1, 2) and is parallel 
to the plane 3a; — 2i/ -|- 2 — 12 = 0. 

37. Find the equation of the plane which passes through (2, 0, —5) and is parallel 
to the plane a; + 2y + 32 = 6. 

38. Find the equation of the plane which passes through (3, 1,-2) and is parallel 
to 5a; — y + 2 =* 15. 

39. Find the equation of the plane which passes through (1, 2, —1) and (2, 4, —2) 

and is perpendicular to 2a; -f 3y — 2 4 = 0. 

40. Find the equation of the plane which passes through (4, —1, —2) and (7, 3, 1) 
and is perpendicular to a; — 3y -f 42 — 2 =0. 

41. Find the equation of the plane which passes through (1, 2, 3) and is perpen¬ 
dicular to each of the planes a; — y -f 22 = 3 and 2x — y — 32 = 0. 

42. Find the equation of the plane which passes through (1, 0, 2) and is perpen¬ 
dicular to each of the two planes 2a; — y -f 42 = 0 and 3x -f 2y — 2 « 10. 

18-12. Sketching a Surface. The surfaces corresponding to the equa¬ 
tions discussed in the previous sections were easily identified. Fre¬ 
quently, however, the surface corresponding to an equation is not so 
easily identified but can be discovered by a simple analysis. We shall 
show how such an analysis can be carried out in a few simple cases. 

A surface cannot be plotted satisfactorily by plotting points and 
joining them, as can a plane curve. However, a study of the traces, 
intercepts, and plane sections is sufficient to reveal the nature of the 
surfaces we shall consider. 

1. Intercepts. To find the intercepts of the surface on a given axis, 
let the variables measured along the other two axes be zero, and then 
solve the equation of the surface for the third variable. 

2. Traces. The trace of a surface on a coordinate plane is the curve 
of intersection of the surface and the plane. The equation of a trace 
of a surface on a coordinate plane is found by substituting zero for the 
variable measured perpendicular to that plane. 

3. Plane Sections. The curve in which a plane cuts a surface is called 
a plane section of the surface. Thus the traces of a surface in the co¬ 
ordinate planes are plane sections. If a; == a is substituted in the 
equation of the surface, the resulting equation in the variables y and z 
is the equation qf the plane section of the curve lying in the plane x — a. 
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Similar statements hold for planes parallel to the other two coordinate 
planes. By sketching a few plane sections the shape of a surface can be 
indicated very easily. 


Example. Sketch the portion of the surface 



Setting y and 2 equal to zero, we find the x-intercepts to be +4 and —4. Simi¬ 
larly the ^-intercepts are -bS and —5, and the z-intercepts are -f-3 and —3. The 
traces in the xy-plane, xz-plane, and ^z-plane are, respectively. 



1 

' 16 ^9 


r 2 


1 , 


which are ellipses and which can be sketched very easily, as shown in Fig. 1S~14. 
The plane section in the plane z » is 



an ellipse as shown in the figure. The plane section in the plane ^ » 3 is 



as shown. 4 

18-13. Curves in Space. The locus of a point satisfying two condi> 
tions is a curve. Each condition separately defines a surface, and the 
curve is then the intersection of these two surfaces. Thus a curve in 
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space can be represented by giving the equations of two surfaces which 
intersect to give the line. Thus a straight line may be specified by giv¬ 
ing the equations of two planes which intersect in the line. 

Example, Sketch the intersection in the first octant of the surfaces ?/“ + = 4 

and « — 8(2 — 2 ). 



The surface -|- 2 ^ = 4 is a right circular cylinder of radius 2 whose axis is the 
x-axis. The surface x^ = — 8(2 — 2) is a cylinder such that any plane section parallel 
to the a; 2 -plane is a parabola. The surfaces and curve are shown in Fig. 18-15. 


EXERCISES 


Sketch the portion of each of the following surfaces which lies in the first octant. 


1, 42 ~ 16 — x^, 

3. 32/ = 9 - x^. 

6. 2^ -f — 16. 

7. « 9x. 

9. 4x^ + 9t/2 = 36. 

11. -f 2/^ “f 2^ = 4. 
13. “ 2^. 

16. x^+v^ ^ 36. 

17. 2/2 4- 222 = &r. 

aj2 1/2 2 j2 

X^ 2^2 

“■g+f+s-*- 

25 9 36 

26. »* - V - 16*- ' 

» 


2. 4a: = 16 - 

4. 4x + T = 12 . 

6 . x" ^ 25. 

8. x^ = 42. 

10. 25a;2 + = 225. 

12. x2 -f t/2 -h z2 « 25. 

14. 352 4 - _ 1^2 

16. x2 4 - 2/2 = 42. 

18. ^2 4- 322 ^ 122/. 

.2 


1/2 2 

4 ^ 36^16 

a?2 2/2 ^2 

22 . ^ 4 . ^- 

4^4 16 

jp2 ^ 2;2 

24. — - ~ 4-'~ « 

4 36 ^ 16 

26. 4^2 — a;2 ^ Igjj 


1 . 


1 . 
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Sketch the curve of intersection in the first octant of the following pairs of surfaces. 


27. = 16i iT + 2 =• 4. 

29. X* + z^ = 25, x + y => 3. 

81. + y'^ = 25, y^ + =“ 25. 

33. + 2^ = 25, + 2* = 4. 

36. X + 2/ = 4, X + 2/ + 2 = 8- 




28. X* + 2^ - 25, X + 22 - 6. 

80. X* + =• 16, x^ + 2^ * 16. 

82. x^ + y^ + 3?= 9. 

34. X + 22 = 5, y + 2 » 5. 

3.2 «.2 *2 

36 . 5 - + . 1, a; + X » 2. 

4 36 16 

X* 2/^ 2 ® 

38. - + — + — = 1, * = 2/- 

25 36 16 


39. — 4- = 1, x^ + 2 ^ = 16. 40. ^ + Oft ■*" 1ft - ~ 

25 36 16 25 3b 16 


PROGRESS REPORT 

In this chapter we studied the equation of the plane and learned to 
sketch surfaces and the intersections of two surfaces. The method of 
analysis was similar to that in plane analytic geometry: we merely added 
another dimension. 



CHAPTER 19 


THE ELEMENTS OF DIFFERENTIAL CALCULUS 

The concept of a function was introduced in Chapter 3 and was used 
throughout the book. In almost every chapter, new functions were 
examined, and new methods were developed which permitted us to in¬ 
vestigate properties of these functions and to solve problems in which 
they were involved. There still remains one extremely important type of 
problem for which no adequate method of solution has been developed 
so far. These problems can be exemplified by the following questions. 
What is the best way of describing the speed of a car or the cooling of a 
hot object? How docs the change of the plate current of a tube depend 
on the change of the grid voltage? These are instances of innumerable 
problems in which the rate of change of different quantities has to be 
investigated. For such investigations new ideas have been introduced 
and new methods have been developed. The system of all these con¬ 
cepts and procedures, called differential calculus, is the main topic of 
this chapter. 

19-1. Increments and A-Notation. The plate current Ip of a triode 
tube is a function of the grid potential Eg. The following table gives the 
results of an experiment in which Ip was measured for different values 
of Eg (Ip measured in milliamperes, Eg in volts). 

Eg -16 -15 -14 -13 -12 -11 -10 -9 -8 -7 -6 

Ip 0.2 0.5 1.1 1.8 2.7 3.8 5.2 6.9 8.9 11.1 13.5 

Assume that the experiment starts with a grid potential of —10 volts 
and that this potential is then successively changed. Each increase or 
decrease of the potential is called an increment and is denoted by the 
symbol AEgy read: increment of Eg or simply delta-E^. Thus the incre¬ 
ment of Eg is 2 volts if Eg is changed from —10 to —8 volts; and, if the 
potential is changed from —10 volts to —14, the increment is —4 volts. 
In the first case we write AEg = 2 volts, in the second case AEg = —4 
volts. 

If Eg changes from —10 to —8, the current changes from 5.2 to 8.9 
milliamperes. The change of the current is then 3.7 milliamperes and 
is called the increment of the current which corresponds to the increment of 
# 608 
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2 volts of the grid potential. The symbol A/p is used to denote the incre¬ 
ment of the current. The experiment has shown that Ip increases 3.7 
milliamperes if the grid voltage is increased by 2 volts from —10 to —8 
volts. These two values == 2 volts and A/p = 3.7 milliamperes 
are called corresponding increments for the interval from Eg = —10 volts 
to Eg ^ —8 volts. 

Example 1. What are the corresponding increments in the above experiment if 
Eg changes from —7 volts to —14 volts? 

In this c.ase = —14 — (—7) = —7 volts and, from the table, the correspond¬ 
ing A/p = 1.1 — 11.1 = —10 milliamperes. 

Example 2. From a table of logarithms find the increment Ay of y = log x corre¬ 
sponding to Ax = 0.3 at the point x = 2. 

From the table of logarithms, log 2 = 0.3010 and log 2.3 = 0.3617, hence 

Ax = 0.3, Ay = log 2.3 - log 2 » 0.3617 - 0.3010 = 0.0607. 

The functions used in the preceding examples were given by tables. 
But a function can be given also by means of a formula or by a graph. 
The concept of corresponding increments refers to a function given in 
any form and can be explained generally in the following way. 

Assume that a function y — fix) is given. In order to compute the incre^ 
ment Ay corresponding to an increment Ax, compute the value f(x + Ax). 
The increment of the function is the difference between its second and the 
first value. Symbolically 

Ly = A/(*) = /(* + Ax) - fix). 

Since y = fix), it follows that 

fix + Ax) = y + Ay. 

Example S. Compute the corresponding increments of x and the function 

y = /(x) » 3x2 - 6 

if X changes from 2 to 2.6. 

Following the above explanation we have 

X »■ 2, Ax »■ 2.6 — 2 — 0.6, 

m -/(2) -3-4-6 « 7, 

fix + Ax) » /(2.6) - 3 - 6.25 - 5 - 13.76, 

Ax » /(x + Ax) - fix) - 13.76 - 7 - 6.75. 

Example 4* From the formula I ** ^ compute the corresponding increments of 

R 

I and Rif R changes from 60 to 60. 
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In this case we have 

B - 60, AB = 10, 

/ «/(/?) »/(50) «-V^«2.20, 
fiR + AR) = /(60) « -W « 1-83, 

A/ =./(/2 + Ai^) -/(Ti;) « 1.83 - 2.20 « -0.37. 

Corresponding increment are found very easily if the function 
y = /(^) is given by a graph. Let P and Q be two points on the graph 
(Fig. 19-1), X the abscissa of P, and Ax the increment of x if we proceed 



from P to Q. From the figure it can be seen that Ax = PR is the differ¬ 
ence of the abscissas of P and Q, The corresponding increment of fix) 
is, as seen from the figure: 

Ay - RQ - BQ — BR = fix + Ax) — fix). 

Example 6. The degree of magnetissation or magnetic flux density in a piece of 
iron depends on the magnetizing force. For a certain kind of steel, the flux density 
B, measured in gausses, is plotted in Fig. 19-2 against the magnetizing force H, 
measured in oersteds. What is the increment AB if H increases from 0.4 to 0.8, 
and what is the value of AB if H increases from 1.0 to 1.4? 

In both cases AH =* 0.4. The graph shows that the increment of B in the first 
case is 

AB » RiQi » 4000, 

and that the increment in the second case is 


approximately. 


AB « JRjiOa « 1000 
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EXERCISES 

Compute A log a; for Ax = 10, 5,1, 0.5, 0.1 at a point where 
1. X = 45. 2. X - 170. 3. X = 60. 

Compute A sin d for A$ = 2°, 1°, 0.5®, 0.1°, if 
4. 0 = 5°, 5. e ^ 20°. 6. e ^ 80°. 

Compute A tan 0 for A0 = 2°, 1°, 0.5°, 0.1°, if 
7. 0 * 10°. 8. 0 = 50°. 9. 0 - 85°. 

Using a table of squares and square roots, compute the increments indicated in 
the following exercises for Ax - 5, 1,0.1, 

10. A(x^) at X = 10, X = 50, x = 90. 

11. A(\/^x) at X = 20, X = 65, x = 80. 

12. A(Jx^ + lO-y/x) at X = 10, X = 20, x = 30. 

Compute the increments of the functions given in Exercises 13-18. 

13. 2/ ~ 2x + 5 at X = 2 for Ax = —1,1,0.5, 0.1. 

14. y * - at X 1 for Ax = 0,5, 0.3, —0.1. 

X 

16. y * ~ at X « 10 for Ax * 0.5, —0.3, 0.1. 

X 

16. 7 =» at 72 « 50 for AR « —5, 2,1. 

R 

500 

17. 7 » at JR = 100 for AR « 10, 6, 1. 

VJR2 4-5000 
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18. P - /*« at B = 5, 7 - 10 for A/ = 2,1,0.6. 

19. The volume of a sphere is given by the formula V “ — r*. Compute AV if 

O 

r increases from 10 to 11. ^ 

20. The current through a certain tube is /p = 0.0021(J^p + tiEgY milliamperes 
where m « 13.8. It is operated at a plate potential Ep « 200 and a grid potential 
of Eg *= —12. Compute Alp if AEg « —2, 1, 2, 5 volt. 

21. The inductance L of a single-layer coil of radius r and length I is given by the 
formula 

“ 9r + lOr 

where N is the number of turns. Compute AL if r = 3 in., 1^2 in., N =» 100, 
AN = 120. 

22. The power in an alternating-current circuit is P ^ El cos 0. Compute AP 
HE « 110 volts, 7 = 5 amperes, and if 0 changes from 40® to 50®. 

23. The magnetization B of a certain kind of steel as a function of the magnetizing 
force is given in Fig. 19-2. Find AB for AH == 0.2 at H = 0.2, at =* 0.4, and at 
77-2. 

24. Using Fig. 19-2, find AB for AH — 0.4 at B =0, at 77 = 0.6, and at 77 =» 2.4. 

19-2. The Average Rate of Change. It is obvious that the increment 
of a function depends on the corresponding increment of the independ¬ 
ent variable and on the point where the increment begins. The table 
in Sec. 19-1 for corresponding values of plate current and grid voltage, 
which is repeated here, illustrates this fact very clearly. 

Eg -16 -15 -14 -13 -12 -11 -10 -9 -8 -7 -6 

Ip 0.2 0.5 1.1 1.8 2.7 3.8 5.2 6.9 8.9 11.1 13.5 

If the increments of Ip corresponding to /\Eg == 1, 2, 3 are computed, 
first starting with Eg == —15, and then with Eg = —9, the following 
corresponding increments are obtained: 


II 

-15, 

> 

II 

d 

II 

< 



AEg = 2, 

Alp = 1.3 



> 

II 

Alp = 2.2 

II 

-9, 

AEg = 1, 

Alp = 2.0 



AEg = 2, 

Alp = 4.2 



AEg = 3, 

Alp — 6.6 


The increment Alp increases in both cases if the corresponding AEg 
increases, but the increase of Alp is much greater at the point Eg — --9 
than at the point Eg — —15. When Eg increases from Eg ^ —15 to 
Eg = —13 by AEg - 2, the corresponding Alp = 1.3; when Eg increases 
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from Eg = —9 Eg — —7, we have again AEg = 2, but the corre¬ 
sponding Alp — 4.2. We say then that Ip increases faster in the interval 
from Eg = —9 to —7 than in the interval from Eg = —15 to —13. 

In order to compare the behavior of 7p as a function of Eg in both 


intervals, the ratio of corresponding increments can be used. The 

Ar/g 

value of this ratio for the interval Eg — —15 to JEg = —13 is 


A/p __ O 
A£g 2 


0.65; 


the corresponding ratio computed for the interval Eg — — 9 to = 
—7 is 


^Eg 



The ratio is called average rate of change of Ip in the interval 

AEg 

from Eg to Eg + AEg, Thus 2.1 is the average rate of change of Ip in 
the interval from Eg = —9 to Eg = —7, and 0.65 is the average rate of 
change of Ip if Eg changes from —15 to —13. 

The idea of an average rate of change is used very frequently. A few 
examples will illustrate the application of this concept. 


Example 1. A car starts at noon, and at 2 p.m. is at a distance of 50 miles, and 
at 5 P.M. a distance of 140 miles, from the starting point. Within the three hours 
from 2 P.M. to 5 p.m. the car covered a distance of 140 — 50 = 90 miles at an 
average rate of = 30 miles per hour. 

Example 2. On a certain day, the temperature at 7 a.m. was 30°, and at 1 p.m. 
it was 60°. The increment of the temperature was 30° during 6 hours, and the 

30° 

temperature changed at an average rate of — = 5° per hour. 

6 


Example 3. A city had a population of 80,000 people in 1920 and 120,000 people 
in 1940. The population increased by 40,000 people in 20 years. The average rate 


of increase was 


40,000 

20 


= 2000 people per year. 


In the above examples, it has not been stated that the observed quan¬ 
tities—distance, temperature, population—change uniformly. There is 
.no reason why the population of the city in Example 3 should have 
increased by exactly 2000 every year. The meaning of the result 
obtained in Example 3 is that the change from 80,000 to 120,000 could 
have been produced by a uniform increase of 2000 people per year. 

The average rate of change in the above examples was computed as the 
ratio of the increment of an observed quantity and the corresponding 
increment of time. The observed quantity was regarded as a function 
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of the time. This concept of an average rate of change can be defined 
generally in the following way. 

The average rale of change of a function y = f{x) in the interval from 
X to X ^ is defined as the ratio of the corresponding increments, 

^ ^ ^ /(* + Ax) - fix) 

Ax Ax Ax 

It is easy to see that the average rates in the above examples were 
computed in this way. Consider for instance Example 1. The distance 
s from the starting point maj' be regarded as a function of the time t, 
denoted by the symbol s = /(<). We have then that /(2) = 50 and 
/(5) = 140. The increment of < is A< = 5 — 2 = 3, and the increment 
of s is As = /(2 -f- AO — f(2) = /(5) — /(2) = 140 — 50 = 90. Hence 
90 

— = — = 30 miles per hour. 

A< 3 

A very striking geometrical interpretation of the average rate of 
change can be given if the graph of the function is plotted. The function 
y = /(x) “^ay be represented by the graph of Fig. 19-3. The increment 



Ax is given by the segment P'Q' = PR. The corresponding increment 
Ay = Af(x) is given by the segment RQ. Hence it follows that the aver¬ 
age rate of change in the interval P'Q' is given by 


Ax 


PR 


— tan 0 


where 6 is the ang^e between the line PQ and the direction of the x-axis. 
Ay 

Thus, — is the slope of the line PQ, and we may state that the average 
Ax 

rate of change of the function y = /(x) in the interval from x to x Ax is 
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equal to the slope of the straight line PQ connecting the points on the graph 
which correspond to the values x and x + Ax. Such a straight line con¬ 
necting two points of a curve is called a secant of the curve. 

The average rate of change is computed very easily when the fimc- 
tion is given by a formula. The following examples will show the 
procedure. 

Example 4- Compute the average rate of change of the function y ^ fix) « 
3x^ — 2 if a: changes from 1 to 3. 

Following the explanations given above we have: 

Ax = 3 - 1 * 2, 
fix) «/(l) « 1, 

fix-h Ax) =/(l -f 2) -/(3) «25, 

Ay = Afix) « fix -h Ax) - fix) = 25 - 1 * 24, 

^ ^ fix -f Ax) ~ fix) ^ ^ ^ 

Ax Ax 2 * 

Example 5. The plat/C current in milliamperes of a particular triode tube is a 
function of the grid potential, in volts, approximately given by the formula 

I, =/(^*) =0.4(16 

Compute the average rate of change of the current when the grid potential changes 
from —12 to —8 volts. 

We have in this case: 

AEg =s 4 volts, 

/p -/(-12) - 0.4(16 - 12)» = 3.20 mUliamperes, 

Ip + A/p == /(—8) = 0.4(16 — 8)^ =« 9.06 milliamperes, 

Alp =/(“8) —/( —12) = 5.85 milliamperes, 

A/p 6.85 

~ 1.46 milliamperes per volt. 


EXERCISES 

Compute the average rate of change of each of the following functions for the 
indicated intervals. 

' 1. y « log x; (a) from x « 10 to x « 12, (5) from x * 3 to x =» 4, (c) from x * 3 

to X = 3.1, id) from x = 3 to x « 3.01, (e) from x *» 40 to x = 50, (jO from x « 300 
to X = 305. 

2. t/ *= y/x; (a) from x « 1 to x =* 1.5, (6) from x = 1 to x = 1.1, (c) from x = 5 
to X ** 6, id) from x « 10 to x =* 11, (e) from x * 10 to x =» 12, if) from x « 50 
to X » 52. 

3. s a* 16^^; (o) from < 0 to < =* 1, (5) from < « 0 to t « 10, (c) from i * 3 to 

f *• 4, id) from f » 4 to i *■ 6, (c) from f « 3 to f « 7, (jf) from t » 2 to f ■« 5, 
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4 . / » 10 sin (a) from « » 0 to < « 0.001, (h) from t ^ 0 to t ^ 

fc) from i ** 1 to < = 1.002, (d) from t ^ 1 to t ^ 1.008. 

6. The plate current Ip in amperes of a certain cathode tube is given by the for¬ 
mula /ji * 4.5 • 10~^Ep- where Ep is the plate potential in volts. Compute the 
average change of the plate current if Ep changes (a) from 0 to 50 volts, (6) from 
0 to 200 volts, (c) from 50 to 100 volts. 

19-3. The Instantaneous Rate of Change. There are many rate prob¬ 
lems in practical life which arc not satisfactorily solved by merely com¬ 
puting an average rate of change of a function. If an automobile acci¬ 
dent happens, the driver cannot shake off his responsibility by proving 
that he drove at an average rate of 20 miles per hour during the last two 
hours. The important questions arc: What was his rate at the moment 
of the accident? Did he drive at this very moment at a rate of 15 or 60 
miles per hour? The interest is concentrated on his instantaneous rate 
or his speed at the instant of the accident. 

The precise meaning of this concept of an instantaneous rate needs 
to be investigated. It was easy to define an average rate of change of a 
function, but difficulties arise if one tries to use the same approach to 
the idea of an instantaneous rate. There is no increment of time for the 
moment of the accident and no corresponding distance covered by the 
automobile. The actual experiments winch have been designed in order 
to find the speed of a car, or of a bullet, measure the average rate during 
a very short time. It is assumed that during this short time the motion 
of the object is uniform so that the average rate during a short time 
interval can be iLsed in order to characterize the motion at any instant 
during this interval. This is a somewhat vague description of how to 
arrive at the idea of an instantaneous rate. The problem of this section 
is to clarify and to give a correct definition of this concept. 

Consider the rate of a car which moves with a constant speed of 30 
miles per hour. The average rate for two hours is = 30 miles per 

15 

hour, the rate for 0.5 hour is — == 30 miles per hour, the average rate 

0.5 

1 

for one minute is -7- = 30 miles per hour. It is obvious that the rate 

can be computed for any interval of time and that the value 30 miles 
per hour will always result. If the time interval is small, the distance 
covered by the car during this interval is small, but the ratio of this 
distance As and the time At is the same. For example, if Ai = 1 sec. *= 

^ r . 30 1 ^ As 3600 

—— of an hour, the corresponding As = —— == — mile and — *= —— 
3600 ^ ® 3600 120 At 120 

30 miles per hour. 
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In more complicated cases, the rates are not constant, but observations 
show that in most cases they are nearly constant if small intervals are 
investigated. This experience has been encountered so often that it is 
used, almost instinctively, in many applications. Assume, for instance, 
that an experiment shows an increment of A/p = 2 milliamperes of the 
plate current of a tube if the grid voltage changes from Eg = —9 to 


Eg = —8 volts. The average rate of change in this interval is 


A/p ^ 2 
AEg 1 

— 2 milliamperes per volt. It can therefore be assumed that the incre¬ 
ment of the current within this interval is approximately proportional 
to the increment of Eg, so that A/p = 1, ^ milliamperc, when AEg = 


I, Xj volt, respectively, and that = 2 for all corresponding in- 

AEg 

crements of Ip and Eg within the observed interval. 

The whole situation can more easily be examined, using a function for 
which many values are given. The function y == log x may be selected 
for this purpose, and the average rates of change will be computed for 
different intervals starting with x = 1.5. The following table contains 


the required 

X 

data. 

logx 

Ax = X — 1.5 

Ay *= log X — log 1.5 

Ay 

Ax 

1.3 

0.1139 

-0.2 

-0.0622 

0.311 

1.4 

0.1461 

-0.1 

-0.0300 

0.300 

1,5 

0.1761 

0 

0 


1.6 

0.2041 

0.1 

0.0280 

0.280 

1.7 

0,2304 

0.2 

0.0543 

0.272 


It can be observed that the average rates of change of y = log x for 
segments to the left of x = 1.5 are greater than the average rates for 
segments to the right of this point, and that the values of these rates are, 
for the investigated segments, rather close to each other. We may 
expect that for still smaller intervals, starting with the same point 
X = 1.5, the rates of change will be between 0.300 and 0.280. A four- 
place table of logarithms is not sufficient to study the behavior of these 
rates for smaller intervals and, therefore, a seven-place logarithmic 
table has been used to obtain the following values. 


X 

logx 

Ax = X — 1.500 

Ay « log X — log 1.500 


1.498 

0.1755118 

-0,002 

-0.0005795 

0.2898 

1.499 

0.1758016 

-0.001 

-0.0002897 

0.2897 

1.500 

0.1760913 

0 

0 


1.501 

0.1763807 

0.001 

0.0002894 

0.2894 

1.502 

0.1766699 

0.002 

0.0005786 

0.2893 
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It may be observed that the values of the average rates of change for 
these small intervals arc very close to each other, and it may be expected 
that, if still smaller intervals of both sides of x = 1.5 are investigated, the 
corresponding average rates of change will be between 0.2897 and 0.2894. 
We say that the behavior of y = log x in the neighborhood of a: = 1.500 
Is characterized by a number between 0.2894 and 0.2897, which could 
be found with any precision if logarithmic tables with enough decimals 
were available. This niunber is called the instantaneous rate of change 
or the derivative of the function = log a: with respect to x at the point 
a* = 1.5. Its correct value with seven decimals is 0.2895297. This 
number means that the average rate of change of the function y = log x 
for intervals adjacent to a: = 1.5 approaches this value if smaller and 
smaller intervals are investigated. 

A good approximation for this instantaneous rate of change or deriva¬ 
tive at a given point may be found by computing the average rates of 
change for two small segments of equal length adjacent to the given 
point at both sides of it and by taking half the sum of the two values. 
In this way we obtain, from the first of the two tables given above. 


A log X 
Ax 


== 0.300 in the interval from x - \ A to x — 


1.5, 


A log x 
Ax 


= 0.280 in the interval from a: = 1.5 to x = 1.6. 


Taking half the sum of these two values, we get 
^(0.300 + 0.280) = 0.290 

as the value of the instantaneous rate of change, correct to three decimals. 

The following examples will illustrate this new concept of an instan¬ 
taneous rate of changes. 

Example 1. If the angle 6 is expressed in radians, compute approximately the 
derivative of the function y = sin x at the point x =» 1.2. 

From Table 5 in the Appendix we have the following table of values. 


X 

sin X 

Ax = ic — 1,2 

Ay = sin X — sin 1.2 

Ax 

1.10 

0.8912 

-0.10 

-0.0408 

0.41 

1.19 

0.9284 

-0.01 

-0.0036 

0.36 

1.20 

0.9320 




1.21 

0.9356 

0.01 

0.0036 

0.36 

1.30 

0.9636 

0.10 

0.0316 

0.32 


Hence the derivative or instantaneous rate of change of y — sin at z ** 1.2, is 
with two decimals, 0.36. 
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Example 2, Using the table of Sec. 19-2, compute an approximate value for the 
instantaneous rate of change of /p with respect to Eg at the point Eg ^ —10 volts. 
From the given table we obtain the following values. 


Eg 

7 p 

^Eg 


Alp 

AEg 

-11 

3.8 

-1 

-1.4 

1.4 

-10 

5.2 

0 

0 


-9 

6.9 

+1 

1.7 

1.7 


An approximate value for the instantaneous rate of change of /p with respect to Eg 
at the point Eg ^ — 10, is given by 

^(1.4 4* 1-7) = 1.6 milliamperes per volt. 

In radio engineering, this value is called mutual conductance or grid-plate trans¬ 
conductance of the tube for the grid voltage Eg — —10 and the plate voltage which 
has been used in collecting the data of the table. 


EXERCISES 

Compute with the precision attainable by the tables in the Appendix, the deriva¬ 
tives of the function in Exercises 1-6 at the indicated points: 

1. 2/ — log X at (a) x = 2, (6) a: = 7, (c) x = 0.3, (d) x « 4.2. 

2. y “ at (a) X — ly (h) x 0.6, (c) a? = 4, (d) a; = 1.3. 

3. 2/ « sin X (x in radians) at (a) x - 0.6, (6) x « 0.8, (c) x = 1.6, (d) a; «= 0. 

TV 

4. 2/ =* cos x (x in radians) at (o) x = 0.1, (6) x = 0.3, (c) x = 1, (d) a; = -• 

It 

6. 2/ = log sin X (x in radians) at (a) x = 0.6, (6) x = 0.8, (c) x = 1.6, (d) x = 1.2. 

6. 2/ = loR cot X (x in radians) at (a) x = 0.1, (b) x = 0.3, (c) x = 1.2, (d) x = 1.5. 

7. Compute, using the table of Exercise 25 of Sec. 3-9, the instantaneous rate of 
change of /p with respect to Ep for (o) Ep = 140 volts, (6) 170 volts, (c) 200 volts. 

8 . Compute, using the table of Exercise 27 of Sec. 3-9, the instantaneous rate of 
change of /p with respect to Eg for (a) Eg = —6.0 volts, (h) Eg = —2.5 volts, (c) 
Eg — —1.6 volts. 

9 . Compute, using the table of Exercise 31 of Sec. 3-9, the instantaneous rate of 
change of Eo with respect to lo at (a) 7© =, 39.5 milliamperes, (6) 7© = 24 milli¬ 
amperes, (c) 7© = 14 milliamperes. 

10. Compute, using the table of Exercise 32 of Sec. 3-9, the instantaneous rate of 
change of 7 with respect to E at {a) E = 40 volts, (6) E = 70 volts, (c) E = 90 volts. 

11. Compute, using the table of Exercise 40 of Sec. 3-9, the instantaneous rate of 
change of B with respect to 7f at (o) B = 4000 gausses, (6) B = 8000 gausses, (c) 
B = 12,000 gausses. 

12. Compute, using the table of Exercise 48 of Sec. 3-9, the instantaneous rate of 
change of L with respect to d at (o) ^ = 30®, (6) B = 60®, (c) B = 90®. 

13. Compute, using the table of Exercise 50 of Sec. 3-9, the instantaneous rate of 
change of T with respect to i at (o) t = 3 minutes, (6) < * 6 minutes, (c) i = 8 
minutes. 

14. Compute, using the table of Exercise 51 of Sec. 3-9, the instantaneous rate of 
change of V with respect to Z) at (a) /> = 3 miles, (h) D ^ 5 miles, (c) D = 7 miles. 



620 


THE ELEMENTS OF DIFFERENTIAL CALCULUS 


19-4. Limits. The explanation of the instantaneous rate of change 
and the method of computing an approximate value of this rate were 
based on the observation that the average rate of change approaches a 
certain value if the interval for which it is computed becomes very small. 
Situations of tliis kind, where a quantity approaches a certain value, 
occur in different branches of mathematics and its applications and are 
especially important for the subject of this chapter. 

Consider, as an example, the sequence of numbers 

n 1 2 3 4 5 

2 > ‘ * 

which can be continued indefinitely. The numbers obviously approach 
one. In order to state this fact, we say that 1 is the limit of the num¬ 
bers of the given sequence. Every number of the given sequence can be 

n — 1 

found by the formula =-, for when n is replaced by particular 


values we then obtain, 

1-1 ^ 2-1 
ai = - = 0, a2 = r 




3 - 1 
3 


= 3,04 = 


4-1 3 ^ 


From the expression 


n — 1 ^ 1 . , . - , , 

- =1-it can be inferred that 

n n 


approaches the value 1 when n increases indefinitely, for - becomes as 

n 

small as we want if n increases. In order to state the fact that the num¬ 
bers of the above sequence have the limit 1, the following notation is 
used. 

lim an = lim ^ - - =1, if n 00 , 


or more briefly 


lim-5^ - 1 

n ^ 'a 


which reads as follows: the limit of 


n — 1 


is equal to 1 if n increases 


indefinitely j or if n becomes indefinitely great, or if n approaches infinity. 

An illustration of the concept of limit is given by the following engi¬ 
neering application. 

Example 1. The combined resistance of two resistances Ri and R 21 connected in ' 
parallel, is given by the formula 
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What is the value of the limit of K as K 2 approaches infinity? The general method 
for finding the limit, in this and similar cases, is to divide numerator and denomi¬ 
nator of B by Rt, yielding 

Ri 


R 


1 ; + ^ 




The fraction — approaches zero, when J ?2 increases indefinitely, and, therefore, R 
R2 

R\ 

approaches the value -- = i2i; so that we have finally, 

lim 72 = Bi, if 222 —> «. 

The concept of limit refers to many similar situations. Two more 
examples will illustrate this. 

Example 2, Examine the values of the function 

logic 


when X assumes values which approach 1. 

First observe that no value of y is obtained when x — 1 because the numerator 
and the denominator of the given function become zero when the value x =» 1 is 
substituted. We shall therefore investigate the value of y in the neighborhood of 
X = 1. This is done in the following table, where the values of y are computed for 
different values of x approaching 1. 


X 


log X 

X — 1 

logx 

x^l 

0.50 

0.6990 

- 1 = -0.3010 

-0.50 

0.602 

0.80 

0.9031 

- 1 -0.0969 

-0.20 

0.484 

0.90 

0,9542 

- 1 -0.0458 

-0.10 

0.458 

0.99 

0.9956 

- 1 - -0.0044 

-0.01 

0.44 

1 


0 

0 


1.01 


0.0043 

0.01 

0.43 

1.10 


0.0414 

0.10 

0.414 

1.20 


0.0792 

0.20 

0.396 

1.50 


0.1761 

0.50 

0.352 

table it 

is seen that when x approaches Ij 


log.T 

1 1 unction 

^x - 1 


approaches 


the value Af, which lies between 0.43 and 0.44. Using logarithmic tables with more 
decimals this value M could be found with greater precision. Thus we could get 
li =* 0.434 correct to three significant digits. 

Using the notation which has been introduced before, we write 


lim 
r-» 1 


log 

X — I 


0.434, 


which reads: the limit 


of 


logar 
X — 1 


is 0.434 if X approaches 1. 
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The situation appearing in the above example occurs very often and 
can be described as follows. The limit of a fraction has to be computed if 
numerator and denominator become very small. Indeed, the concept of 
instantaneous rate is based on such a situation, as will be shown in the 
following example. 

Example 3. Compute the instantaneous rate of change of the function y « \/x 

at the point x = I, _ 

When a: — 1, then y — 1; and when a; = 1 -f Ax, then y ~ v 1 -f Ax. Hence 
the average rate of change of \/x in the interval from 1 to 1 is given by the 

expression 

V1 -h Aa; — 1 


and the instantaneous rate of change is the limit of this expression as Ax approaches 
zero. But when Ax = 0 both the numerator and the denominator of the last ex¬ 
pression are equal to zero, and we must investigate its value in the neighborhood 
of Ax 0. This is done in the following table. 


Ax 

V1 -f Ax — 1 

Vl + Ax - 1 
Ax 

~0.1 

-0.05132 

0.5132 

-0.01 

-0.005013 

0.5013 

-0.001 

-0.0005001 

0.5001 

0 

0 


0.001 

0.0004999 

0.4999 

0.01 

0.004988 

0.4988 

0.1 

0.04881 

0.4881 


We can infer, from this table, that the value sought lies between 0.5001 and 0.4999 
and that it is 0.5. Hence 

V1 -f Ax — 1 

lim-= 0.5, if Ax —► 0, 

Ax 

and 0.5 is the value of the instantaneous rate of change, or the derivative, of the func¬ 
tion \/x at the point x = 1. 


EXERCISES 


Compute the following limits. 

1. lim ( 4 + - 
\ nj 

1, w -> 00 . 

2. lim (3 

\ nj 

1, n -» «. 

8. lim(^, + l 

j,n -* 00 . 

2n -I- 1 
4 . hm , 

n -f 1 

n —> 00 . 

. 3» - 2 

*-‘“sn-7' 

n - 7 > 00 . 


(Hint, Divide numerator and denominator by n.) 
-f 1 


6. lim 


n2 ~ r 


n 00 . 
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The angle d in the following exercises is expressed in radians. Find the results 
with the precision which can be attained if the tables in the Appendix are used. 


- sin 0 
7. lim-, d 

a ’ 


0 . 


^ 1 — cos 0 

8 . hm- - -, 9 


0 . 


9. lim 0 cot (9 —+ 0. 

11 . lim (10 + 2 • t 


10 . lim 2 ^ > w. 

12. lim (25 - 30 • 10“^*), t oo. 


In the following problems assume E, L, C to be positive quantities, e « 2.718, 
and compute the limits if f . 


E 

13. lim-(1 - 6 ^). 
R 

E 


_L - 

14. lim — (e — e 
R 


15. lim — - (e — c 
lOL 


-300. 16. lim c-io« . sin 60<. 

17. lim Ee~^^(2 sin 360^ + 5 cos 360/). 18. lim (5 — 10c~^^ cos 150/). 


19-6. Geometrical Investigation of the Instantaneous Rate of Change. 

A geometrical interpretation of the average rate of change as the slope 
of a straight line was studied in Sec. 19-2. This will be used in this 
section in discussing the instantaneous rate of change. 

Assume that a function is given by the graph of Fig. 19-4. The aver¬ 
age rate of change of the function for the segment QQi is equal to the 



slope of the secant PPi, If different points, Pi, P 2 , P 3 • • • to the right 
of P are chosen, different secants PPi, PP2, PP3 • • * are obtained. 
Similarly, different points Pi', P2', P3' • • * to the left of P may be used 
in order to construct the secants PPi', PP2', PP3' * * •. From the figure 
it is seen that there is a line PT which separates the secants meeting 
the curve to the right of P, from the secants meeting the curve to the 
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left of P. This line is called the tangent of the curve at P. The secants 
PPi, PP2, PP3, • • • approach the tangent if the points Pi, P2, P3, • ■ • 
approach P, or, which is the same, if the lengths of the segments QQi, 
QQ2, QQ3, • ’ • approach zero. 

The slopes of the secants PPi, PP2, PP3, ■ • • approach the slope of the 
tangent PT when the points Px, P2, P3, • • • approach P, We may say 
that the slope of the tangent at P is the limit of the slopes of the secants 
through P whose second point of intersectio7i with the graph approaches P. 

The slopes of the secants PPiy PP 2 y ' • arc the average rates 

of change of the function for the intervals QQi, QQ 2 , QQ 3 , • • * respec¬ 
tively. These average rates approach the instantaneous rate of change 
at P, But we have seen before that the slopes of the secants approach 
the slope of the tangent. We can state, therefore, that the instantaneous 
rate of change at P is eqical to the slope of the tangent at P. 

In order to find the slope of the tangent, consider an arbitrary point T 
on the tangent (Fig. 19-5). The increments of the coordinates, if one 



passes from P to T, may be denoted by dx and dy. 
the slope of the tangent PT, 


tan 6 = 


dx 


We have, then, for 


But it was stated above that the instantaneous rate of change at the 
point P, which may be denoted by m, is equal to the slope of the tangent 
PT and therefore 


m = 


dx 
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Since the instantaneous rate of change was defined as the limit of the 
average rate of change for the interval Ax, as Ax approaches zero, we 
have then 


m = lim , Ax 
Ax 


0 . 


Summarizing the contents of this and the preceding section, the 
derivative^ or instantaneoxis rate of change^ of a function y = f{x) at a par- 

Ay 

ticular point P is the value of lim —- as Ax approaches zero. This value is 


equal to the slope of the tangent at P. If dx and dy are the increments of 
X and y from P to an arbitrary point on the tangent, then the derivative at 
P is given by 


lim ^ 

AX -0 Ax 


dx 


19-6. Derivative of a Function Given by a Formula. It has been ex¬ 
plained, in the preceding sections of this chapter, how to find the deriva¬ 
tive (this will be used in preference to instantaneous rate of change) of a 
function which is defined by a table or by a graph. The next step is to 
show how to find the derivative of a function which is defined by a 
formula. 

Consider, for example, the function 
(1) y = m = 3x2 _ 5 

The problem is to find the derivative of this function at some particular 
point, for example, a; = 2. According to the discussion in the preceding 
sections, our first step is to find the average rate of change of the func¬ 
tion in the interval from a: = 2toa: = 2 + Ax. We thus obtain the 
following: 

/(2) = 3 • 4 - 5 = 7, 

/(2 + Ax) = 3(2 + Ax)2 - 5 = 7 + 12-Ax + 3- (Ax)^ 

Aj/ = /(2 + Ax) - /(2) = 12 • Ax + 3 • (Ax)2, 


— = 12 + 3 • Ax. 
Ax 


Ay 

The next step is to find the limit of the average rate of change — as 

Ax 

Ax 0. We have then 


lim — = lim (12 + 3 • Ax) = 12, 
Ax 


as Ax 


0 . 
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Hence 12 is the value of the derivative of the given function y = 3x^ ~ 5 
at the point x = 2, 

The same method can be used if the derivative of this function (1) 
is wanted for other values of x. In order to avoid the repetition of the 
same steps, we shall derive a formula which gives the derivative of (1) for 
any desired value of x. Tliis can be accomplished if in the preceding 
computations the number 2 is replaced by the symbol x. We thus obtain 

f(x) = 3x^ — 5, 

f(x + Ax) = 3(x + Ax)^ — 5 == 3x^ + 6:r • Ax + 3 • (Ax)^ — 5. 

Hence A/(x) vrhieh is the increment of /(x) corresponding to the incre¬ 
ment Ax of X, is given by 

A/(x) = /(x + Ax) — /(x) = 6x • Ax + 3 • (Ax)^. 


Thus the average rate of change of /(x) for the interval from x to x + Ax 
is given by 


A/(x) ^ /(x + Ax) -- f(x) 
Ax Ax 


6x • Ax + 3 • (Ax)^ 
Ax 


6x H- 3 • Ax, 


whence 


lim 


^fjx) 

Ax 


lim (6x + 3 • Ax) = 6x, as Ax 


The result 6x gives the derivative of the function y = 3x^ — 5 at any 
point X. Substituting x = 2 yields the value 12, which is the same as 
the answer previously obtained. 

It is necessary to have a convenient notation for derivatives. In the 
preceding section it has been shown that the derivative is equal to the 
ratio dy/dx, where dx and dy are the corresponding increments if one 
passes from the point P(x, y) to an arbitrary point on the tangent at P. 
This ratio dy/dx will be used systematically in denoting the derivative. 
Thus the following arc the notations used to denote the derivative of 
the function (1) at an arbitrary point x; 


Derivative = lim 
^ 0 


A/(x) 

Ax 


and we have 


^ - 5) _ 

■ dx dx^ dx dx^ ’’ 

- 5) ... 


which is read: the derivative of Sx^ — 5 vnih respect to x is equal to 6x or 
simply d(Sa:® — 6} over dx is 6x. 
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Sometimes it is convenient to have a still shorter notation for the 
derivative of y = f(x), and we write 


dx 


-y'-fixX 


which is read: y-prime, or f-prime of x. 

The derivative of a function, when computed for an arbitrary value x 
is another function of this variable x. The operation which consists in 
finding the derivative is called differentiation. The following examples 
will illustrate the concepts of this section. 


Example L The electric current in amperes produced by a battery of 6 volts is 

6 dl 

given by / = - , where R is the resistance in ohms. Compute the derivative- 

R dR 

The current 1 is here a function /(R) of the independent variable R. If R in¬ 
creases by A/2, the corresponding increment of I is given by 


A/=/(B + AB)-/(K)= —-- 
and hence the average rate of change is 


-6 • A /2 
(/2 + A/2)’e ’ 


^_ 6 

A/2 (JR -j“ AR)R 

The derivative is the limit of this expression as A/2 0, and hence we get 

d/ / -6 \ 6 

— = hm I TZT'”—z:-;;: J ~ zri amperes per ohm. 

dR Ai2-o \(/2 -f A/2)/2/ jR2 ^ ^ 

If it is given that /2 = 3 ohms, we then obtain 


r 6 « d/ 6 6 2 

/ = — = 2 amperes, —=* ^ — “T;* "“o a-^aperes per ohm, 

R dR R 9 3 


Example 2. The speed of a moving object is equal to the instantaneous rate of 
change with respect to the time of the distance between the object and its starting 
point. If an object is thrown vertically upwards with an initial speed of 100 ft. 
per sec., its distance from the starting point after t seconds is given by the expression 

s * lOOf - 16(2. 

WJiat is its speed after t seconds? After 3 sec.? 

Proceeding as before, we have the following 

s « fit) « 100( - 16(2, 

8+As ^ fit + At) * 100(( + A() - 16(( + A()2 

- 100( + 100 ‘ A( - 16(2 - 32( • A( - 16 • (A()2, 

As « /(( + At) - fit) « 100 • A( - 32( • A( - 16 • (A()2. 
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Hoice the average speed during the time interval At is given by 

^_ioo.A<-3a.ai-i6.w_ 

At At 

whence, 

ds 

=» lim (100 - 32e - 16 • At) = 100 - 32t. 
dt At-*0 

We have, finally, that the speed of the object after t seconds is (100 — 320 feet per 
second. After 3 sec. the speed is 100 — 32 • 3 =* 4 ft. per sec. 


EXERCISES 


Compute the derivatives of the following fimctions at the indicated points. 

1. f{x) = at (a) a; « 5, (5) a: = —3, {c) a; = 0, (d) a; = 1.5. 

2. f \x) « ^a;^ — 3a; 4" 6 at (a) x = 2, (b) x = 3, (c) a; = 6, (d) a; = 0. 

3 . f{x) « a;* 4- a; at (a) a; = 1, (6) a; = — 1, (c) a; = 0, (d) x = 1.2. 


Compute the derivatives of the following functions for arbitrary values of the 
independent variable: 


4. s » 20^ 4- 4.9/2. 

6 * 5 « 2/2 - /2 


8 . J = 


20 


6 4"i^ 
10. P « 30/2. 


6. s *= 16/2 ^ 30^. 

7. s * 7 4- 2/ -- 4/2 - 12/®. 


9. Xc 


11. I - 


1 

“ 3000(7* 
10 

2 4-B’ 


19-7. Differential Calculus. The computation of derivatives as de¬ 
scribed in the preceding section is troublesome, especially if derivatives 
of more complicated functions are needed. The differential calculus is a 
system of formulas and rules which permits one to findj in a comparatively 
simple way, the derivatives of practically all functions used in the various 
applications of mathematics. The method for computing derivatives is 
easily understood if one observes that functions defined by complicated 
formulas are a combination of a small number of simple functions which 
are connected in a more or less complicated way. Thus, for example, 
the computation of the function 

y = 

can be resolved into the following steps: 

1 . Compute the value of x^, 

; 2. Compute the value of 5u where u = x^. 

' 3. Compute the value of x^, 

4 . Add the results of step 2 and 3. 

6 . Compute the function y/v where v ^ x? + bx^. 
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It is obvious that the given function is a combination of the simple 
functions y — y — x^y y ^ Vx> which are special cases of y = x^. 

The fundamental result of the differential calculus is that the deriva¬ 
tives of all such functions which are built up from simpler functions 
can be computed if 

1 . The derivatives of a small number of elementary functions are 
known. 

2. Rules are known which permit one to compute the derivative of a 
function which is a combination of functions whose derivatives are 
already known. 

The purpose of this chapter is to serve as an introduction to dif¬ 
ferential calculus. Therefore, not all the formulas and rules will be 
given here, but only those which are needed to obtain a general idea 
of the calculus and to solve simple problems. 

19-8. The Derivatives of x”, sin x, and cos x. It will be sufficient for 
our needs to know the derivatives of the function sin x, and cos x. 
These derivatives are given without proof by the following formulas: 


(1) 

dx” j 

(2) 

d sin X 

-;;- = COS X, 

dx 

(3) 

d COS X 

= — sinx. 
dx 

The formula given in (1) is true for all possible values of n. The 
following are a few important special cases of (1): 

dx® 

w = 0, — = 

dx 

'dx 


n = 1, 

n — 2, 

1 

n = 2, 

n = —1, 


dx 

dx 

dx^ 

dx 


= 1 , 

= 2x, 


dx^ dy/x 111 1 1 1 

— =- =s — x»“ = - x~i — -:= . 

dx dx 2 2 2V5’ 


dx-^ 


dx 


dx 


= _1 . X 


- 1-1 


.-2 



630 


THE ELEMENTS OF DIFFERENTIAL CALCULUS 


[19-8 


It must be pointed out that formulas (2) and (3) are true only when 
X is measured in radians. When the degree measure of x is used these 
formulas have to be replaced by more complicated ones. This is the 
reason why the radian measure of angles is important in many problems. 

19-9. Rules for Computing Derivatives. The second group of funda¬ 
mental theorems in calculus consists of a set of rules which permits one 
to find the derivatives of functions formed by means of simpler functions 
with known derivatives. These rules are given without proof in this 
section. 

Rule L The derivative of the product of a constant and a function 

y = afi^) 

is given by the formula 

^ ^ dlafjx)] ^ ^ dfjx) 
dx dx dx 

Example 1. Find the derivative of y 
Using the above rule we have 

dx dx 

Example 2. Find the derivative of a constant function y =” C, 

Using Rule 1 and (1) of Sec. 19-8, we obtain 

dC _ d{C^\) 
dx dx dx ' 

Hence the derivative of a constant is zero. 

Rule 2. The derivative of the sum of two functions 

y = fix) + gix) 

is given by the formula 

^ ^ dlfjx) + g(x)l ^ dfjx) ^ dg(x) 
dx dx dx dx 


= 7x‘. 

= 7 • 3x* = 21x\ 


Example 3. 
Example 4 , 


dx dx dx 


Find the derivative of y * 3aj® — 2a; + 5 — ^^/x -h 


2y/x 


Since Rule 2 can be extended to a sum consisting of any number of terms, we have 

dy dx^ dx d5 dx^ 1 dx~^ 

dx dx dx dx dx 2 dx 

-3ar*-2+0-3 -i ■ (“ ^) 

„ - 2 -^- 1 ^. 

2^/x 4x^/x 
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Before differentiating an expression, radicals have to be replaced by 
fractional exponents, as shown in the last example, in order to apply 
formula (1) of Sec. 19-8. 


Example 5. Find the derivative of ^ = 10 sin / -f 5 cos i. 
Using the various formulas and rules, we obtain, 


dE __ d(10 sin i) d(5 cos 0 
dt dl dt 


dfiint 


d cos t 
dt 


10 cos ^ — 6 sin L 


Rule S, The derivative of the product of two functions 

y = fix) gix) 

is given by the formula 

dy d[f(x)g(x)\ , ^ df(x) , ,, ^ dg(x) 

dx-~~di — 


Example 6. Find the derivative of the function y — {Z bx)-^x. 

Using Rule 3 we have 

dy rf|(3+ ,^d(3+&E) 

dx dx dx dx 

= -^(0 + 5 ■ 1) + (3 + 5*) • 

o 

= 5-^X -f (3 + 5a;) 

3 

The result can be simplified by rationalizing the second term: 

dy _ 3 /— ^ /o I c \ e V" I , 5 3 ^ 

— = bVx -f - (3 + bx) —- = bVx H-+ - Vx 

dx 6 X X 6 

Example 7. Find the derivative of r = 50 sin 0 . 

We obtain 

dr _ d(d sin 6 ) ^ . ^dS 


« 5 . 

de 


do 


^ d sin 6 
= 5 sin 0 + 50 — 

do do 


« 5 sin 0 + 50 cos 0 = 5(sin 0 -h 0 cos 0). 

Rule 4- The derivative of the quotient of two functions 

fix) 


y = 


is given by the formula 

dx 


Lg(»)J 

dx 


gix) 


gix) 

dfix) 


dx 


-fix) 


dgjx) 

dx 
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Example 8, Find the derivative of y 
Using the last rule we have 


2 -f 3a: 




dx dx 


(1 + a :*)2 


(1 + ®*)(0 + 3 • 1) - (2 + ar)(0 + 2x) 
(1 + **)* 

3 + 3x’‘ - 4x - 6x^ 3-4® -at* 

(1+®*)* “ (l+®¥ 


Example 9. Find the derivative of tan Q. 

sin 0 

Using the relation tan 6 —-, we have 

cos 0 


d tan 6 

de 


/8in_fl\ 

\cos0/ 


d sin $ , d cos 0 

cos 0 —-sin 0 —;— 

d0 d0 


cos 0 • cos 0 — sin (? • (—sin 0) 
cos^ 0 

cos^ 0 + sin^ ^1 « 


Rule 5, If u is a function of x, then the formulas of Sec. 19-8 are replaced 
by the following: 


d sin li du 

—-— = cos u • — , 
dx dx 


d cos ti 


= —sin u 


Example 10. Compute 


d\/1 -f 


Substituting w = 1 + a:^ we obtain, 




1 d(l + x^) 


dx 2 dx 2Vl 4- dx 2VT+^ 


Example 11. Compute 


d cos bt 
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Substituting u we obtain, 

d cos 5t d cos u 
dl dt 


. . - 
•— sint^*-—~ —•Binw-o 

dt 


-6 sin Bt. 


dl 

Example 12. Compute — where I ^ lo sin (uji 4- ^)i lot «, and 9 being constants. 
dt 

According to the rules developed in this section we obtain 

dl ^ d sin (o>t 4* 9) 

di' “ ^ 

^ d sin u 
"" dt ’ 

where w ~ Hence 

dl du 

- - ~ lo cos W • — =* /o cos {(at 4* 0) • (o) -f* 0) « (alp COS {(at 4 9). 
dt dt 


EXERCISES 

Find the derivatives of the following functions. 


CO 

1 

ig 

II 

wH 

2, y — 3a;* 4 2a; — 1. 

3. y - 

X® — 2x 4 6. 

« 5 6 

^ 2-7 1-3 


20 

4. u-3 

6 . g « ^2 - ^ * 

6. R = 


7. j/ = S\/x — 5v^- 

8. y » + 2*^. 

ii 

dl 

3 4 4x'^X. 

10. 8 *= 3 sin < — 5 cos t. 

11 . = 6/* — 6 sin ^ 

12 . r = 

2 cos 0 4 30. 

13. y = 4(1 4 x)^. 

14. 8 - VlO - <*. 

16. r - 

1 

o a 


16. r = 10 cos 29. 

18. / « 10 sin (150< 4 12). 
20. s =» 10 cos^ t. 

22. y » lOx sin 3a;. 

24. r =s 100® sin (2^4 5). 

26. » - (1 + t^)V¥. 

28. y = (3x* + 5)*. 2 

81. y - - 7 i=- S 

V 1 4 « 

04 2 4 - 

1 — 05 * 

37.y-^. S 

40. y - —• A 


17. E - 110sin377f. 

19. r = 2 sin* 0 . 

21. P = 3 sin* 5< + 8 sin* KM. 
23. 8 = t* cos 2 t. 

26. y = (1 + x)<Vx. 

27. M = 10(1 + t))*(5 + 7»)*. 


29. y ■= V3 + 2**. 

32. y - - 7 =L= - 
VI +x* 

„ 3x -5 

^ 2a; 4 3 

.. 2t* - 1 

38. u — ■ • 

<41 

cos a; 


30. v = VI 4a;. 

83. y - - .-i- 

V2 + 5x 

3< 

36. S - -r-^. 
t* - 2 

.. 1 

39. i> ■« -i- 

u* + 1 


'l+0 ■ Ssin* 


44. * - \/25 + 4u*. 


‘ + 55- 
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Compute the derivatives of the following functions of assuming that all the other 
symbols denote constants. 


46. s = 

47. u « 

48. E 

49. E 

60. W 

61. / » 
62. u • 


a ht 
c +dt 

Vl 

' Eo cos (o)/ -f a). 

' A sin wi + R cos 
= A sin^ (ot. 

Iq h sin (ujt -f- ai) -f -1 2 sin (2to< + a2) + Iz sin {Zcut -|- as). 
ao 4- ai cos t a 2 cos^ i + as cos® t. 


19-10. Applications of the Differential Calculus. There are many 
problems in geometry and engineering which can be solved by the meth¬ 
ods of the preceding sections. A few of them will be discussed in this 
section. 


Example 1. Compute the slope of the tangent of the curve given by the equation 
2 / « -f 4x — 11) at the point P with the abscissa x = I (Fig. 19-6). 



Fig. 19-6. 


The required slope is, according to Sec. 19-5, equal to the derivative of y at the 
point a; « 1. This derivative is found to be 

dy d^{x^ 4- 4aj — 11) 1 2 

— cs - . . - . - as — 35 -i. — 

dx dx Z 3^ 

and its value for x « 1 is 1. 

The equation of the tangent line to the given curve at the point x * 1, y « 
J(1 4-4 — 11) =» —1, can now be found, for this is the equation of a straight line 
passing through the point (1, —1) and having the slope 1. Hence,^ using the point 
slope form of the equation of a straight line (Sec. 16-8), the equation of the tangent 
is found to be 

y 4-1 * a? - 1, 

y » X — 2, 
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Example 2, The motion of a particle P along a straight line is completely de¬ 
scribed if the distance s between a point of reference 0 on this line and the particle 
(Fig. 19-7) is given as a function s = f(t) of the time t. 

The speed v of the particle at the time t is the instantaneous rate of change of a 
with respect to t and, therefore, can be ^ 

found by differentiating the function f(t) ^ " 

with respect to 

V ^ d/W 0 P ^ 

dl dt Fig. 19-7. 


In Sec. 5-16 we discussed the harmonic motion of a point described by the equation 
s « A sin (jot. The speed of the moving point at the time t is given by 

ds d(A sin a»0 

=- - -= Aco cos ut. 

<U dt 


Now the speed of the moving particle is itself a function of the time. The rate of 
change of this function with respect to time is called acceleration, often denoted by 
the letter a. For the harmonic motion we have 


dv d(Ao3 cos (at) . 9 . 

a = —“ — - “ — Ao)^ sin ttd, 

dl dt 


The acceleration is found by computing the derivative 


ds 

It 


entiating this result another time, so that 



dm 

dl 


V and by differ- 


This value which has been obtained by differentiating the result of a first differen¬ 
tiation is called the second derivative of s = /(/) with respect to t. It is generally 

d^s cPm 

denoted by -75 == - or simply s" = /"(O (read: a two prime, or s double prime, 

^ df(t) 

f two prime of t or f double prime of t). In this connection, /'(<) *= is often 

dt 


called the first derivative of /(O. 

The result of the preceding discussion is summarized in the following statement: 
The speed of a particle moving along a straight line is the first derivative of the distance 
a with respect to time and the acceleration is the second derivative of the distance s with 
respect to timCy where s is mmaured from a fixed point of reference to the moving particle. 
Example 3. The electromotive force E^ across a circuit of resistance R ohms and 
inductance L henries, when a variable current I amperes is flowing, is given by 


^ dl 

E RI -f* L ~ • 
dl 


This equation can be used to compute E when I is given. In an alternating- 
current circuit / may be given by the equation 

I ^ Jo sin (at. 

The voltage across this circuit is then obtained as follows. 

^ dl , d(Iosilled) , 

E ^ ^ Rio sin -f- L- - -*■ Rio sm -f JoLm cos ed. 

dt at 
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EXERCISES 


Find the equations of the tangents of the following curves at the indicated points. 

1. 2/ = — 1, (o) X - 2, (b) X - —3, (c) X - 0. 

2. y =» Vl — (a) x « (6) X — —0.6, (c) x *= 0. 

3. y * sin x, (a) x * 0, (6) x * ^, (c) x = 


TT IT 

4. 2/ = 2 COS X — 3 cos 2x, (a) x = 0, (6) x « - , (c) x » - • 

6 2 

Find the s{)eed and the acceleration at the time ^ of a particle moving according 
to the following equations. 

6. 8 « 6. s « 6^^ - 10^2 


7 . 8 

9 . 8 


2 ^ + 1 

Ai sin <at + A 2 sin 2u)t. 


8. 8 = t;o< -f ^ iK 
10. 8 = 5^ sin 2i. 


A circuit has a resistance of 40 ohms and an inductance of 0.2 henry. Find the 
electromotive force across this circuit if the current is 

11. 7 = 5 amperes. 12. I = (O.li + 2) amperes. 

13. 7 10 sin (377/ + 0.1) amperes. 14. 7 = cos (0.5/ + 3) amperes. 

19-11. Maxima and Minima. There are many practical problems 
where it is necessary to obtain a quantity as great or as small as possi¬ 
ble. Examples of such problems are given in the following statements: 
Find the sides of the greatest rectangular lot which can be fenced with 
200 ft. of wire. Find the dimensions of a tin can of given volume if as 
little sheet metal as possible should be used for its construction. Find 
the value of the resistance which must be in series with a source of elec¬ 
tricity if the power output should be as large as possible. The diJEferen- 
tial calculus permits us to develop a method for dealing with these and 
similar problems. All problems of this kind, when expressed in mathe¬ 
matical language, can be stated in the following way: Find the particular 
values of x for which a given function y — fix) assumes its greatest or 
smallest valuCy and compute this value. The first of the problems men¬ 
tioned above will be used to illustrate the subject of the present section. 

Our problem is to find the sides of the greatest rectangular lot which 
can be fenced with 200 ft. of wire. Let x and Xi denote the unknown sides 
of the lot. The sum of the four sides (perimeter) of this lot is given by 

X + X+ Xi+Xu 

and hence we have the equation 

2x + 2xi — 200 , 
or 

N 0 ?! = (100 — x) feet. 
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Now the area of this lot is given by 

y = xxi = x(100 — x) square feet. 


We have to find a value of x for which y has the greatest value. For this 
purpose the following table of corresponding values of x and y is con¬ 
structed: 


X 

XI ^ 100 — X 

1 

8 

H 

0 

100 

0 

10 

90 

900 

20 

80 

1600 

30 

70 

2100 

40 

60 

2400 

50 

50 

2500 

60 

40 

2400 

70 

30 

2100 

80 

20 

1600 

90 

10 

900 

100 

0 

0 


From this table and from the corresponding graph (Fig. 19~8), it can be 
seen that the greatest value or maximum of the area is 2500 sq. ft. and 
that the lot having this area is a square whose sides are 50 ft. in length. 



Fig. 19-8. 


The next step is to solve the above problem without constructing a 
table or plotting a graph. From Fig. 19~8 it is obvious that the tangent 
at Poi the highest point of the graph, is parallel to the x-axis and, 
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therefore, has slope zero. From Sec. 19~5 it is known that the slop)e of 
the tangent is equal to the derivative of the function of the graph. 
Hence it can be stated that the derivative of this function, computed at 
the point Pq, is zero. Now the equation of the graph of Fig. 19-8 is 

given by ^ ^ xClOO — x) = lOOx — 


and hence its derivative is 


dy 

dx 


= 100 - 2x. 


This derivative is zero when computed for x = xq, the abscissa of Pq* 
Hence the following equation for xq is obtained: 


and therefore 


100 - 2xo = 0 , 

xo = 50, 


2/o — 3*o(100 Xq^ — 2500. 

These values are the same as those previously obtained by constructing 
a table of corresponding values of the sides and the area of the lot. 



The same method could be used to find the smallest value or minimum 
of a function given hyy — f(x). Assume that the graph of this function 
is given in Fig. 19-9 and P is the lowest point of the graph. Again it 
can be stated that f{x) = 0 for a: == Xof because the tangent at P has 
slope zero. 

The foregoing discussion shows that the problem of finding the maxi¬ 
mum or minimum of a function y = f{x) may be reduced to the problem 
of solving the equation 


dx 
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Assume that the graph of some function y = f{x) is plotted in Fig. 19-10, 
The roots of the equation 


dx 

are the abscissas of the points Pi, P 2 , P 3 where the tangent is parallel to 
the x-axis. The figure shows that QiPi = f{xi) is the maximum of 
y = but that Q 2 P 2 = /(^ 2 ) is not the smallest value of y. The 
ordinate Q 2 P 2 is only smaller than the ordinates of the other points in 
the neighborhood of P 2 , but there are points whose ordinates are smaller 



than Q 2 P 2 - For example, P 4 is such a point since Q^Pa is smaller than 
Q 2 P 2 . At points like P 2 the given function is said to have a relative 
minimum. Similarly the ordinate Q 3 P 3 is a relative maximum of the 
function. There are many problems in which it is important to find 
such a relative minimum or a relative maximum. In the following dis¬ 
cussion, the expressions maximum and minimum are used to denote a 
relative maximum or relative minimum. The value f{xi) = QiPi is then 
called an absolute maximum. 


The solution of the equation 


df{x) 

dx 


= 0 yields the abscissas of the 


points Pi, P 2 , P 3 , but it does not settle the question whether, at any one 
of these points, the function has a maximum or a minimum. This ques¬ 
tion can be answered by plotting the graph although it is sometimes 
clear from the nature of the problem whether we have a maximum or 
minimum. A better method for determining whether a point is a maxi¬ 
mum or a minimum is given by the following rule: 

The function y = f{x) has a maximum or a minimum for x = Xq ify oi 
this point, the first derivative f'(xo) = 0 and the second derivative /"(^o) 
is respectively negative or positive. 
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The results of this section can now be summarized in the following 
statement. 

In order to find the maxima or minima of a function y = f(x), compute 
the first derivative f\x) and the second derivative f\x). Then solve the 
equation f\x) = 0. If x = xq is a particular root of this equation, the 
value f{X(f) is a maximAim if /^'(xo) < 0, and a minimum if f"{xo) > 0, 

A few examples will illustrate the application of the material devel¬ 
oped in this section. 


Example 1, Find the maxima and minima of the function 


y = f(x) 


4 



According to the rule given above we find the first and second derivatives, 



3a; 

2 * 


Solving the equation 

we obtain 


r(x) 



3 

2 


fix) 


3 ^ 

4 


2 


- 0 , 


lx{x - 2) = 0, 
xi = 0, a ;2 = 2. 


Computing /"(a;) for these values we get 

/"(0)-~5<0, r(2)-|>0. 

It can be stated, therefore, that the value /(O) « 2 is a maximum and the value 
/(2) » 1 is a minimum of the given function. These results are illustrated by the 
graph of Fig. 19-11. 



Fig. 19-11. 
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Example 2, What is the resistance of a load connected in series with a battery 
of electromotive force E and internal resistance Ri if the power output is to be as 
great as possible? 

The power output P is given by the formula 


By Ohm^s law we have 


P = PR. 
E 


We obtain, therefore, 


Ri -f- R 

(R. + R? 

In order to find the value of R for which P is a maximum, we have to compute 
dP (PP 

-j- and —; from the last formula. This computation is troublesome in this case 
dH dR 

and can be simplified by observing that — has a minimum when P has a maximum. 


Hence if we substitute — 


u in the expression for P, we obtain 


(K. + R)* + 2RiR + R? 1 /ft.* , 

----+ + V 


Finding the first and second derivative we have, 

du 
dR 


ft*V R* /’ 


^ _ JL (^1 

dft* ~ ft* V ft* 
du 


0 


2ftj* 

ft*ft»' 


Equating the first derivative — to zero, we obtain 

dR 


and hence 




R ^ Rx or R 


-Ri- 


Since the negative value R ^ —Ri has no physical meaning in our problem, we dis¬ 
card it and use the value R « Ri. liVhen this value P = P* is substituted in the 
<Pu 2Rp 

second derivative ^ result is positive, so that the corresponding 

value of ti is a minimum and hence the value P *= - is a maximum. The power 

u 

output, therefore, is a maximum if the load resistance P is equal to the internal 
resistance Ri. Substituting P » P* in the expression for P, we get that the maxi¬ 
mum power output is given by 


iPRi IP 
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EXERCISES 


Find the maxima and minima of the following functions. 


1. y - 2*2 - 3x + 7. 

3. m = 0.23^2 + 0.18N - 1.2. 

6 . y - 4*2 + 3*2 - 90* + 144. 

7. * = f+J- 


2. 8 = loot - 16<2. 

4. y ^ *2 - 6*2 - 15* - 6. 

6. y = 3*2 - *. 


8 . 


y = -+2 + 




9 . y 
11 . 8 


1 

1 + 3 : 2 * 
cos t + cos 2t. 


10. 8 = sin ^ + cos t. 
12. w = 8 sin t — tan t. 


13. An open box is formed from a square sheet of tin, the side of which is 18 in., 
by cutting off equal squares at each corner and turning up the sides. What size of 
squares should be cut out in order to obtain a box of maximum content? 

14. Solve the problem of Exercise 13 if, instead of the square piece of tin, a rec¬ 
tangular sheet 15 by 24 in. is given. 

16. Solve the problem of Exercise 13 for a rectangular sheet whose sides are a and 
b inches. 

16. A closed cylindrical can is to be made so that its volume is 54 cu. in. Find 
its dimensions il* the total surface is to be a minimum. 

17. A cylindrical can open at one end is to be made so that it^ volume is 64 cu. in. 
and its surface as small as possible. Find the diameter and the height of the can. 

18. Find the side and height of a parallepiped with a square base 27 cu. in. in 
volume if the surface is to be a minimum. 

j 19. A water tank is to be constructed having a square base, an open top, and 
vertical walls; it is to contain 256 cu. yd. Find the side of the base and the height 
if the sum of the area of the bottom and the walls is to be a minimum. 

J 20. The time, in seconds, needed for an object to slide down an inclined plane, if 
friction and air resistance are neglected, is given by the formula 


4 \ sin 20 ^ 


where 0 is the angle between the inclined plane and its base and L is the length of 
the base measured in feet. Find the value of 0 which makes i a minimum. 

^ 21. The power output P of a battery of electromotive force E and internal resist¬ 
ance Ri is given by 

P --El - RJ^ 

where I is the current delivered by the battery. Find the current for which the 
pow’er output is a maximum. 

J 22. The power developed in watts in an alternating-current circuit is given by 

p_ 

where E is the impressed voltage, R the resistance in ohms, and X the reactance 
in ohms. If E and X have constant values, compute the value of R which makes 
P a maximum. 
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^23. If, in an electric transformer, the primary current is an alternating current of 
impressed voltage E and frequency / and if both circuits are properly tuned, then 
the secondary current is given by the formula, 

EoiM 

where w = 2ir/, M the mutual inductance, and Ei and E 2 the resistances of the two 
circuits. Find the value of M for which / is as large as possible and compute this 
maximum. 

19-*12. Increments and Differentials. The computation of an incre¬ 
ment of a function y = f{x) according to the formula (Sec. 19-1) 

At/ = f{x + A.t) - f{x) 

is often troublesome. In many cases the computation can be greatly 
simplified if the increment Ax is small and only an approximate value of 
A^/ is required, conditions which are satisfied in many practical problems. 

Assume that P and Pi are the two points on the graph of y = /(x), 
Fig. 19-12, which correspond to the abscissas x and x + Ax. The incre¬ 
ment A^/ of the ordinate is given by the segment PiQ, Now construct 



Fig. 19-12. 


the tangent to the curve at P and let Pi be the point on the tangent 
which has the same abscissa as JPi. In Sec. 19-5, the term differential 
was used for each of the increments connected with a point on the 
tangent, and the notations dx and dy were adopted. Accordingly, 
dx = PQj dy = QPi', and Ax = dx. 

The differential dy is easier to compute than the increment Ay because, 


according to Sec. 19-5, is the derivative f\x) computed at the point 
dx 


Pf and therefore 


dy = /'(x)dx. 
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From Fig. 19-12 it is obvious that dy is an approximation for Ly when 
Ax ~ cte is small, because the points Pi and Pi approach one another 
if Q approaches P. This discussion permits us to state the following 
rule: 

The increment of y — f(x) for a small increment of x, denoted by Ax == dXf 
is given approximately by the formula for the differential 

dy = S\x)dx. 


A few examples will illustrate the use of the differential dy as an 
approximation to the increment Ay, 


Example 1. Compute the differential of u =* 
Since u » /(t>), and 


du 

dv 




V 

vr^' 


it follows that 


/ 


du = 


vT+i^ 


dv. 


Example 2, What is the increase of the volume F of a sphere if its radius r is 
increased from 24 in. to 24.2 in.? The volume of a sphere is given by the formula 


V 


47rr3 
3 ‘ 


Using the differential dF as an approximation to A F in order to simplify the com¬ 
putation, we obtain 


dr 


= 47rr^ 


dF = 47rr2dr. 


Since r — 24 and dr = 0.2, we obtain 

dF * 47r(24)2(0.2) « 1450 cu. in., 

the computation being carried out by the slide rule. 

In order to investigate how close this value is to the correct value AF, it is neces¬ 
sary to compute F for r = 24 in. and r =* 24.2 in. and to subtract the first value from 
the second. The results obtained by use of the slide rule are not precise enough for 
this purpose. Use of logarithms gives the following results. 

V - T (24)’ - 67,900 cu. in., 

O 

F + AF - ^ (24.2)» = 69,360 cu. in., 

3 

AF « 1460 cu. in. 

The error made by using dF * 1460 instead of AF » 1460 is less than 1 per cent. 
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^ Example 3. The frequency of the electric oscillations which can be produced by 
a circuit of inductance of L henries and capacitance of C farads is 


/ =s-cycles per second. 

2WlC 


What Is the approximate change of / if C is increased by 1 per cent? 

In this problem, / is regarded as a function of C, and the vaL ,3 of d/ is to be com¬ 
puted for dC *= O.OIC. We compute first the derivative 


d -7= 

^ 2Tr\/LC 

dC “ dC 


1 dC-^ 
2ir\/L dC 



1 

My/W 


Then 


df 



f ^ 
2* C 


0.01 
2 ^ 


-0.005/. 


X 

2C 


This^sult shows that the frequency decreases approximately 5 per cent if the capaci- 
tan<^e is increased by 1 per cent. 

\/Example 4- CJompute approximately sin 30.1®, using the known value sin 30® 
= 0.5. 

Since 

A sin X = sin (x + Ax) — sin x 
or 

(1) sin (x -f Ax) * sin X H- A sin x 

we can compute sin 30.1® by computing (1) for x = 30® and Ax = 0.1®. 

As an approximation to the term A sin x we shall use the differential 

(2) d sin X = cos x dx. 

We stressed in Sec. 19-8 that in the formulas for the differentiation of trigono¬ 
metric functions it is assumed that x is measured in radians. Hence 


clx = 0.1° — (0.1) radians = 0.00175 radians, 

180 

and therefore, if x * 30° ~ ^ radians, we have by (2) 
o 

dsin* = ^cos ^^0.00175) - (0.8660) (0.00175) - 0.0016. 
By (1) we have that 

sin 30.1® * sin 30® -f 0.0016 
= 0.5000 + 0.0016 
» 0.6015. 


The approximation in this case is so good that all four digits of the result are correct 
as the student may verify from the tables of trigonometric functions. 
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EXERCISES 

Compute the differentials of the following functions. 


1. 2/ = 7x® - 5x + 1. 

2. 2/ = 3x^ + 7. 

1 

fl 

CO 

4. 2/ = “• 

X 

6. 2/ =* Vx H—7=* 

Vx 

Vi-** 

7. 2/ = 10 sin X 

8. 2/ = 5 sin X — 3 cos x. 

9. y = sin 2x. 


10. Compute approximately the volume of a hollow sphere of internal radius r » 
4 in. and thickness a * 0.1 in, 

11 . How much does the volume of a cube with 5-ft. sides increase if each side is 
increased by 1 in.? 

12. The diameter and height of a cylindrical tin can are 4 in. and 7 in., respec¬ 
tively. By how much will the volume of the can be increased if the diameter is 4.1 
in., the height remaining unchanged? 

13. The impedance of an alternating-current circuit, measured in ohms, is 

Z = Vfi2 + 

where U is the re.sistance in ohms, / the frequency in cycles per second, and L the 
inductance in henries. Compute approximately the increase of Z if 

(а) i? « 10 ohms, L — 0.5 henry, / *= 60 cycles per second, and / increases to 
60.5 cycles per second. 

(б) R = 120 ohms, L ~ 4 • 10“^ henry, / ~ 5 • 10® cycles per second, and / in¬ 
creases to 5.05 • 10® cycles per second. 

(c) R = 180 ohms, L = 0.20 henry, / = 1000 cycles per second, and L increases 
to 0.21 henry. 

Compute, approximately, the following quantities. 

14. Vl6 2, starting from the value \/l6 « 4. 

16, using the value = 2. 

16. using >5/Ui. 

17. sin60.2^ 

18. 008 60.2°. 

19. tan 45.3°. 

PROGRESS REPORT 

Ill order to study how a function varies when the independent variable 
changes, the concepts of corresponding increments, average rate of 
change, and instantaneous rate of change were introduced. The new 
idea of an instantaneous rate, or derivative, was carefully investigated 
by means of the concept of limit. The computation of derivatives and 
their use in solving problems in geometry and engineering were then 
shown. 
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THE ELEMENTS OF INTEGRAL CALCULUS 

Newton and Leibnitz made one of the greatest discoveries of mathe¬ 
matics when they found that there is a close connection between com¬ 
puting an area and finding a function whose derivative is given, and 
that the first problem can be reduced to the second. The consequences 
of this discovery together with the solution of the second problem are of 
the utmost importance and possess innumerable applications in engineer¬ 
ing and the physical sciences. 

20-1. The Approximate Computation of an Area. The problem of 
computing an area is often presented in the following way. The graph 



of a function y —J{x) is plotted (Fig. 20-1) and the shaded area bounded 
by the graph AB and the segments AA\ BB\ and A'B' is to be found. 
In order to obtain an approximate value for this area, the segment 
A'B' is divided into a number of equal parts. For example, in Fig. 
20-2 the segment A'5' is divided into 5 equal parts. The length of 
each of these parts is denoted by Ax. Now in each of these parts select 
a point arbitrarily. In this way we select Pi, P 2 , • • whose abscissas 
are denoted by xi, X 2 , • • •. The points on the curve with these abscissas 
are denoted by Qi, Q 2 , •••, whence PiQi =/(xi), P 2 Q 2 — fMy 
Now, as shown in the figure, rectangles are constructed whose bases 
are the segments of length Ax on the x-axis and whose altitudes are the 

647 
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segments PiQu P 2 Q 2 , • * The area of a rectangle is the product of 
the length of its base and its altitude and therefore, 

Area of rectangle I = (PiQi) Ax = f(xi) • Ax 

Area of rectangle II = (P 2 Q 2 ) Ax = f{x 2 ) • Ax 

The sum of these areas 

I + II + • • • = (PiQi) Ax + {P 2 Q 2 ) Ax +•• • 

= f(xi) • Ax + f{x 2 ) • Ax + • • • 

Is obviously an approximation for the area ABB'A', The error made 
by using the sum of the rectangles instead of the correct, but unknown 



value of the area ABB'A' becomes smaller if the number of segments 
into which A'B' is divided is increased. Thus the area can be found 
with any desired degree of precision if the number of segments is large 
enough or, what means the same thing, if the bases Ax are small enough. 

The sum 

/(xi) • Ax + /(X 2 ) • Ax + • • • 
which is used above can be denoted symbolically by 

Sf{x) • Ax, 

where the symbol S denotes that a series of similar terms /(xi) • Ax, 
/‘(X 2 ) * Ax, • • • are to be added. In order to indicate that the area can 
be found as precisely as we desire by taking Ax small enough and com- 






20-1] THE APPROXIMATE COMPUTATION OF AN AREA 649 


puting these sums, the symbol dx is used instead of Ax, and the sum is 
written with the symbol J "instead of S: 

Area ABB'A '-fm dx. 

In order to indicate that the area bounded by the lines x ^ a and 
X = 6 is to be computed, we write 


Area 


=/ 


/(x) dx. 


The right member of this equation is called the definite integral of/(x) dx 
between the limits a and b or from a to b. This discussion has shown 


that the definite integral is an area; the symbol 



'^the integral 


of^O indicates the method of computing the area. 

For practical computation it is advantageous to replace the rectangles 
of Fig. 20-2 by trapezoids as shown in Fig. 20-3. The area of a trapezoid 



is the product of one-half the sum of the two parallel sides and the dis¬ 
tance between them. If the notations of Fig. 20-3 are used, these 

I = + j/i) 

II = f (yi + 2/2) 

III = |(j /2 + Vz) Ax, 

IV = \{y3 + Vi) Ax, 

V = 1(^4 + Vs) Ax, 


areas are 
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whence 

I + II + III + IV + V 

Ay 

= [(yo + yi) + (vi + 2/2) + (ys + ys) + (j/a + y*) + iy* + fs)] 

Ay 

= "y (2/0 + 2/5 + 2 yi + 2//2 + 22/3 + 22/4) 

. ^2/0 + 2/5 , , , , ^ 

== Ax I— -h 2/1 + 2/2 + ^3 + 2/4y • 

When the interval A'B' is divided into any number of equal parts, a 
similar formula can be found. The general result of this discussion is: 

In order to find an approximate value for the area ABB'A' hounded by 
a curvey the axis of the ahscissasy and two ordinates^ divide the segment A 'B' 
into n equal partSy the length of each part being denoted by Ax. Then find 
the ordinates 2 / 0 , 2/ii 2 / 2 , corresponding to the division points of 

A'B'. The formula 

, /2/() + 2/n , , , , \ 

AO’ ( - - -h 2/1 + ^2 + ‘ • + 2/n~l ) 

gives an approximation for the area ABB'A'. This formula is known as 
the trapezoidal formula. 

A few examples will show how this formula is applied. 

Example 1. Compute the area S boimded by the graph of — 4x, the ordinates 
corresponding to a; = 4 and a: = 9, and the x-axis, as shown in Fig. 20-4. 



Fig. 20-4. 
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If the segment A'R' is divided into five equal parts each of length Ar » 1, the 
following table can be constructed giving corresponding values of x and y « VSf 
the values of x being the points of division of the segment A'B\ 

X y 

4 4.000 

5 4.472 

6 4.899 

7 5.292 

8 5.657 

9 6.000 


The trapezoidal formula gives as an approximate value of the area 

^ /-‘J /4.000 -f 6.000 \ 

^8 - V4x dx « 1 (- - --f 4.472 -f 4.899 -f 5.292 + 5.657 j 

= 5.000 -f 20.320 = 25.320. 

Since the correct value is 25.333, the value obtained by this computation is correct 
to about four significant figures, a very good approximation. 



w 

Example 2, Compute the area denoted by the integral i'^ x sin x dx. The graph 
of the curve y =» a; sin x is plotted in Fig. 20-5. The area to be computed is in¬ 


cluded by the graph, the x-axis from 0 to - , and the line x 


- • The interval 
2 


from 0 to - is divided in 9 equal segments of the length Ar 
2 


18 


■ 0.1745, corre- 
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spending to 10^. In order to apply the trapezoidal formula, the following table is 
computed, the computations being performed with the slide rule. 


Number 


sm y ^ xsvax 

0.0000 0.000 


0.174 0.1736 0.030 


20® « 2 — » 0.349 0.3420 0.119 

18 


30° = 3 — = 0.524 0.5000 0.262 

18 


40® = 4 - - 0.698 0.6428 0.449 

18 


50® * 5 — * 0.873 0.7660 0.668 

18 


60® = 6 — * 1.047 0.8660 0.907 

18 


70® - 7-- = 1.222 0.9397 1.148 

18 


8 80® « 8- = 1.396 0.9848 1.375 

18 


9 90® « 1.571 1.0000 1.571 

2 

By the trapezoidal formula, we add the average of the first and last ^values to the 
sum of the others. 


2/0 H- 2/9 


+ 2/1 4- 2/2 + • • • + 2/8 “ 0.786 -f 4.958 « 5.744. 


The area is this sum multiplied by Aa; = 0.1745. The result is 


X si 

0 


sin X da; = 5 = 0.1745 • 5.744 « 1.000. 


EXERCISES 

Using the trapezoidal rule, find to three significant figures the area bounded by 
the given curve, the given two vertical lines, and the x-axis. Use the given value 
of Ax. 

1. 2 / =« x^, X « 0, X » 3; Ax =* 1. 2. 3 / =» x®, x « 1, x » 4; Ax « 1. 

3. 2 / ~ Vx, X « 0, X « 8 ; Ax « 2. 4. y » x * 0, x « 8 ; Ax 2. 


6 . y « sin X, X * 0, X « “ ; Ax ~ • 8. y ** cos x, x ■■ 0, x ** - ; Ax — rr • 

2 8 2 10 


7. y » tan X, X » 0, X « - ; Ax » 


« 1 , . 1 
8. y » - , 0 ? « 1, X « 4; Ax * 

X 2 


9. y * log X, X 1, X * 5; Ax »» 10. y — 2®, x — 0, x « 5; Ax ■» 
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Compute the area denoted by the given integral to three significant figures, iiaing 
the given value of Ax. 


11. f dXy Ar = 1. 

IT 

13. / ^ cos xdx.Ax = - • 

J^rr 6 

2 

X ^ dXy Ax — 

17. rVie - x^ dXy Ac » 1. 
Jo 

•K 

19. f x^ sin X dx, Ax = 7;; • 
Jo 


12. / 3=^ dXy Ac * i 
Jo 

14. / dx, Ac 
Jo 

ir 

/*2 ^ 
16. / X cos X dx, Ac «* ~ • 

i. /* a/o — x^ dx, Ac 
Jo 

I. / x^ sin 2x dx, Ac =* t;: • 
^0 


18. 

20 . 


21. Compute the value of f x^ dx using the trapezoidal rule and Ac =* 1. Then 

• 

compute the same integral using Ac = f. If the correct value of the integral is 
by how much does each approximation differ from the correct value and what is the 
percent of error in each case? 

22. The graph of i/ = \/4 ~ x^ is a semi-circle with center at the origin and lying 
above the x-axis. Compute the area of the semi-circle by the trapezoidal rule, using 
Ac =» i, and find the amount by which this approximation differs from the correct 
result. 

23. The effective value of a sinusoidal alternating current with a peak value of 
/o amperes is kfo amperes, where 


k - 



sin^ X dx. 


Compute the value of k correct to three significant figures. 

24. The average value of a sinusoidal alternating current with a peak value of 
1 0 amperes Ls m/o, where 

m = - / sinxdx. 

TT Jo 

Compute the value of m correct to three significant figures. 

20-2. The Definite Integral and the Inverse Operation of Differentia¬ 
tion. The method given in the preceding section for computing approxi¬ 
mate values of an area made use of a table of values of the function 
corresponding to equally spaced values of the independent variable, 
but did not make use of any further properties of the function defining 
the area. When a function is defined by a mathematical formula, it is 
desirable to find the area under the curve precisely, without the use 
of the approximation method of Sec. 20-1. That such a precise result 
can be achieved by using the properties of the function defining the 
area is one of the most important discoveries of mathematics. How 
this precise result can be obtained will be discussed in this section. 
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The problem considered in Section 20-1 was: Given a function 
y ~ compute the area bounded by an arc of the graph oi y — fix), 
the two lines x a and x == fe, and the a;-axis. Now we shall investigate 
how the area S changes if the value of b changes, or using functional 
language we shall investigate the area aS as a function of b. If we write 
X instead of b we may state the problem as follows. Investigate the 
area S under the curve y = fix) and above the a:-axis between the 
abscissas a and x (see Fig. 20-6). Since this area depends on x, it is a 
function of x, which we shall denote by Six), 



Fig. 20-6. 


We shall now compute the derivative of AS(a:) with respect to x. The 
increase A^!(^) corresponding to the increase Ax of x is the shaded area 
BCCB\ This area is equal to the area of a rectangle with base 5'C' 
and altitude PP', where P is a point on the curve between B and C. 

ASix) = area BCCB' = (PP')(B'C') - (PP') • Ax, 

The average rate of change of Six) as x increases from x to x + Ax is 

^ pp, 


The derivative —is the limit of this expression as Ax approaches zero. 
dx 

From Fig. 20-6 it can be inferred that PP' approaches BB' as Ax 
approaches zero, and therefore C approaches B, We have, then, that 

PP’-BB’. 

dx doc-*o Ax ^-*0 
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The length of BB' is the value of the function y = J{x) for the value of x 
indicated in the figure. Hence we have the fundamental formula 


d S{x) 

dx 




The meaning of this formula (;an bo stated as follows. 

If the area bounded by the curve y — f{x), the x-axiSj and the ordinaies 
corresponding to the abscissas a and x is denoted by S{x), then the derivative 
of S{x) with respect to x is the given function f{x). 

The problem of finding a formula for S{x) is thus the problem of find¬ 
ing a function whose derivative is the given function f{x). This state¬ 
ment shows that the problem of finding an area is closely connected 
with the problem of finding a function whose derivative is a given function 
of the independent variable. 

The operation of finding a function whose derivative is known is 
called integration. Integration is the inverse operation of differentiation, 
just as subtraction is the inverse operation of addition and division is 
the inverse operation of multiplication. 

The operation of differentiation applied to a given function yields 
a completely detcimin(*d result, the derivative of the given function. 
The inverse operation does not yield a unique result, because it can be 
shown that there are infinitely many functions having the same deriva¬ 
tive. For example, the functions 2x^, 2:r^ + 10, 2x^ — 5 have the same 
derivative 4Xf be^cause the constant terms +10 and —5 have the deriva¬ 
tive zero. All the functions which are obtained by adding an arbitrary" 
constant C to a function F{x) have the same derivative as F{x) because 

d[F{x) + C\ __ dF(a:) 
dx dx 


Conversely, it can be shown that all functions which have the same dema- 
tive as F{x) can be obtained from the formula F{x) + C, This fact can be 
expressed as follows. 


dF(r) 

Theorem A, If F{x) is a function with —= /(x), then every function 

dx 

of X having the same derivative f(x) can be written as F{x) + C, where C is 
a constant 

The result of this theorem will now be applied to the area problem. 
Consider the shaded area S{x) under the curve y = f{x) as shown in 
Fig. 20-7. We have already seen that 


dS{x) 




dx 
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Suppose that we succeed in finding a function F(x) such that 


dF(x) 

dx 


fix). Then according to Theorem A, there is a constant C such that 

Six) = Fix) + C. 

When X ^ a the area is obviously zero, so that Sia) = 0. Therefore, 

Sia) = F(a) + C = 0 
C = -F(a). 


or 


Hence the formula for Six) becomes 


Six) = Fix) - Fia), 


This formula permits us to find the area for any value of x after Fix) 
has been found. Substituting a; = 6, we obtain, in particular, the area 
ABB'A\ which was previously denoted by 


Therefore 



dx. 



dx == Sih) = Fih) - Fia), 


We have established then this important result: 

Theorem B, If fix) is given and Fix) is a function such that 


dF(x) 

dx 


-/(X) 



dx = Fib) - Fia). 


then 
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Example 1, In Example 1 of Sec. 20-1, the area under the curve y =» \/S and 
above the a;-axis lying between a; =* 4 and x ^ 9 was computed. This area be 
denoted by 



dx. 


According to the rule just discussed, this definite integral can be computed if a func- 


dF(x) 

tion F(x) can be found such that , = \/4x ~ 2y/x- 

dx 

F(x) = ^x^ 

is such a function, for 


d(^x'^) 4 3 1 

dx 3 2 


2V5. 


The function 


According to Theorem B the value of the area is 


Fvix dx = F(9) - F(4) = 1(9”) - = 4(27 - 8) - 25.33. 

J 4 

Example 2. The area computed in Example 2 of Sec. 20-1 was denoted by 

ir 

/ ^ x Sin xdx. 

Jo 


We find that for the function 


the derivative 


and therefore 


dF{x) 

dx 


F(x) « sin x — x cos x, 


= cos a; — (cos x — a; sin x) == a; sin 


xsinxdx ^ F ^^(0) 



= (1 - 0 ) - (0 - 0 ) 


- (sin 0 — 0 • cos 0) 

* 1 . 


So far, as in the preceding examples, we are able to find the function 
F(x) only by trial and error, by testing various choices to see whether 
the derivative of the chosen F{x) is f{x). In the next section a few meth¬ 
ods for finding F(x) when f{x) is given will be developed using the 
definitions which follow in this section. Because of the connection 
between the problem of finding the function F{x) and the area problem 

whose solution was denoted by the symbol / f(x) dx, called a definite 

*Ja 

integral, the following definitions are introduced. 

Each function F(x) such that . ^ - f{x), or such that dFix) - fix) dx, 

is catted a particular integral of fix) dx. 
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Since every other function with the same derivative f{x) can be 
expressed in the fonn F(x) + C, where C is a constant, we state the 
following definition. 

If F{x) is a particular integral of f{x) dXj the expression F{x) + C 
is called the general or indefinite integral of f{x) dx, and is denoted by 


the symbol J*f{x) dx, C is called the constant of integration. 
The symbol //(X) dx which is defined by the relation 



dx = F(x) + C 


is read as the indefinite integral of f(x) dx, or briefly, the integral of f{x) dx. 
The abbreviation is often used for the expression F{b) — F(a), 

whence the fundamental relation of Theorem B can be written as 


( 1 ) 



dx = [f (X)1‘ = F(b) - Fia). 


The operation of finding an integral is called integration; the integral 
of fix) dx is found by integrating. As an illustration of how these nota¬ 
tions are used, the results of Examples 1 and 2 of this section will be 
restated here. 

Example 3. The problem of Example 1 was to compute the value of J' \/4x dx. 
We found that was a function with the derivative \/ 4x. We state this fact by 

a.' — 

saying that is a particular integral of v 4x dx. Then the general or indefinite 
integral of \/4x dx is 

y" '^4xdx — 'f C. 

in other words, f^x^ -f C is the most general function whose derivative is \/ 4x. 
Then by relation (1), 

y i • 27 - ^ • 8 = 25.33. 

Example 4- The problem of Example 2 was to compute the value of I ^ xsinx dx. 
We found that 

F{x) « sin re — x cos x 


was a particular integral of f(x) dXf so that 


/ 


X sin xdx 


sin X 


X cos X 4* C 


ir 

r 


a; sin a; dr « [sin x — x cos x]o ** 1 . 


and 
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Example 6, Prove the statement that 

J *« 2a; cos a; -f (x^ — 2) sin x -f C. 

This equation states that the derivative of the right member equals x^ cos x and there¬ 
fore the equation can be checked by computing this derivative. 

< i[2x cos X + (x^ — 2) sin x -f C] __ d(2x cos x) d[(x^ — 2) sin x) 
dx dx dx 

= 2(cos X — X sin x) + [2x sin x + (x^ — 2) cos x] 

= 2 cos X — 2x sin X -f 2x sin X -f x“ cx)s x — 2 cos x 

s= nna 'r 


EXERCISES 


Prove each of the following statements. 


1 . ^(x^ — 2x 4" 1) dx = — x^ -f X -f C. 

2. f (4x® - 3x2) ^ ^ 1^6 

/ x”+^ 

(1 -f- x”) dx =» X H-- -f C, n * 1, 2, 3, • • •. 

n + 1 

/ n 4- 

(1 4-x)^dx +C,n » 1, 2, 3, •••. 

n -f 1 


/ dx — 1 


6. 

r vT 

' V 1 + ** 

7. 

^sin^xdx - 2 ' 

8. 

j' COs2 X dx *= -J(x ' 

9. 

j* COS® X dx = ^ sin 

10. 

j' sin® X dx = — 1 c 

11. 

sin (ox 4* h) dx » 

12. 

f COS (ox 4- 6) dx « 


' COS (ox + 6) -h C, 
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Using the statements of Exercises 1 - 12 , compute the following definite integrals, 
giving your results correct to three significant figures. By drawing the corresponding 
graph, interpret each integral as an area. 


(x^ — 2 x -f 1 ) dx. 
16. (4x*^ - 3x2) ^ 

(1 + x 2 ) dx. 
dx 

0 oTiT*' 

21 . / sin^ X dx. 

*/o 

ir 

23. cos^ X dx. 

Jo 

IT 

26. / ^ sin 2 x dx. 

Jo 


' sin 2 x dx. 


14. J {x^ - 2x + 1) dx. 

16. / (1 + x^) dx. 

Jo 

“• L (1 + x)2 dx. 
x dx 

20 . / 

‘'0 V 1 4- x2 

22 . /* cos2 X dx. 

Jo 

24. / sin® X dx. 

ir 

26. cos 2x dx. 


7. y^si 
Jo 


sin 3x dx. 


28. sin ^2x + 2 ) 


29. The effective value of a sinusoidal alternating current with a peak value of 
/o amperes is JcIq amperes, where 

k « -^^y^~sin 2 ^^. 

Compute the value of k correct to three significant figures. Compare this result 
with that obtained in Exercise 23 of Sec. 20 - 1 . 

20-3. The Integral Calculus. From the discussion in Sec. 20-2 it 
is obvious that the most important problem now is to find the indefinite 
integral of a given function. This problem is much more complicated 
than the inverse problem: to find the derivative of a given function. 
The system of all the methods which have been developed for obtaining 
integrals of given functions is called integral calculus. A few of the 
more elementary formulas and rules of this calculus will be discussed in 
this section. 

Each formula of the differential calculus can be used to obtain a 

dx^ 

corresponding formula of the integral calculus. Thus the formula — 

ax 

== can be used to prove that 


n + l 


(1) 
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This formula is proved by computing the derivative of the right member: 




1 dx”+^ _ 1 _ 

n + 1 dx n + 1 


(n + 1) a:” = x\ 


A particular case is obtained for n = 0, 




x + C. 


In a similar way the formulas 


sin jc dx = —cos x + C, 


(4) J cos X dx = sin X + C 

can be proved. 

The following rules correspond to the analogous rules of differential 
calculus. 

A constant factor may he written before or after the sign of integration. 


fix) dx. 


(5) Jcf{x) dx = cjf{x)dx. 

Example 1. I (ia; = 4 Jdx = C. 

The integral of a sum or of a difference is equal to the sum or the differ-- 
ence of the integrals of each term: 

(6) J |/(x) ± ^(jc)l = Jf(x) J 9 {x) dx. 

Example 2. Integrate j* (3x + by/x) dx. 

/(3* + by/x) dx ^ / 3x dx + fs^/idx By (6) 

^.sfxdx+sfx^dx By (6) 


By(l) 
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Example S. Integrate j' (2 dn ® + 5 cos *) tie. 

/(2 sin a: + 5 cos x) dx J*2 sin x dx -\r J*5 cos xdx By (6) 

= 2 J'sin X dx 5 J' cos x dx By (5) 

= —2 cos x + 5 sin x C. By (3) and (4) 

Many more eomplicated integration problems, to which the formulas 
given above do not apply directly, can be reduced to simpler problems 
where the formulas do apply by introducing a new variable. The follow¬ 
ing examples will illustrate how this can be done. 

Example 4- Find J'xX^l 2x dx. 

The formulas and rules developed so far do not apply to this problem. A simpli¬ 
fication can be obtained by introducing a new variable t such that 

I ■^2x ^ t 


It is important that not only the new variable t is to be substituted for a; in the 
function xVl + 2a;, but that the differential dx is to be replaced by an expression 
containing only t and dt according to the formula 


In our case we obtain 


, dx , 
dx = - - dt. 
dt 


dx hdty 


and therefore 


J'xy/1 -\-2xdx — 2 


.1 y (fi-ti)di 

r- A 4 -, 

■*[f 

“ \[z^^y/t — \t^/i ] + C 

® — 50 d- C. 

The value of the integral has now been found as a function of t. Substituting for t 
its original value in terms of x we obtain 

J +2®dr - ^Vl + 2®13(1 + 2®)* - 6(1 + 2®)] + C 

- tVVi + 2®16®* +® - 1] + C. 
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The result can be checked by differentiating, because the derivative of the 
has to be a? V1 + 2aj. 

Example 5. Find J' cos 4x dx. 

The function cos 4a; suggests the introduction of a new variable t such that 

f = 4a?, 
dt ~ 4da?, 
dx = \dL 


This substitution gives 


/ r di \ r 1 . 

cos ^xdx — J (cos i) — ” J tdt = - sin < + C 


1 . 


= 7 sin 4a; -f C. 
4 


Example 6. Find cos^ x sin x dx. 

By the substitution t = cos x, dt = — sin a; da? we obtain 


/ /% COS^ X 

cos- X sin a; da? = — J f dt ^ ~ 3 ^ ~- 

Example 7. Compute J' sin (oit -|- d) dt^ where o) and 0 are constants. 


The substitution 
gives 
or 


U ~ wi “1“ 0 

du =* a dt 

, 1 , 
dt — - du. 


Hence 


/ /'I 1 

sin (o)t + e) dt - I (sin u) ~ du -cos w C 

J (A) (a 


= — — cos (u)t “}" ^) 4" C. 


EXERCISES 

Find the following indefinite integrals. 

1 . fx^dx. *•/■$■ 

3. y* du. 4- f (2x® - 3*® 4-1) 

6. y'^-v/iOS - 2S* + dS. 6. y (o® - <*) dt. 

7. y Vix-3dx. 8. y^-^»- 
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9. 

xdx 

10. 

r 3xdx 

J V** + 3 

J (x^ + 1)*‘ 

11. 

r x^dx 

J V1 + 3!^ 

12. 

y (2 +3x)‘®< 

13. 

y* sin 5x dx. 

14. 

y coarxdx. 

15. 

y* (2 sin X — 3 sin 2x + 4 sin 3x) dx. 


16. 

y* sin (380< -f 5) dL 



17. 

y* [2 cos (5t + 3) + 6 cos (lOi — 

7)1 d^. 


18. 

y* (1 + 2 cos -f 4 cos 2 t 0 dt. 



Find the following definite intervals. 



19. 

/-2 

/ x^dx. 
yo 

20. 

y (*+vi 

21. 

- i^) dt. 

Jo 

22. 

xdx 

•'o Vl + ** 

23. 

/•+2 

/ (4 — x^) dx. 

24. 

dx 

•4 Vx+4:' 

26. 

y* sin X dx. 

26. 

1 " sin (at dt. 

Jo 

27. 

_j_ir 

J* ^ cos^ $ sin 6 d$. 




"2 




26-4. Applications of the Integral Calculus. The integral calculus 
has many applications in engineering. We shall discuss three of these 
applications in this section. 

There are two types of problems to which the methods of the integral 
calculus apply. The solution to problems of the first type is furnished 
by the definite integral; the solution to problems of the second type is 
expressed by an indefinite integral. In problems of the second type 
data are given which determine a particular value of the constant of 
integration. 

As an example of the first type we have considered the problem of 
finding an area, and in this section we shall consider the problem of 
finding the work done by a variable force. As an example of the second 
type we shall consider the motion of an object when the force acting 
on the object is known. 
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Example 1. Show that the area S bounded by the :r-axis, the line a; » a, and the 
parabola y = mx^ is given by the formula S = where b « ma^. 

The area is shown in Fig. 2Q-8. It can be computed as the definite integral 



Fig. 20-8. 


Assume that along a straight line (Fig. 20-9) a constant force P is 
acting on a small object moving along this line. The work W done by 
this force, if the object moves from A to is the product of the force 
and the distance AB that the object travels. Hence the work is given 
by the formula 

IF = P • (AB), 

However, this formula cannot be applied if the force P changes while 
the object is in motion. 


0 A Q P B 



Fig. 20-9. 


Let us assume that at each point Q of the segment ABy the force P 
has a value which is known if the distance s = OQ is given. This 
assumption can be stated in mathematical language by saying that P 


is a function F(s) of $; for example, P = 


k 

(s - a)^ ’ 


where fc is a con¬ 


stant, is the force acting on an electric charge at Q due to another 


charge situated at A. 
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The method used to compute the work in this case will be patterned 
after the method used in Sec. 20-1 to compute areas. First divide the 
distance AB into a number of equal segments of length As (Fig. 20-10). 


^ Qj Q 2 Qa 


|—AS AS -j— AS—I 


Fig. 20-10. 


B 


S 


If the length of these segments is small, it may be assumed that the 
force is nearly constant along each segment. If Qi is an arbitrary point 
on the first segment whose distance from A is si, then the force at all 
the other points of this segment has appioximately the same value 
Pi = P(si) as at Qi, and therefore the work along this segment is 
roughly 

F{si) • As. 

In the same way it may be inferred that the work along each of the 
following segments is 

P(S 2 ) • As, P(S 3 ) • As, • • • 

and that therefore the total work done along the distance AB is approxi¬ 
mately 

F{si) • As P(s 2 ) • As + P(s 3 ) • As + • • •• 



The work can be computed to any desired degree of precision by 
dividing the distance AB into an increasing number of parts. 

This discussion becomes identical with that of Sec. 20-1 if the graph 
of the function P,= P(s) is plotted (Fig. 20-11). Hence we may state 
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that the work done if the object moves from A to is given by the 
shaded area and has, therefore, the value 


-A 


(s) ds. 


Thus the following theorem may be stated. 

In order to find the work done by a variable force on a point moving in a 
straight linCj choose on this line a point of reference 0 from which the dis¬ 
tance s of the variable point is measured. For each point of the line find 
as a function of S the force P acting at the point, obtaining 


P = F(s). 

Then the work done during the motion from the point s 
s — b is given by the definite integral 


— a to the point 


V=f 


F(s) ds. 


Example 2. An object is moving under the influence of a force which is propor¬ 
tional to the distance s between the 

object and the point 0 of reference y ^ ^ ^ 

and directed to the point O. What is ^^ 

the work required to move the object * 1 

from 0 to a point A so that OA = a/ r* -- * - . * 

The force P is directed toward 0 pjQ 20-12. 

as shown by the vector in Fig. 20-12, 

whence P is given by a negative number (see Sec. 6-3). Since P is proportional 
to s and a is positive, 

P F{s) = -kh 

where is a positive constant. The force which must be applied from 0 to the 
right is therefore a positive one equal in absolute value to P or kH. Hence the work 
done in moving the object from 0 to A is 


i khds - = kV. 

0 L 2 Jo * 


As an example of the second type of problem mentioned in this sec¬ 
tion, we shall consider the motion of an object when the force producing 

the motion is a known function of 

«J2_S-l^he time. Let us assume that a 

j*, -s -*1 small object Q of mass m is moving 

Pjq 20-13 ^ straight line (Fig. 20-13) 

and that its instantaneous position 
is defined by its distance s from a point of reference 0. Since the object 
moves, s may be regarded as a function of the time t that has elapsed 
since the motion started. In Chapter 19 it was shown that the speed v of 
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the moving object Q, being the instantaneous rate of change of 5 with 
respect to the time, is given by the derivative 

ds 

^ ^ dt' 

and that the acceleration a of the object, being the instantaneous rate 
of change of the speed with respect to the time, is 

dv d^s 

A fundamental law of mechanics states that the force F acting on an 
object, provided proper units for all the quantities involved are chosen, 
is given by the product of mass and acceleration: 

F = ma. 


If F is known as a function of this fonnula can be written as 


m 


dv 

dt 


m. or I-in.). 


By this relation i; is a function of t whose derivative is known, and there- 

ds 

fore V can be found by computing an indefinite integral. Since -r = v, 

dt 

8 can be found by computing another indefinite integral after v has been 
found. An example will show how these ideas can be applied. 


Example 3. An object is thrown vertically upward with an initial speed vq. Find 
its distance from the starting point as a function of the time. 

In order to apply the formulas discussed above, the force acting on the object 
must be known. This force is that due to the acceleration of gravity g =» 32.2 ft. 
per sec. per sec., and it has the constant value 


where m is the mass of the object, 
we obtain 


F ^ mg 
Since 
F ^ ma 

ma « mg 


or 


a ^ g. 

In order to find the speed of the object at any time t, we use the formula 


dv 

'dt 


a a 


“ 9 



gt C 


from which 
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where C is the constant of integration. This constant has in this problem a value 
which can be determined by using the information that when i 0, v «« tH). Sub¬ 
stituting these values in the formula for v, we obtain 


and therefore 


Vo = ^ • 0 4 - C * C, 


where vq and g are known constants. 
The next step is to use the formula 


from which we find that 


s 



Vo -f gty 


J* (vo gt) dt = vo^ -f “ “H C". 


In order to find the value which has to be ascribed to C" in order to solve the present 
problem, we use the fact that for t = 0, the moving point starts with s « 0. Sub¬ 
stituting these values into the formula for s, we obtain 


whence 

and 


0-RoO+|o+C" 


C - 0 , 

«* vo< -f 


To find the values of the constants of integration in this problem, 
we used the conditions that were known for the beginning of the motion. 
These conditions are called initial conditions. In particular, we used 
the fact that when t = 0, the velocity is vq, and the fact that when 
^ = 0, the distance s from the starting point is zero. Initial conditions 
of this kind can always be used to find the constants of integration in 
problems of this type. 


EXERCISES 

1. The increase in length of a particular spring is proportional to the force acting 
on this spring, provided that this increase is not more than 0.5 ft. It has been found 
that a force of 60 lb. is required to stretch this spring by 1 ft. What is the work, in 
foot-pounds, required to stretch the spring 0.5 ft.? 

2. A positive electric charge of Q electrostatic units which is concentrated in a 



of r cm. Compute the work done by the electric force if the unit charge moves from 
a distance of 3 cm. to a distance of 10 cm. from the charge Q. (The work of a force 
of 1 dyne along a distance of 1 cm. is called an erg.) 

3. Solve the problem of Exercise 2, assuming that the unit charge is moved from 
the distance n cm. to the distance r 2 cm. 
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4. The electrical energy in joules required to increase the potential of an elec¬ 
trical condenser from Vi volts to V 2 volts is given by the integral 

rV2 

C / VdV 
Jvi 

where C is the capacitance, in farads, of the condenser. 

(а) Compute the energy required to increase the potential of a condenser of 0.1 
microfarad from 10 to 500 volts. 

(б) Compute the total energy stored in a condenser of capacitance C and poten¬ 
tial V (total energy *= energy required to increase the potential from 0 to V). 

(c) Solve the problem in (6) for the special case C' = 2 microfarads, V = 1000 
volts (1 microfarad = 10“® farad). 

5. A sinusoidal force acting along a straight line may be given by the formula 

P = Fsinw/. 

If this force is acting on a small object of mass m and if the object starts from rest, 
(a) compute its distance from the starting point as a function of time and (5) show 

2F 

that the speed of the object oscillates between 0 and- 

mo) 

PROGRESS REPORT 

Two new concepts were introduced in this chapter: the concept of 
the definite integral and the concept of the indefinite integral. The 
first was introduced in connection with the area problem, the second 
arose in connection with the inverse operation of differentiation. It 
was found that the area, or definite integral, could be computed in 
two ways: directly, by dividing the area into narrow trapezoidal strips, 
and indirectly, by subtracting two values of a corresponding indefinite 
integral. It was shown how a few simple indefinite integrals can be 
found, and finally, a few applications were considered. 
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REVIEW OF FUNDAMENTALS OF GEOMETRY 


In the following pages we shall briefly summarize a few of the terms and facts 
from geometry whicli have been used in the discussions in this book. 

In plane geometry, which deals entirely with configurations in the plane, there 
are certain fundamental conceptions which we must assume from experience, 
without definition. These include the notion of a point, a straight line, and 
an area. Understanding that a straight line extends infinitely far in lx)th direc¬ 
tions, we define a ray to be a point on a line with the part of the line on one 
side of the point and a segment to be that part of a straight line between two 
points on the line. It is assumed that one and only one straight line can be 
drawn through two points. 

Experience leads us to believe that two straight lines can meet at most in 
one point, called the intersection of the lines. The angle formed by two inter¬ 
secting lines has been defined in Chapter 4. The intersection of the lines is 
called the vertex of the angle. In Chapter 4 the degree, a unit for the measure¬ 
ment of angles, was also introduced. 8i)ecial names are sometimes used to refer 
to angles classified according to their magnitude as follows: 


Size of Angle 


Term 


90 ^ 

180° 

Between 0° and 90° 
Between 90° and 180° 


Right angle 
Straight angle 
Acute angle 1 
Obtuse angle ( 


Oblique angles 


If two angles have a sum of 90°, they are called complementary angles. If two 
angles have a sum of 180°, they are called supplementary angles. 

If two intersecting lines form a right angle, the lines are said to be perpen¬ 
dicular. If two lines do not intersect, they are said to be parallel. There are 
many theorems concerning parallel and perpendicular lines. The most im¬ 
portant are: 

1. Two lines which are perpendicular to the same line are parallel. 

2. Two lines which are parallel to the same line are parallel. 

3. If two parallel lines are cut by a third line (Fig. A-1), the corre^nding 
angles are equal (for example, Z1 = Z5, Z2 = Z6, Z3 = Z7, Z4 = Z8), 
the alternate interior angles are equal (for example, Z3 » Z6, Z4 - Z5), 
and the alternate exterior angles are equal (for example, Z1 ~ Z8, Z2 « Z7). 
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From Fig. A-1, we see that Z1 = Z4, Z2=Z3, etc. 
are called vertical angles. 



Such pairs of angles 


4. Vertical angles are equal. 

5. Two angles having their sides respectively parallel or perpendicular are 
either equal or supplementary. 

If three or more intersecting straight lines form a figure which completely 
encloses a portion of the plane, that figure is called a polygon. The line seg¬ 
ments which bound the enclosure are called the sides of the polygon, and the 
sum of their lengths is called the perimeter of the polygon. The area of a poly¬ 
gon is the area of the portion of the plane enclosed by the polygon. If two 
polygons have their corresponding angles and sides equal, they are said to be 
congruent. If two polygons have their corresponding angles equal they are said 
to be similar. 

A triangle is a polygon having three sides. The sides of a triangle taken two 
at a time form the three angles of the triangle. An exterior angle of a triangle 
is an angle formed by one side of the triangle and the extension of another side 
through their point of intersection. An altitude of a triangle is the perpendicular 
line drawn from any vertex to the opposite side. A triangle one of whose angles 
is a right angle is a right triangle. A triangle none of whose angles are right 
angles is an oblique triangle. A triangle two of whose sides are equal in length 
is an isosceles triangle. A triangle all three of whose sides are equal is an 
equilateral triangle. 

If the corresponding sides and angles of two triangles are equal, the triangles 
are congruent. If the corresponding angles of two triangles are equal the tri¬ 
angles are similar. 

Some important theorems concerning triangles are: 

1. The sum of the lengths of any two sides of a triangle is greater than the 
length of the third side. 

2. If two sides of a triangle are unequal, the angle opposite the longer side 
is greater than the angle opposite the shorter side, and conversely. 

3. The sum of the angles of a triangle is 180®. 

4. The corresponding sides of similar triangles are proportional. 

5. Two triangles are congruent if: 

(a) Two sides and the included angle of one are equal respectively to two 
sides and the included angle of the other. 

(b) Two angles and a side of one are equal respectively to two angles and 
the corresponding side of the other. 

(c) Three sides of one are equal respectively to the three sides of the other. 
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6. Two triangles are similar if: 

(a) Two angles of one are equal respectively to two angles of the other. 

(b) An angle of one equals an angle of the other and the including sides 
are proportional. 

7. In an isosceles triangle, the angles opposite the equal sides are equal. 

8. The angles of an equilateral triangle are each equal to 60®. 

9. If DE is parallel to AC in Fig. A-2, then triangle BDE is similar to tri¬ 
angle BAC. 


B 



The side opposite the right angle in a right triangle is called the hypotenuse. 
The other two sides are the legs of the triangle. The following theorems about 
right triangles are useful. 

1. In a right triangle, the square of the length of the h 3 q)otenuse is equal to 
the sum of the squares of the lengths of the other two sides. This theorem is 
called the theorem of P 3 rthagoras. 

2. If one of the acute angles of a right triangle is 30®, then the side opposite 

that angle hjis a length equal to one-half the hypotenuse, and the legs and 
hypotenuse are proportional respectively to 1, 2. 

3. If one of the acute angles of a right triangle is 45®, the legs are equal, and 
the legs and hypotenuse are proportional respectively to 1, 1, 

4. Two right triangles are congruent if: 

(а) Two sides of one are equal respectively to two sides of the other. 

(б) An acute angle and a side of one are equal, respectively, to an acute 
angle and the corresponding side of the other. 

5. Two right triangles are similar if: 

(a) An acute angle of one equals an acute angle of the other. 

(b) Two sides of one are proportional, respectively, to the corresponding 
sides of the other. 

6. If ABC is a right triangle with hypotenuse AB, then CD, the altitude to 
the hypotenuse, forms two right triangles ACD, BCD such that AACD is sim¬ 
ilar to ABCD, AACD is similar to AABC, ABCD is similar to AABC. 

A polygon having four sides is a quadrilateral. A quadrilateral which lias 
two and only two sides parallel is called a trapezoid. The parallel sides are 
called the bases. A parallelogram is a quadrilateral which has both pairs of 
opposite sides parallel. Either pair of parallel sides may be called bases. The 
perpendicular distance between two parallel sides of a parallelogram or trape* 
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zoid is called an altitude. A rectangle is a parallelogram having four right 
angles. A square is a rectangle which has its adjacent sides equal. The most 
important facts concerning quadrilaterals are: 

1. If the opposite sides of a quadrilateral are equal, then the quadrilateral is 
a parallelogram; and conversely, if a quadrilateral is a parallelogram, then its 
opposite sides are equal. 

2. If the opposite angles of a quadrilateral are equal, then it is a parallel¬ 
ogram; and conversely. 

3. If one pair of opposite sides of a quadrilateral are eciual and i)arallel, then 
it is a parallelogram. 

Many questions in plane geometry and in other more advanced work are 
simplified somewhat by using the notion of the locus of a point. If C is a given 
condition and /S is a set of points such that (a) every point which satisfies C 
is a point of and (b) every point which does not satisfy C is not in then 
S is called the locus of a point satisfying C. 

The locus of a point in the plane which satisfies the condition that the point 
is at a fixed distance from a fixed point in the plane is called a circle (Fig. A-3). 
The fixed point is the center of the circle. The length of a circle is called the 
circumference, and the area of a circle is the area of the portion of the plane 
enclosed by the circle. Either of the two parts of a circle between two points 
on the circle is called an arc of the circle. A tangent is a line whi(‘h touches a 
circle in one and only one point, called the point of tangency. A secant is a 
line which cuts a circle in two points. A chord is a line segment joining two 
points on a circle. A diameter is a chord which passes through the center of a 
circle, and a radius is a line segment from the center of a circle to any point on 
the circle. Any arc of a circle which is cut off by the two sides of an angle is 
called an arc intercepted by or subtended by the angle. An angle formed by 
two radii of a circle is called a central angle. The figure formed by a central 
angle and its intercepted arc is called a sector of the circle. An inscribed angle 
is an angle formed by two chords which meet at a point on the circle. 



In the circle in Fig. A-3, 0 is the center, and the portion of the circle between 
A and or between A and F, is an arc. The line KH is a tangent with point 
of tangency D; the line IJ is a secant; EC and FB are chords; FB is also a 
diameter; OF, OA^ and OB are radii; CD and ED are arcs intercepted by angle 
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KGJ; AB is the arc intercepted by the central angle BOA; and ABO is a sector. 
Angle LCE is an inscribed angle. 

Some of the more useful theorems concerning the circle are: 

1. A tangent is a perpendicular to the radius drawn to the point of tangency. 

2. An inscribed angle which intercepts a semi-circle is a right angle. 

3. On the same circle or on circles with the same radius, central angles are 
proportional to the lengths of their intercepted arcs. 

4. The length of a chord of a circle is less than or equal to the length of the 
diameter. 

5. The ratio of the circumference to the length of a diameter of a circle is 
the same for all circles. This ratio, which is denoted by tt, is an irrational num¬ 
ber having approximately the value 3.14159. 

Solid geometry deals with configurations in space. A few of its terms and 
facts are summarized in the following section. 

Any straight line passing through two points of a plane lies entirely in the 
plane. A plane can be determined by three points, by two intersecting lines, 
by a line and a point not on the line, or by two parallel lines. If two planes 
intersect, their intersection is a straight line. < 

A line L is perpendicular to a plane if every line in the plane which passes 
through the intersection of L and the plane is perpendicular to L. Lines which 
are perpendicular to the same plane are parallel. Planes which are perpen¬ 
dicular to the same or parallel lines are parallel to each other. 

If a line and a plane do not intersect, they are said to be parallel. If two 
planes do not intersect, they are said to be parallel. Let two planes. Pi and 
P 2 , intersect in a line L, and let Li be a line in Pi which meets L at P and is 
perpendicular to L; let L 2 be a line in P 2 which meets L at P and is perpen¬ 
dicular to L. Then if Li and L 2 are perpendicular, the planes Pi and P 2 are 
said to be perpendicular. 

If C is a plane curv^e and L is a line which passes through C but does not lie 
in the plane of C, the surface found by moving L about C always parallel to 
its original position is called a cylindrical surface. Each position of the moving 
line L is called an element of the surface. All the elements are parallel. When 
two parallel planes cut all the elements of a cylindrical surface, a cylinder is 
formed and the parallel sections are called bases of the cylinder. A right cir¬ 
cular cylinder is a cylinder having bases which are perpendicular to the elements 
and which cut the surface in circles. The axis of a right circular cylinder is the 
line between the centers of the bases. 

If two segments in space have a common end point, the angle between their 
projections on a horizontal plane is called the horizontal angle between the 
segments. 
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FORMULAS FROM GEOMETRY 


For a triangle with side h and altitude to that 
side hf 

Area — J6/i. 



For a . 
that side h, 


with side h and altitude to 
Area *= bh. 



For a rectangle of length h and width h. 
Area « bh. 



T 


h 


_L 

1 — b —. 



For a square of side 6, 
Area =« 


For a trapezoid v/ith parallel bases 
altitude hj 


Area - ih(b + 6'), 


h and and 



T 

h 


1 


For a circle with radius r, 

Circumference » 2irr, 
Area = 


In a circle of radius r, a sector with central angle 
9 measured in radians has an 


Area « 
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For a rectangular solid of length Z, height and 
width w, 

Total surface area = %{lw -f fh + wh\ 
Volume = Iwh. 

For a cube with the length of one edge 6, 

Total surface area = 

Volume = 

For a prism with lateral edge Z, altitude perim¬ 
eter of a right section p, and area of the base 

Lateral area — pU 

Total area = p/ -f 2^, 

Volume = Bh, 

For a regular pyramid with slant height s, perim¬ 
eter of the base p, and area of the base jB, 

Lateral area = Jp5, 

Total area = \ps + B. 


For a pyramid with altitude h and area of the 
base B, 

Volume = ]Bh, 


For a frustum of a regular pyramid with slant 
height s, bases of perimeter p and p', and areas B 
and B' respectively, 

Lateral area = is(p H p'), 

Total area = is(p + p') B B', 



For a frustum of a pyramid with altitude h and 
areas of the bases B and B', 

Volume = ih(B + B’ + VM'). 
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For a cylinder with lateral edge I, altitude A, 
perimeter of a right section p, and base area B, 

Lateral area = p/, 

Total area - pi 28, 

Volume == hB, 

For a right circular cone with slant height s, cir¬ 
cumference of the base C\ and area of the base B^ 

Lateral area = 

Total area - J 5 C -f B, 


For a frustum of a right circular cone with slant 
height 8, bases of perimeter p and p' and area B 
and B\ respectively, 

Lateral area = Js(p + p')> 

Total area = is(p + p') + ^5 + B\ 


For a cone with altitude h and base area Bt 
Volume = IBh, 


For a frustum of a cone with altitude h and bases 
of area B and B', 

Volume = WB -h -f ^BB'). 

For a sphere of radius r, 

Surface area = dirr^, 

Volume « iirr^. 


In a sphere of radius r, a zone with altitude h has 
Area = 2irhr. 






TABLE 1—Squares and Square Roots 


N 

N * 

vS 

VioS 


N 

N * 

V# 

VioH 

1.00 

1.0000 

1.00000 

3.16228 


1.50 

2.2600, 

1.22474 

3.87298 

1.01 

1.0201 

1.00499 

3.17805 


1.51 

2.2801 

1.22882 

3.88587 

1.02 

1.0404 

1.00995 

3.19374 


1.52 

2.3104 

1.23288 

3.89872 

1.03 

1.0609 

1.01489 

3.20936 


1.53 

2.3409 

1.23693 

3.91152 

1.04 

1.0816 

1.01980 

3.22490 


1.54 

2.3716 

1.24097 

3.92428 

1.05 

1.1025 

1.02470 

3.24037 


1.55 

2.4025 

1.24499 

3.93700 

1.06 

1.1236 

1.02956 

3.25576 


1.56 

2.4336 

1.24900 

3.94968 

1.07 

1.1449 

1.03441 

3.27109 


1.57 

2.4649 

1.25300 

3.96232 

1.08 

1.1664 

1.03923 

3.28634 


1.58 

2.4964 

1.25698 

3.97492 

1.09 

1.1881 

1.04403 

3.30151 


1.59 

2.5281 

1.26095 

3.98748 

1.10 

1.2100 

1.04881 

3.31662 


l.CO 

2.5600 

1.26491 

4.00000 

1.11 

1.2321 

1.05357 

3.33167 


1.61 

2.5921 

1.26886 

4.01248 

1.12 

1.2544 

1.05830 

3.34664 


1.62 

2.6244 

1.27279 

4.02492 

1.13 

1.2769 

1.06301 

3.36155 


1.63 

2.6569 

1.27671 

4.03733 

1.14 

1.2996 

1.06771 

3.37639 


1.64 

2.6896 

1.28062 

4.04969 

1.15 

1.3225 

1.07238 

3.39116 


1.65 

2.7225 

1.28452 

4.06202 

1.16 

1.3456 

1.07703 

3.40588 


1.66 

2.7556 

1.28841 

4.07431 

1.17 

1..3689 

1.08167 

3.42053 


1.67 

2.7889 

1.29228 

4.08656 

1.18 

1.3924 

1.08628 

3.43511 


1.68 

2.8224 

1.29615 

4.09878 

1.19 

1.4161 

1.09087 

5.44964 


1.69 

2.8561 

1.30000 

4.11096 

1.20 

1.4400 

1.09545 

3.46410 


1.70 

2.8900 

1.30384 

4.12311 

1.21 

1.4641 

1.10000 

3.47851 


1.71 

2.9241 

1.30767 

4.13521 

1,22 

1.4884 

1.10454 

3.49285 


1.72 

2.9584 

1.31149 

4.14729 

1.23 

1.5129 

1.10905 

3.50714 


1.73 

2.9929 

1.31529 

4.15933 

1.24 

1.5376 

1.11355 

3.52136 


1.74 

3.0276 

1.31909 

4.17133 

1.26 

1.5625 

1.11803 

3,53553 


1.75 

3.0625 

1.32288 

4.18330 

1.26 

1.5876 

1.12250 

3.54965 


1.76 

3.0976 

1.32665 

4.19524 

1.27 

1.6129 

1.12694 

3.56371 


1.77 

3.1329 

1.33041 

4.20714 

1.28 

1.6384 

1.13137 

3.57771 


1.78 

3.1684 

1.33417 

4.21900 

1.29 

1.6641 

1.13578 

3.59166 


1.79 

3.2041 

1.33791 

4.23084 

1.30 

1.6900 

1.14018 

3.60555 


1.80 

3.2400 

1.34164 

4.24264 

1.31 

1.7161 

1.14455 

3.61939 


1.81 

3.2761 

1.34.536 

4.25441 

1.32 

1.7424 

1.14891 

3.63318 


1.82 

3.3124 

1.34907 

4.26615 

1.33 

1.7689 

1.15326 

3.64692 


1.83 

3.3489 

1.35277 

4.27786 

1.34 

1.7956 

1.15758 

3.66060 


1.84 

3.3856 

1.35647 

4.28952 

1.35 

1.8226 

1,16190 

3.67423 


1.85 

3.4225 

1.36015 

4.30116 

1.36 

1.8496 

1.16619 

3.68782 


1.86 

3.4596 

1.36382 

4.31277 

1.37 

1.8769 

1.17047 

3.70135 


1.87 

3.4969 

1.36748 

4.32435 

1.38 

1.9044 

1.17473 

3,71484 


1.88 

3.5344 

1.37113 

4.33590 

1.39 

1.9321 

1.17898 

3.72827 


1.89 

3.5721 

1.37477 

4.34741 

1.40 

1.9600 

1.18322 

3.74166 


1.90 

3.6100 

1.37840 

4.35890 

1.41 

1.9881 

1.18743 

3.75500 


1.91 

3.6481 

1.38203 

4.37035 

1.42 

2.0164 

1.19164 

3.76829 


1.92 

3.6864 

1.38564 

4.38178 

1.43 

2.0449 1 

1.19583 

3.78153 


1.93 

3.7249 

1.38924 

4.39318 

1.44 

2.0736 

1.20000 

3.79473 


1.94 

3.7636 

1.39284 

4.40464 

1.45 

2.1025 

1.20416 

3.80789 


1.95 

3.8025 

1.39642 

4.41588 

1.46 

2.1316 

1.20830 

3.82099 


1.96 

3.8416 

1.40000 

4.42719 

1.47 

2.1609 

1.21244 

3.83406 


1.97 

3.8809 

1.40357 

4.43847 

1.48 

2.1904 

1.21655 

3.84708 


1.98 

3.9204 

1.40712 

4.44972 

1.49 

2.2201 

1.22066 

3.86005 


1.99 

3.9601 

1.41067 

4.46094 

1.50 

2.2500 

1.22474 

3.87298 


a.oo 

4.0000 

1.41421 

4.47214 

N 

N * 

Vn 

Vloir 


N 

N * 

VE 

Vioir 
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TABLE 1 — Squares and Square Roots —CorUinued 


1 


VN 

v/tOK 


N 

N * 

vs 

VlOW 

2.00 

4.0000 

1.41421 

4.47214 


2.50 

6.2500 

1.58114 

5.00000 

2.01 

4.0401 

1.41774 

4.48330 


2.51 

6.3001 

1.58430 

5.00999 

2.02 

4.0804 

1.42127 

4.49444 


2.52 

6.3504 

1.68745 

5.01996 

2.03 

4.1209 

1.42478 

4.,50555 


2.53 

6.4009 

1.59060 

5.02991 

2.04 

4.1616 

1.42829 

4.51664 


2.54 

6.4516 

1.59374 

5.03984 

2.05 

4.2025 

1.43178 

4.52769 


2.55 

6.5025 

1.59687 

5.04975 

2.06 

4.2436 

1.43527 

4,53872 


2.56 

6.5536 

1.60000 

5.05964 

2.07 

4.2849 

1.43875 

4.54973 


2.57 

6.6049 

1.60312 

5.06952 

2.08 

4.3264 

1.44222 

4.56070 


2.58 

6.6564 

1.60624 

5.07937 

2.09 

4.3681 

1.44568 

4.57165 


2.59 

6.7081 

1.60935 

5.08920 

2.10 

4.4100 

1.44914 

4.58258 


2.60 

6.7600 

1.61245 

5.09902 

2.11 

4.4521 

1.45258 

4.59347 


2.61 

6.8121 

1.61555 

5.10882 

2.12 

4.4944 

1.45602 

4.60435 


2.62 

6.8644 

1.61864 

5.11859 

2.13 

4.5369 

1.45945 

4.61519 


2.63 

6.9169 

1.62173 

5.12835 

2.14 

4.5796 

1.46287 

4.62601 


2.64 

6.9696 

1.62481 

5.13809 

2.15 

4.6225 

1.46629 

4.63681 


2.65 

7.0225 

1.62788 

5.14782 

2.16 

4.6656 

1.46969 

4.64758 


2.66 

7.0756 

1.63095 

5 15752 

2.17 

4.7089 

1.47309 

4.65833 


2.67 

7.1289 

1.63401 

5.16720 

2.18 

4.7524 

1.47648 

4.66905 


2.68 

7.1824 

1.63707 

5.17687 

2.19 

4.7961 

1.47986 

4.67974 


2.69 

7.2361 

1.64012 

5.18652 

2.20 

4.8400 

1.48324 

4.69042 


2.70 

7.2900 

1.64317 

5.19615 

2.21 

4.8841 

1.48661 

4.70106 


2.71 

7.3441 

1.64621 

5.20577 

2.22 

4.9284 

1.48997 

4.71169 


2.72 

7.3984 

1.64924 

5.21536 

2.23 

4.9729 

1.49332 

4.72229 


2.73 

7.4529 

1.65227 

5.22494 

2.24 

5.0176 

1.49666 

4.73286 


2.74 

7.5076 

1.65529 

5.23450 

2.25 

5.0625 

1.50000 

4.74342 


2.75 

7.5625 

1.65831 

5.24404 

2.26 

5.1076 

1.50333 

4.75395 


2.76 

7.6176 

1.66132 

5.25357 

2.27 

5.1529 

1.50665 

4.76445 


2.77 

7.6729 

1.66433 

5.26308 

2.28 

5.1984 

1.50997 

4.77493 


2.78 

7.7284 

1 . 667.33 

5.27257 

2.29 

5.2441 

1.51327 

4.78539 


2.79 

7.7841 

1.67033 

5.28205 

2.30 

5.2900 

1.51658 

4.79583 


2.80 

7.8400 

1.67332 

5.29150 

2.31 

5.3361 

1.51987 

4.80625 


2.81 

7.8961 

1.67631 

5.30094 

2.32 

5.3824 

1.52315 

4.81664 


2.82 

7.9524 

1.67929 

5.31037 

2.33 

5.4289 

1.52643 

4.82701 


2.83 

8.0089 

1.68226 

5 . 3197 / 

2.34 

5.4756 

1.52971 

4.83735 


2.84 

8.0656 

1.68523 

5.32917 

2.35 

5.5225 

1.53297 

4.84768 


2.85 

8.1225 

1.68819 

5.33854 

2.36 

5.5696 

1.53623 

4.85798 


2.86 

8.1796 

1.69115 

5.34790 

2.37 

5.6169 

1.53948 

4,86826 


2.87 

8.2369 

1.69411 

5.35724 

2.38 

5.6644 

1.54272 

4.87852 


2.88 

8.2944 

1.69706 

5.36656 

2.39 

5.7121 

1,54596 

4,88876 


2.89 

8.3521 

1.70000 

5.37587 

2.40 

5.7600 

1.54919 

4.89898 


2.90 

8.4100 

1.70294 

5.38516 

2.41 

5.8081 

1.55242 

4.90918 


2.91 

8.4681 

1.70587 

5.39444 

2.42 

5,8564 

1.55563 

4.91935 


2.92 

8.5264 

1.70880 

5.40370 

2.43 

5.9049 

1.55885 

4.92950 


2.93 

8.5849 

1.71172 

5.41295 

2.44 

5.9536 

1.56205 

4.93964 


2.94 

8.6436 

1.71464 

5.42218 

2.45 

6.0025 

1.56525 

4.94975 


2.95 

8.7025 

1.71756 

5.43139 

2.46 

6.0516 

1.56844 

4.95984 


2.96 

8.7616 

1.72047 

5.44059 

2.47 

6.1009 

1.57162 

4.96991 


2.97 

8.8209 

1.72337 

5.44977 

2.48 

6.1504 

1.57480 

4.97996 


2.98 

8.8804 

1.72627 

5.45894 

2.49 

6.2001 

1.57797 

4.98999 


2.99 

8.9401 

1.72916 

5.46809 

2.50 

6.2600 

1.58114 

5.00000 


3.00 

9.0000 

1.73205 

5.47723 

y 

H* 

VN 

Vioir 


N 

N * 

vs 

VioK 


eso 




TABLE 1 —Squares and Square Roots— C(yrdinued 


N 

N » 

vaf 

VlON 


N 

N * 

vs 

VlOW 

3.00 

9.0000 

1.73205 

5.47723 


3.50 

12.2500 

1.87083 

5.91608 

3.01 

9.0601 

1.73494 

5.48635 


3.51 

12.3201 

1.87350 

5.92453 

3.02 

9.1204 

1.73781 

5.49545 


3.52 

12.3904 

1.87617 

5.93296 

3.03 

9.1809 

1.74069 

5.50454 


3.53 

12.4609 

1.87883 

5.94138 

3.04 

9.2416 

1.74356 

5.51362 


3.54 

12.6316 

1.88149 

5.94979 

3.06 

9.3026 

1.74642 

5.52268 


3.65 

12.6026 

1.88414 

5.95819 

3.06 

9.3636 

1.74929 

5.53173 


3.56 

12.6736 

1.88680 

5.96657 

3.07 

9.4249 

1.75214 

5.54076 


3.57 

12.7449 

1.88944 

5.97495 

3.08 

9.4864 

1.75499 

5.54977 


3.58 

12.8164 

1.89209 

5.98331 

3.09 

9.5481 

1.75784 

5.55878 


3.59 

12.8881 

1.89473 

5.99166 

3.10 

9.6100 

1.76068 

5.56776 


3.60 

12.9600 

1.89737 

6.00000 

3.11 

9.6721 

1.76352 

5.67674 


3.61 

13.0321 

1.90000 

6.00833 

3.12 

9.7344 

1.76635 

5.58570 


3.62 

13.1044 

1.90263 

6.01664 

3.13 

9.7969 

1.76918 

5.59464 


3.63 

13.1769 

1.90526 

6.02495 

3.14 

9.8596 

1.77200 

5.60357 


3.64 

13.2496 

1.90788 

6.03324 

3.15 

9.9225 

1.77482 

5.61249 


3.65 

13.3225 

1.91050 

6.04152 

3.16 

9.9856 

1.77764 

5.62139 


3.66 

13.3956 

1.91311 

6.04979 

3.17 

10.0489 

1.78045 

5.63028 


3.67 

13.4689 

1.91572 

6.05805 

3.18 

10.1124 

1.78326 

5.63915 


3.68 

13.5424 

1.91833 

6.06630 

3.19 

10.1761 

1.78606 

5.64801 


3.69 

13.6161 

1.92094 

6.07454 

3.20 

10.2400 

1.78885 

5.65685 


3.70 

13.6900 

1.92354 

6.08276 

3,21 

10.3041 

1.79165 

5.66569 


3.71 

13.7641 

1.92614 

6.09098 

3.22 

10.3684 

1.79444 

6.67450 


3.72 

13.8384 

1.92873 

6.09918 

3.23 

10.4329 

1.79722 

5.68331 


3.73 

13.9129 

1.93132 

6.10737 

3.24 

10.4976 

1.80000 

5.69210 


3.74 

13.9876 

1.93391 

6.11555 

3.25 

10.5625 

1.80278 

6.70088 


3.76 

14.0625 

1.95649 

6.12372 

3.26 

10.6276 

1.80555 

5.70964 


3.76 

14.1376 

1.93907 

6.13188 

3.27 

10.6929 

1.80831 

5.71839 


3.77 

14.2129 

1.94165 

6.14003 

3.28 

10.7584 

1,81108 

5.72713 


3.78 

14.2884 

1.94422 

6.14817 

3.29 

10.8241 

1.81384 

5.73585 


3.79 

14.3641 

1.94679 

6.15630 

3.30 

10.8900 

1.81659 

5.74456 


3.80 

14.4400 

1.94936 

6.16441 

3.31 

10.9561 

1.81934 

5.75326 


3.81 

14.6161 

1.95192 

6.17252 

3.32 

11.0224 

1.82209 

5.76194 


3.82 

14.5924 

1.95448 

6.18061 

3.33 

11.0889 

1.82483 

5.77062 


3.85 

14.6689 

1.95704 

6.18870 

3,34 

11.1556 

1.82757 

5.77927 


3.84 

14.7456 

1.95959 

6.19677 

3.35 

11.2225 

1.83030 

5.78792 


3.85 

14.8225 

1.96214 

6.20484 

3.36 

11.2896 

1.83303 

5.79655 


3.86 

14.8996 

1.96469 

6.21289 

3.37 

11.3569 

1.83576 

5.80517 


3.87 

14.9769 

1.96723 

6.22093 

3.38 

11.4244 

1.83848 

5.81378 


3.88 

15.0544 

1.96977 

6.22896 

3.39 

11.4921 

1.84120 

5.82237 


3.89 

15.1321 

1.97231 

6.23699 

3.40 

11.6600 

1.84391 

6,83095 


3.90 

15.2100 

1.97484 

6.24500 

3.41 

11.6281 

1.84662 

5.83952 


3.91 

15.2881 

1.97737 

6.25300 

3.42 

11.6964 

1.84932 

5.84808 


3.92 

15.3664 

1.97990 

6.26099 

3.43 

11.7649 

1.85203 

5.85662 


3.93 

15.4449 

1.98242 

6.26897 

3.44 

11.8336 

1.85472 

5.86515 


3.94 

15.5236 

1.98494 

6.27694 

3.45 

11.9025 

1.85742 

5.87367 


3.96 

15.6025 

1.98746 

6.28490 

3.46 

11.9716 

1.86011 

5.88218 


3.96 

15.6816 

1.98997 

6.29285 

3.47 

12.0409 

1.86279 

5.89067 


3.97 

15.7609 

1.99249 

6.30079 

3.48 

12.1104 

1.86548 

5.89915 


3.98 

15.8404 

1.99499 

6.30872 

3.49 

12.1801 

1.86815 

5.90762 


3.99 

15.9201 

1.99750 

6.31664 

3.50 

12.2500 

1.87083 

5.91608 


4.00 

16.0000 

2.00000 

6.32456 

N 

N * 

vs 

VioS 


N 

N * 

vs 

VioS 
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TABLE 1 —Squares and Square Roots— Continued 


N 

N * 

\/N 

Viorr 


N 

y * 

vlf 

\/ion 

4.00 

16.0000 

2.00000 

6.32456 


4.50 

20.2500 

2 . 121.32 

6.70820 

4.01 

16.0801 

2.00250 

6.33246 


4.51 

20.3401 

2.12368 

6.71565 

4.02 

16.1604 

2.00499 

6.34035 


4.52 

20.4304 

2.12603 

6 . 72.309 

4.03 

16.2409 

2.00749 

6.34823 


4.53 

20.5209 

2 . 128,38 

6.73053 

4.04 

16.3216 

2.00998 

6.35610 


4.54 

20.6116 

2.13073 

6.73795 

4.05 

16.4025 

2.01246 

6.36396 


4.55 

20.7025 

2.13307 

6.74537 

4.06 

16.4836 

2.01494 

6.37181 


4.56 

20.7936 

2.13542 

6.75278 

4.07 

16.5649 

2.01742 

6.37966 


4.57 

20.8849 

2.13776 

6.76018 

4.08 

16.6464 

2.01990 

6.38749 


4..58 

20.9764 

2.14009 

6.76757 

4.09 

16.7281 

2.02237 

6.39531 


4.59 

21.0681 

2.14243 

6.77495 

4.10 

16.8100 

2.02485 

6.40312 


4.60 

21.1600 

2.14476 

6.78233 

4.11 

16.8921 

2.02731 

6.41093 


4.61 

21.2521 

2.14709 

6.78970 

4.12 

16.9744 

2.02978 

6.41872 


4.62 

21.3444 

2.14942 

6.79706 

4.13 

17.0569 

2.03224 

6.42651 


4.63 

21.4369 

2.15174 

6.80441 

4.14 

17.1396 

2.03470 

6.43428 


4.64 

21.5296 

2.15407 

6.81175 

4.15 

17.2225 

2.03715 

6.44205 


4.65 

21.6225 

2.15639 

6.81909 

4.16 

17.3056 

2.03961 

6.44981 


4.66 

21.7156 

2.15870 

6.82642 

4.17 

17.3889 

2.04206 

6.45755 


4.67 

21.8089 

2.16102 

6.83374 

4.18 

17.4724 

2.04450 

6.46529 


4.68 

21.9024 

2 . 163.33 

6.84105 

4.19 

17.5561 

2.04695 

6.47302 


4.69 

21.9961 

2.16564 

6.84836 

4.20 

17.6400 

2.04939 

6.48074 


4.70 

22.0900 

2.16795 

6.85565 

4.21 

17.7241 

2.05183 

6.48845 


4.71 

22.1841 

2.17025 

6.86294 

4.22 

17.8084 

2.05426 

6.49615 


4.72 

22.2784 

2.17256 

6.87023 

4.23 

17.8929 

2.05670 

6.50384 


4.73 

22.3729 

2.17486 

6.87750 

4.24 

17.9776 

2.05913 

6 . 511.53 


4.74 

22.4676 

2.17715 

6.88477 

4.25 

18.0625 

2.06155 

6.51920 


4.75 

22.5625 

2.17945 

6.89202 

4.26 

18.1476 

2.06398 

6.52687 


4.76 

22.6576 

2.18174 

6.89928 

4.27 

18.2329 

2.06640 

6.53452 


4.77 

22.7529 

2.18403 

6.90652 

4.28 

18.3184 

2.06882 

6 .54217 


4.78 

22.8484 

2 . 186.32 

6.91375 

4.29 

18.4041 

2.07123 

6.54981 


4.79 

22.9441 

2.18861 

6.92098 

4.30 

18.4900 

2.07364 

6.55744 


4.80 

23.0400 

2.19089 

6.92820 

4.31 

18..'>761 

2.07605 

6.56506 


"IsiT 

23.1361 

2.19317 

6.93542 

4.32 

18.6624 

2.07846 

6.57267 


4.82 

23.2324 

2.19545 

6.94262 

4.33 

18.7489 

2.08087 

6.58027 


4.83 

23.3289 

2.19773 

6.94982 

4.34 

18.8356 

2.08327 

6 . S 8787 


4.84 

23.4256 

2.20000 

6.95701 

4.35 

18.9225 

2.08567 

6..59545 


4.85 

23.5225 

2.20227 

6.96419 

4.36 

19.0096 

2.08806 

6.60303 


4.86 

23.6196 

2.20454 

6.97137 

4.37 

19.0969 

2.09045 

6.61060 


4.87 

23.7169 

2.20681 

6.97854 

4.38 

19.1844 

2.09284 

6.61816 


4.88 

23.8144 

2.20907 

6.98570 

4.39 

19.2721 

2.09523 

6.62571 


4.89 

25.9121 

2.21133 

6.99285 

4.40 

19.3600 

2.09762 

6 . 6.3325 


4.90 

24.0100 

2.21359 

7.00000 

4.41 

19.4481 

2.10000 

6.64078 


4.91 

24.1081 

2.21585 

7.00714 

4.42 

19.5364 

2.10238 

6.64831 


4.92 

24.2064 

2.21811 

7.01427 

4.43 

19.6249 

2.10476 

6.65582 


4.93 

24.3049 

2.22036 

7.02140 

4.44 

19.7136 

2.10713 

6.66333 


4.94 

24.4036 

2.22261 

7.02851 

4.45 

19.8025 

2.10950 

6.67083 


4.95 

24.5025 

2.22486 

7.03562 

4.46 

19.8916 

2.11187 

6.67832 


4.96 

24.6016 

2.22711 

7.04273 

4.47 

19.9809 

2.11424 1 

6.68581 


4.97 

24.7009 

2.22935 

7.04982 

4.48 

20.0704 

2.11660 

6.69328 


4.98 

24.8004 

2.23159 

7.05691 

4.49 

20.1601 

2.11896 

6.70075 


4.99 

24.9001 

2.23383 

7.06399 

4.60 

20.2500 

2.12132 

6.70820 


5.00 

25.0000 

2.23607 

7.07107 

H 

N * 

Vif 

Viow 


y 

ya 

Vif 

VioH 
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TABLE 1 —Squares and Square Roots - Continued 


N 

N* 

y/V 

VlON 


N 

R* 

vs 

VIoS 

6.00 

25.0000 

2.23607 

7.07107 


5.50 

30.2500 

2.34521 

7.41620 

5.01 

25.1001 

2.23830 

7.07814 


5.51 

30.5601 

2.34734 

7.42294 

5.02 

25.2004 

2.24054 

7.08520 


5.52 

30.4704 

2.34947 

7.42967 

5.03 

25.3009 

2.24277 

7.09225 


5.53 

30.5809 

2.35160 

7.43640 

5.04 

25.4016 

2.24499 

7.09930 


5.54 

30.6916 

2.35372 

7.44312 

5.05 

25.5025 

2.24722 

7.10634 


5.55 

30.8025 

2.35584 

7.44983 

5.06 

25.6036 

2.24944 

7.11337 


5.56 

30.9136 

2.35797 

7.45654 

5.07 

25.7049 

2.25167 

7.12039 


5.57 

31.0249 

2.36008 

7.46324 

5.08 

25.8064 

2 . 25.389 

7.12741 


5 58 

31.1364 

2.36220 

7.46994 

5.09 

25.9081 

2.25610 

7.13442 


5.59 

31.2481 

2.36432 

7.47663 

5.10 

26.0100 

2.25832 

7.14143 


5.60 

31.3600 

2.36643 

7.48331 

5.11 

26.1121 

2.26053 

7.14843 


5.61 

31.4721 

2.36854 

7.48999 

5.12 

26.2144 

2.26274 

7.15542 


5.62 

31.5844 

2.37065 

7.49667 

5.13 

26.3169 

2.26495 

7.16240 


5.63 

31.6969 

2.37276 

7.50333 

5.14 

26.4196 

2.26716 

7.16938 


5.64 

31.8096 

2.37487 

7.50999 

5.15 

26.5225 

2.26936 

7.17635 


5.65 

31.9225 

2.37697 

7.51665 

6.16 

26.6256 

2.27156 

7.18331 


5.66 

32.0356 

2.37908 

7.52330 

5.17 

26.7289 

2.27376 

7.19027 


5.67 

32.1489 

2.38118 

7.52994 

5.18 

26.8324 

2 . 27.596 

7.19722 


5.68 

32.2624 

2.38328 

7.53658 

5.19 

26.9361 

2.27816 

7.20417 


5.69 

32.3761 

2.38537 

7.54321 

5.20 

27.0400 

2.28035 

7.21110 


5.70 

32.4900 

2.38747 

7.54983 

5.21 

27.1441 

2.28254 

7.21803 


5.71 

32.6041 

2.38956 

7.55645 

5.22 

27.2484 

2.28473 

7.22496 


5.72 

32.7184 

2.39165 

7.56307 

5.23 

27.3529 

2.28692 

7.23187 


5.73 

32.8329 

2.39374 

7.56968 

5.24 

27.4576 

2.28910 

7.23878 


5.74 

32.9476 

2.39583 

7.57628 

5.25 

27.5625 

2.29129 

7.24569 


5.75 

33.0625 

2 . 39’792 

7.58288 

5.26 

27.6676 

2.29347 

7.25259 


5.76 

33.1776 

2.40000 

7.58947 

5.27 

27.7729 

2.29565 

7.25948 


5.77 

33.2929 

2.40208 

7.59605 

5.28 

27.8784 

2.29783 

7.26636 


5.78 

33.4084 

2.40416 

7.60263 

5.29 

27.9841 

2.30000 

7,27324 


5.79 

33.5241 

2.40624 

7.60920 

5.30 

28.0900 

2.30217 

7.28011 


5.80 

33.6400 

2.40832 

7.61577 

5.31 

28.1961 

2.30434 

7,28697 


5.81 

33.7561 

2.41039 

7.62234 

5.32 

28.3024 

2.30651 

7.29383 


5.82 

33.8724 

2.41247 

7.62889 

5.33 

28.4089 

2.30868 

7.30068 


5.83 

33.9889 

2.41454 

7.63544 

5.34 

28.5156 

2.31084 

7.30753 


5.84 

34.1056 

2.41661 

7.64199 

5.35 

28.6225 

2.31301 

7.31437 


5.85 

34.2225 

2.41868 

7.64853 

5.36 

28.7296 

2.31517 

7.32120 


5.86 

34.3396 

2.42074 

7.65506 

5.37 

28.8369 

2.31733 

7.32803 


5.87 

34.4569 

2.42281 

7.66159 

5.38 

28.9444 

2.31948 

7.33485 


5.88 

34.5744 

2.42487 

7.66812 

5.39 

29.0521 

2.32164 

7.34166 


5.89 

34.6921 

2.42693 

7.67463 

5.40 

29.1600 

2.32379 

7.34847 


5.00 

34.8100 

2.42899 

7.68115 

5.41 

29.2681 

2.32594 

7.35527 


5.91 

34.9281 

2.43105 

7.68765 

5.42 

29.3764 

2.32809 

7.56206 


5.92 

35.0464 

2.43311 

7.69415 

5.43 

29.4849 

2.33024 

7.36885 


5.93 

35.1649 

2.43516 

7.70065 

5.44 

29.5936 

2.33238 

7.37564 


5.94 

35.2836 

2.43721 

7.70714 

5.45 

29.7025 

2.33452 

7.38241 


5.95 

35,4025 

2.43926 

7.71362 

5.46 

29.8116 

2.33666 

7.38918 


5.96 

35.5216 

2.44131 

7.72010 

5.47 

29.9209 

2.33880 

7.39594 


5.97 

35.6409 

2.44336 

7.72658 

5.48 

30.0304 

2.34094 

7.40270 


5.98 

35.7604 

2.44540 

7.73305 

5.49 

30.1401 

2.34307 

7.40945 


5.99 

35.8801 

2.44745 

7.73951 

5.50 

30.2500 

2.34521 

7.41620 


6.00 

36.0000 

2.44949 

7.74597 

N 

N* 

VN 

VioK 


W 

ITS 

Vr 

VioS 
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TABLE 1— Squares and Square Boots —Continued 


N 

N * 


VION 

6.00 

36.0000 

2.44949 

7.74597 

6.01 

36.1201 

2.45153 

7.75242 

6.02 

36.2404 

2.45357 

7.75887 

6.03 

36.3609 

2.45561 

7.76531 

6.04 

56.4816 

2.45764 

7.77174 

6.05 

36.6025 

2.45967 

7.77817 

6.06 

36.7236 

2,46171 

7.78460 

6.07 

36.8449 

2.46374 

7.79102 

6.08 

36.9664 

2.46577 

7.79744 

6.09 

37.0881 

2.46779 

7.80385 

6.10 

37.2100 

2.46982 

7.81025 

6.11 

37.3321 

2.47184 

7.81665 

6.12 

37.4544 

2.47386 

7.82304 

6.13 

37.5769 

2.47588 

7.82943 

6.14 

37.6996 

2.47790 

7.83582 

6.15 

37.8226 

2.47992 

7.84219 

6.16 

37.9456 

2.48193 

7.84857 

6.17 

38.0689 

2.48395 

7.85493 

6.18 

38.1924 

2.48596 

7.86130 

6.19 

38.3161 

2.48797 

7.86766 

6.20 

38.4400 

2.48998 

7.87401 

6.21 

38.5641 

2.49199 

7.88036 

6.22 

38.6884 

2.49399 

7.88670 

6.23 

38.8129 

2.49600 

7.89303 

6.24 

38.9376 

2.49800 

7.89937 

6.25 

39.0625 

2.50000 

7.90569 

6.26 

39.1876 

2.50200 

7.91202 

6.27 

39.3129 

2.50400 

7.91833 

6.28 

39.4384 

2,50599 

7.92465 

6.29 

39.5641 

2.50799 

7.93095 

6.30 

39.6900 

2.50998 

7.93725 

6.31 

39.8161 

1 2.51197 

7.94355 

6.32 

39.9424 

2.51396 

7.94984 

6.33 

40.0689 

2.51595 

7.95613 

6.34 

40.1956 

2.51794 

7.96241 

6.35 

40.3225 

2.51992 

7.96869 

6.36 

40.4496 

2.52190 

7.97496 

6.37 

40.5769 

2.52389 

7.98123 

6.38 

40.7044 

2.52587 

7.98749 

6.39 

40.8321 

2.52784 

7.99375 

6.40 

40.9600 

2.52982 

8.00000 

6.41 

41.0881 

2.53180 

8.00625 

6.42 

41.2164 

2.53377 

8.01249 

6.43 

41.3449 

2.53574 

8.01873 

6.44 

41.4736 

2.53772 

8.02496 

6.45 

41.6025 

2.53969 

8.03119 

6.46 

41.7316 

2.54165 

8.03741 

6.47 

41.8609 

2.54362 

8.04363 

6.48 

41.9904 

2.54558 

8.04984 

6.49 

42.1201 

2.54755 

8.05605 

6.50 

42.2500 

2.54951 

8.06226 

y 

W» ' 

vH 

VioN 


N 

N * 

^/^r 

^/iMr 

6.50 

42.2500 

2.54951 

8.06226 

6.51 

6.52 

6.53 

42.3801 

42.5104 

42.6409 

2.55147 

2.55343 

2.55539 

8.06846 

8.07465 

8.08084 

6.54 

6.55 

6.56 

42.7716 

42.9025 

43.0336 

2.55734 

2.55930 

2.56125 

8.08703 

^.09321 

8.09938 

6.67 

6.58 

6.69 

43.1649 

43.2964 

43.4281 

2.56320 

2.56515 

2.56710 

8.10555 

8.11172 

8.11788 

6.60 

43.5600 

2.56905 

8.12404 

6.61 

6.62 

6.63 

43.6921 

43.8244 

43.9569 

2.57099 

2.57294 

2.57488 

8.13019 

8.13634 

8.14248 

6.64 

6.65 

6.66 

44.0896 

44.2225 

44.3556 

2.57682 

2.57876 

2.58070 

8.14862 

8.15475 

8.16088 

6.67 

* 6.68 

6.69 

44.4889 

44.6224 

44.7561 

2.58263 

2.58457 

2.58650 

8.16701 

8.17313 

8.17924 

6.70 

44.8900 

2.58844 

8.18535 

6.71 

6.72 

6.73 

45.0241 

45.1584 

45.2929 

2.59037 

2.59230 

2.59422 

8.19146 

8.19756 

8.20366 

6.74 

6.75 

6.76 

45.4276 

45.5625 

45.6976 

2.59615 

2.59808 

2.60000 

8.20975 

8.21584 

8.22192 

6.77 

6.78 

6.79 

45.8329 

45.9684 

46.1041 

2.60192 

2.60384 

2.60576 

8.22800 

8.23408 

8.24015 

6.80 

46.2400 

2.60768 1 

8.24621 

6.81 

6.82 

6.83 

46.3761 

46.5124 

46.6489 

2.60960 

2.61151 

2.61343 

8.25227 

8.25833 

8.26438 

6.84 

6.85 

6.86 

46.7856 

46.9225 

47.0596 

2.61534 

2.61725 

2.61916 

8.27043 

8.27647 

8.28251 

6.87 

6.88 
6.89 

47.1969 

47.3344 

47.4721 

2.62107 

2.62298 

2.62488 

8.28855 

8.29458 

8.30060 

6.00 

47.6100 

2.62679 

8.30662 

6.91 

6.92 

6.93 

47.7481 

47.8864 

48.0249 

2.62869 

2.63059 

2.63249 

8.31264 

8.31865 

8.32466 

6.94 

6.95 

6.96 

48.1636 

48.3025 

48.4416 

2.63439 

2.63629 

2.63818 

8.33067 

8.33667 

8.34266 

6.97 

6.98 

6.99 

48.5809 

48.7204 

48.8601 

2.64008 

2.64197 

2.64386 

8.34865 

8.35464 

8.36062 

7.00 

49.0000 

2.64575 

8.36660 

N 

y» 

Vk 

VJow 
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TABLE 1 —Squares and Square Roots— Continued 


N 

N* 

VH 

ViON 


N 

N* 

vif 

VtON 

7.00 

49.0000 

2.64575 

8.36660 


7.50 

56.2500 

2.73861 

8.66025 

7.01 

49.1401 

2.64764 

8.37257 


7.51 

56.4001 

2.74044 

8.66603 

7.02 

49.2804 

2.64953 

8.37854 


7.52 

56.5504 

2.74226 

8.67179 

7.03 

49.4209 

2.65141 

8.38451 


7.53 

56.7009 

2.74408 

8.67756 

7.04 

49.5616 

2.65330 

8.39047 


7.54 

56.8516 

2.74591 

8.68332 

7.05 

49.7025 

2.65518 

8.39643 


7.55 

57.0025 

2.74773 

8.68907 

7.06 

49.8436 

2.65707 

8.40238 


7.56 

57.1536 

2.74965 

8.69483 

7.07 

49.9849 

2.65895 

8.40833 


7.5/ 

57.3049 

2.75136 

8.70057 

7.08 

50.1264 

2.66083 

8.41427 


7.58 

57.4564 

2.75318 

8.70632 

7.09 

50.2681 

2.66271 

8.42021 


7.59 

57.6081 

2.75500 

8.71206 

7.10 

50.4100 

2.66458 

8.42615 


7.60 

57.7600 

2.75681 

8.71780 

7.11 

50.5521 

2.66646 

8.43208 


7.61 

57.9121 

2.75862 

8.72353 

7.12 

50.6944 

2.66833 

8.4.3801 


7.62 

58.0644 

2.76043 

8.72926 

7.13 

50.8369 

2.67021 

8.44393 


7.63 

58.2169 

2.76225 

8.73499 

7.14 

50.9796 

2.67208 

8.44985 


7.64 

58.3696 

2.76405 

8.74071 

7.15 

51.1225 

2.67395 

8.45577 


7.65 

58.5225 

2.76586 

8.74643 

7.16 

51.2656 

2.67582 

8.46168 


7.66 

58.6756 

2.76767 

8.75214 

7.17 

51.4089 

2.67769 

8.46759 


7.67 

58.8289 

2.76948 

8.75785 

7.18 

51.5524 

2.67955 

8.47349 


7.68 

58.9824 

2.77128 

8.76356 

7.19 

51.6961 

2.68142 

8.47939 


7.69 

59.1361 

2.77308 

8.76926 

7.20 

51.8400 

2.68328 

8.48528 


7.70 

59.2900 

2.77489 

8.77496 

7.21 

51.9841 

2.68514 

8.49117 


7.71 

59.4441 

2.77669 

8.78066 

7.22 

52.1284 

2.68701 

8.49706 


7.72 

59.5984 

2.77849 

8.78635 

7.23 

52.2729 

2.68887 

8.50294 


7.73 

59.7529 

2.78029 

8.79204 

7.24 

52.4176 

2.69072 

8.50882 


7.74 

59.9076 

2.78209 

8.79773 

7.25 

52.5625 

2.69258 

8.51469 


7.75 

60.0625 

2.78388 

8.80341 

7.26 

52.7076 

2.69444 

8.52056 


7.76 

60.2176 

2.78568 

8.80909 

7.27 

52.8529 

2.69629 

8.52643 


7.77 

60.3729 

2.78747 

8.81476 

7.28 

52.9984 

2.69815 

8.53229 


7.78 

60.5284 

2.78927 

8.82043 

7.29 

53.1441 

2.70000 

8.53815 


7.79 

60.6841 

2.79106 

8.82610 

7.30 

53.2900 

2.70185 

8.54400 


7.80 

60.8400 

2.79285 

8.83176 

7.31 

53.4361 

2.70370 

8.54985 


7.81 

60.9961 

2.79464 

8.83742 

7.32 

53.5824 

2.70555 

8.55570 


7.82 

61.1524 

2.79643 

8.84308 

7.33 

53.7289 

2,70740 

8.56154 


7.83 

61.3089 

2.79821 

8.84873 

7.34 

53.8756 

2.70924 

8.56738 


7.84 

61.4656 

2.80000 

8.85438 

7.35 

54.0225 

2.71109 

8.57321 


7.85 

61.6225 

2.80179 

8.86002 

7.36 

54.1696 

2.71293 

8.57904 


7.86 

61.7796 

2.80357 

8.86566 

7.37 

54.3169 

2.71477 

8.58487 


7.87 

61.9.369 

2.80535 

8.87130 

7.38 

54.4644 

2.71662 

8.59069 


7.88 

62.0944 

2.80713 

8.87694 

7.39 

54.6121 

2.71846 

8.59651 


7.89 

62.2521 

2.80891 

8.88257 

7.40 

54.7600 

2.72029 

8.60233 


7.00 

62.4100 

2.81069 

8.88819 

7.41 

54.9081 

2.72213 

8.60814 


7.91 

62.5681 

2.81247 

8.89382 

7.42 

55.0564 

2.72397 

8.61394 


7.92 

62.7264 

2.81425 

8.89944 

7.43 

55.2049 

2.72580 

8.61974 


7.93 

62.8849 

2.81603 

8.90505 

7.44 

55.3536 

2.72764 

8.62554 


7.94 

63.0436 

2.81780 

8.91067 

7.45 

55.5025 

2.72947 

8.63134 


7.95 

63.2025 

2.81957 

8.91628 

7.46 

55.6516 

2.73130 

8.63713 


7.96 

63.3616 

2.82135 

8.92188 

7.47 

55.8009 

2.73313 

8.64292 


7.97 

63.5209 

2.82312 

8.92749 

7.48 

55.9504 

2.73496 

8.64870 


7.98 

63.6804 

2.82489 

8.93308 

7.49 

56.1001 

2.73679 

8.65448 


7.99 

63.8401 

2.82666 

8.93868 

7.50 

56.2500 

2.73861 

8.66025 


8.00 

64.0000 

2.82843 

8.94427 

W 

N* 

VN 

Vioil 


N 

N* 

\/N 

■v/ioH 
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TABLE 1 —Squares and 


N 

R* 

VR 

VlON 

8.00 

64.0000 

2.82843 

8.94427 

8.01 

64.1601 

2.83019 

8.94986 

8.02 

64.3204 

2.83196 

8.95545 

8.03 

64.4809 

2.83373 

8.96103 

8.04 

64.6416 

2.83549 

8.96660 

8.05 

64.8025 

2.83725 

8.97218 

8.06 

64.9636 

2.83901 

8.97775 

8.07 

65.1249 

2.84077 

8.98332 

8.08 

65.2864 

2.84253 

8.98888 

8.09 

65.4481 

2.84429 

8.99444 

8.10 

65.6100 

2.84605 

9.00000 

8.11 

65.7721 

2.84781 

9.00555 

8.12 

65.9344 

2.84956 

9.01110 

8.13 

66.0969 

2.85132 

9.01665 

8.14 

66.2696 

2.85307 

9.02219 

8.15 

66.4225 

2.85482 

9.02774 

8.16 

66.5856 

2.85657 

9.03327 

8.17 

66.7489 

2.85832 

9.03881 

8.18 

66.9124 

2.86007 

9.044.34 

8.19 

67.0761 

2.86182 

9.04986 

8.20 

67.2400 

2.86356 

9.05539 

8.21 

67.4041 

2.86531 

9.06091 

8.22 

67.5684 

2.86705 

9.06642 

8.23 

67.7329 

2.86880 

9.07193 

8.24 

67.8976 

2.87054 

9.07744 

8.25 

68.0625 

2.87228 

9.08295 

8.26 

68.2276 

2.87402 

9.08845 

8.27 

68.3929 

2.87576 

9.09395 

8.28 

68.5584 

2.87750 

9.09945 

8.29 

68.7241 

1 2.87924 

9.10494 

8.30 

68.8900 

2.88097 

9.11043 

8.31 

69.0561 

2,88271 

9.11592 

8.32 

69.2224 

2.88444 

9.12140 

8.33 

69.3889 

2.88617 

9.12688 

8.34 

69.5556 

2.88791 

9.13236 

8.35 

69.7225 

2.88964 

9.13783 

8.36 

69.8896 

2.89137 

9.14330 

8.37 

70.0569 

2.89310 

9.14877 

8.38 

70.2244 

2.89482 

9.15423 

8.39 

70.3921 

2.89655 

9.15969 

8.40 

70.5600 

2.89828 

9.16615 

8.41 

70.7281 

2.90000 

9.17061 

8.42 

70.8964 

2.90172 

9.17606 

8.43 

71.0649 

2.90345 

9.18150 

8.44 

71.2336 

2.90517 

9.18695 

8.45 

71.4025 

2.90689 

9.19239 

8.46 

71.5716 

2.90861 

9,19783 

8.47 

71.7409 

2.91053 

9.20326 

8.48 

71.9104 

2.91204 1 

9.20869 

8.49 

72.0801 

2.91376 

9.21412 

8.50 

72.2500 

2.91548 

9.21954 

R 

R* 

. VR 



Square Roots— Continued 


R 

R * 

vs 

VioN 

8.50 

72.2500 

2.91548 

9.21954 

8.51 

72.4201 

2.91719 

9.22497 

8.52 

72.5904 

2.91890 

9.23038 

8.53 

72.7609 

2.92062 

9.23580 

8.54 

72.9316 

2.92233 

9.24121 

8.55 

73.1025 

2.92404 

9.24662 

8.56 

73.2736 

2.92575 

9.25203 

8.57 

73.4449 

2.92746 

9.25743 

8.58 

73.6164 

2.92916 

9.26283 

8.59 

73.7881 

2.93087 

9.26823 

8.60 

73.9600 

2.93258 

9.27362 

8.61 

74.1321 

2.93428 

9.27901 

8.62 

74.3044 

2.93598 

9.28440 

8.63 

74.4769 

2.93769 

9.28978 

8.64 

74.6496 

2.93939 

9.29516 

8.65 

74.8225 

2.94109 

9.30054 

8.66 

74.9956 

2.94279 

9.30591 

8.67 

75.1689 

2.94449 

9.31128 

8.68 

75..3424 

2.94618 

9.31665 

8.69 

75.5161 

2.94788 

9.32202 

8.70 

75.6900 

2.94958 

9.32738 

8.71 

75.8641 

2.95127 

9.33274 

8.72 

76.0384 

2.95296 

9.33809 

8.73 

76.2129 

2.95466 

9.34345 

8.74 

76.3876 

2.956.35 

9.34880 

8.75 

76.5625 

2.95804 

9..36414 

8.76 

76.7376 

2.95973 

9.35949 

8.77 

76.9129 

2.96142 

9.36483 

8.78 

77.0884 

2.96311 

9.37017 

8.79 

77.2641 

2.96479 

9.37550 

8.80 

77.4400 

2.96648 

9.38083 

8.81 

77.6161 

2.96816 

9.38616 

8.82 

77.7924 

2.96985 

9.39149 

8.83 

77.9689 

2.97155 

9.39681 

8.84 

78.1456 

2.97321 

9.40213 

8.85 

78.3225 

2.97489 

9.40744 

8.86 

78.4996 

2.97658 

9.41276 

8.87 

78.6769 

2.97825 

9.41807 

8.88 

78.8544 

2.97993 

9.42338 

8.89 

79.0321 

2.98161 

9.42868 

8.90 

79.2100 

2.98329 

9.43398 

8.91 

79.5881 

2.98496 

9.43928 

8.92 

79.5664 

2.98664 

9.44458 

8.93 

79.7449 

2.98831 

9.44987 

8.94 

79.92.36 

2.98998 

9.45516 

8.95 

80.1025 

2.99166 

9.46044 

8.96 

80.2816 

2.99333 

9.46573 

8.97 

80.4609 

2.99500 

9.47101 

8.98 

80.6404 

2.99666 

9.47629 

8.99 

80.8201 

2.99833 

9.48156 

9.00 

81.0000 

3.00000 

9.48683 

R 

R * 

VR 

VioS 
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TABLE 1 —Squares and Square Roots — Cordinmed 


1 ^ 

N» 

vw 

VlOW 


N 

If * 

vif 

VlOR 

1 9.00 

81.0000 

3.00000 

9.48683 


0.50 

90.2500 

3.08221 

9.74679 

9.01 

81.1801 

3.00167 

9.49210 


9.51 

90.4401 

3.08383 

9.75192 

9.02 

81.3604 

3.00333 

9.49737 


9.52 

90.6304 

3.08545 

9.75705 

9.03 

81.5409 

3.00500 

9.50263 


9.53 

90.8209 

3.08707 

9.76217 

9.04 

81.7216 

3.00666 

9.50789 


9.54 

91.0116 

3.08869 

9.76729 

9.05 

81.9025 

3.00832 

9.51315 


9.55 

91.2025 

3.09031 

9.77241 

9.06 

82.0836 

3.00998 

9.51840 


9.56 

91.3936 

3.09192 

9.77753 

9.07 

82.2649 

3.01164 

9.52365 


9.57 

91.5849 

3.09354 

9.78264 

9.08 

82.4464 

3.01330 

9.52890 


9.58 

91.7764 

3.09516 

9.78775 

9.09 

82.6281 

3.01496 

9.53415 


9.59 

91.9681 

3.09677 

9.79285 

9.10 

82.8100 

3.01662 

9.53939 


9.60 

92.1600 

3.09839 

9.79796 

9.11 

82.9921 

3.01828 

9.54463 


9.61 

92.3521 

3.10000 

9.80306 

9.12 

83.1744 

3.01993 

9.54987 


9.62 

92.5444 

3.10161 

9.80816 

9.13 

83.3569 

3.02159 

9.55510 


9.63 

92.7369 

3.10322 

9.81326 

9.14 

83.5396 

3.02324 

9.56033 


9.64 

92.9296 

3.10483 

9.81835 

9.15 

83.7225 

3.02490 

9.56556 


9.65 

93.1225 

3.10644 

9.82344 

9.16 

83.9056 

3.02655 

9.57079 


9.66 

93.3156 

3.10805 

9.82853 

9.17 

84.0889 

3.02820 

9.57601 


9.67 

93.5089 

3.10966 

9.83562 

9.18 

84.2724 

3.02985 

9.58123 


9.68 

93.7024 

3.11127 

9.83870 

9.19 

84.4561 

3.03150 

9.58645 


9.69 

93.8961 

3.11288 

9.84378 

9.20 

84.6400 

3.03515 

9.59165 


9.70 

94.0900 

3.11448 

9.84886 

9.21 

84.8241 

3.03480 

9.59687 


9.71 

94.2841 

3.11609 

9 . 8.5393 

9.22 

85.0084 

3.03645 

9.60208 


9.72 

94.4784 

3.11769 

9.85901 

9.23 

85.1929 

3.03809 

9.60729 


9.73 

94.6729 

3.11929 

9.86408 

9.24 

85.3776 

3.03974 

9.61249 


9.74 

94.8676 

3.12090 

9.86914 

9.25 

85.5625 

3.04138 

9.61769 


9.75 

95.0625 

3.12250 

9.87421 

9.26 

85.7476 

3.04302 

9.62289 


9.76 

95.2576 

3.12410 

9.87927 

9.27 

85.9329 

3.04467 

9.62808 


9.77 

95.4529 

3.12570 

9.88433 

9.28 

86.1184 

3.04631 

9.63328 


9.78 

95.6484 

3.12730 

9.88939 

9.29 

86.3041 

3.04795 

9.63846 


9.79 

95.8441 

3.12890 

9.89444 

9.30 

86.4900 

3.04959 

9.64365 


9.80 

96.0400 

3.13050 

9.89949 

9.31 

86.6761 

3.05123 

9.64883 


9.81 

96.2361 

3.13209 

9.90454 

9.32 

86.8624 

3.05287 

9 . 6,5401 


9.82 

96.4324 

3.13369 

9.90959 

9.33 

87.0489 

3.05450 

9.65919 


9.83 

96.6289 

3.13528 

9.91464 

9.34 

87.2356 1 

3.05614 

9.66437 


9.84 

96.8256 

3.13688 

9.91968 

9.35 

87.4225 

3.05778 

9.66954 


9.85 

97.0225 

3.13847 

9.92472 

9.36 

87.6096 

3.05941 

9.67471 


9.86 

97.2196 

3.14006 

9.92975 

9.37 

87.7969 

3.06105 

9.67988 


9.87 

97.4169 

3.14166 

9.93479 

9.38 

87.9844 

3.06268 

9.68504 


9.88 

97.6144 

3.14325 

9.93982 

9.39 

88.1721 

3.06431 

9.69020 


9.89 

97.8121 

3.14484 

9.94485 

9.40 

88.3600 

3.06594 

9.69536 


9.00 

98.0100 

3.14643 

9.94987 

9.41 

88.5481 

3.06757 

9.70052 


9.91 

98.2081 

3.14802 

9.95490 

9.42 

88.7364 

3.06920 

9.70567 


9.92 

98.4064 

3.14960 

9.95992 

9.43 

88.9249 

3.07083 

9.71082 


9.93 

98.6049 

3.15119 

9.96494 

9.44 

89.1136 

3.07246 

9.71597 


9.94 

98.8036 

3.15278 

9.96995 

9.45 

89.3025 

3.07409 

9.72111 


9.95 

99.0025 

3.15436 

9.97497 

9.46 

89.4916 

3.07571 

9.72625 


9.96 

99.2016 

3.15595 

9.97998 

9.47 

89.6809 

3.07734 

9.73139 


9.97 

99.4009 

3.15753 

9.98499 

9.48 

89.8704 

3.07896 

9.73653 


9.98 

99.6004 

3.15911 

9.98999 

9.49 

90.0601 

3.08058 

9.74166 


9.99 

99.8001 

3.16070 

9.99500 

9.50 

90.2500 

3.08221 

9.74679 


10.00 

100.000 

5.16228 

10.0000 

N 

N* 

Vif 

■v/ioii 


w 

N* 

VN 

View 
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* Ralph G. Hudson, The Engineers* Manual^ Second Edition, New York, John 
Wiley & Sons, Inc., 1939, pp. 250-251. Reprinted by permission. 
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TABLE 2—Common Logarithms— 



7366 

7574 

7642 

7649 

7716 

7723 



8069 
8129 8136 

819s 8202 

8261 8267 

8325 8331 

8388 8395 

8451 8457 18463 

8313 8519 
8373 8579 

8633 8639 

8692 8698 

8731 8756 
8808 8814 

8865 8871 

8921 8927 

8976 




73 


7818 


7882 I 7889 
7959 


8293 

8357 

8420 

8470 I 8476 I 8482 


7825 I 7832 


7896 7903 
7966 7973 
8035 8041 
8102 8109 
8169 8176 
823s 8241 
8299 8306 
8363 8370 
8426 8432 

8488 8494 


8549 8555 
8609 8615 
8669 8675 
8727 8733 
878s 8791 
8842 8848 
8899 8904 
8954 8960 
9009 901 s 


9063 9069 


7910 7917 

7980 7987 

8048 805s 

8116 8122 

8182 8189 

8248 8254 

8312 8319 

8376 8382 

8439 8445 

8500 8506 


8561 8567 
8621 8627 
8681 8686 

8739 874s 

8797 8802 
8854 8859 
8910 8915 
8965 8971 
9020 9025 


9079 


9365 

9415 I 9420 9425 
9465 9469 9474 
9513 9518 9523 


9562 9566 9571 9576 9581 



689 
























































































TABLE 3 

Natural Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

0.0 

0.00000 

0 00000 

00 

1.0000 

90.0 

.5 

.07846 

.07870 

12 706 

.9969 

.5 

.1 

.00175 

.00175 

573 0 

1.0000 

.9 

.6 

.08020 

.08046 

12.429 

.9968 

.4 

.2 

.00349 

.00340 

286 5 

1.0000 

8 

.7 

.08194 

.08221 

12.163 

.9966 

.3 

.3 

.00524 

.00524 

191.0 

1 0000 

.7 

.8 

.08368 

.08397 

11.909 

.9965 

.2 

.4 

.00698 

.00698 

143.24 

1 OCKK) 

6 

.9 

08542 

08573 

11.664 

.9963 

.1 

.6 

.00873 

.00873 

114.59 

1.0000 

.5 

50 

0 08716 

0 08749 

11 430 

0 9962 

85.0 

.6 

01047 

01047 

95.49 

0.9909 

4 

1 

.08889 

08925 

11.205 

.9960 

.9 

.7 

01222 

01222 

81 85 

.9999 

.3 

.2 

09063 

.09101 

10 988 

.9959 

.8 

.8 

.01396 

.01396 

71.62 

.9999 

2 

3 

09237 

.09277 

10 780 

9957 

.7 

.9 

.01571 

.01571 

63 66 

.9999 

.1 

.4 

09411 

09453 

10 579 

9956 

.6 

10 

0 01745 

0 01746 

57 29 

0.9998 

89 0 

5 

09585 

09629 

10.385 

.9954 

.5 

.1 

.01920 

01920 

52 08 

9998 

9 

6 

.09758 

09805 

10 199 

.9952 

.4 

.2 

.02094 

.02095 

47 74 

9998 

8 

7 

09932 

09981 

10 019 

9951 

.3 

.3 

02269 

.02209 

44 07 

9997 

.7 

8 

10106 

.10158 

9 845 

.9949 

2 

.4 

.02443 

02444 

40 92 

9997 

6 

9 

.10279 

10334 

9 677 

.9947 

.1 

5 

02618 

.02619 

38.19 

9997 

5 

60 

0.10453 

010510 

9 514 

0 9945 

840 

.« 

.02792 

02793 

35 80 

.9996 

4 

1 

10626 

.10687 

9 357 

9943 

.9 

.7 

02967 

.02968 

33 69 

.9996 

3 

.2 

.10800 

10863 

9 205 

.9942 

.8 

.8 

.03141 

03143 

31 82 

9995 

2 

3 

10073 

U040 

9 058 

9940 

7 

.9 

.03316 

03317 

30 14 

9995 

1 

4 

11147 

11217 

8 915 

9938 

.6 

20 

0 03490 

0 03492 

28 64 

i 0.9994 

i 880 

.5 

.11320 

.11394 

8 777 

.9936 

.5 

.1 

03664 

I 03667 

27 27 

9993 

1 

6 

.11494 

.11570 

8 643 

9934 

4 

.2 

.03839 

i 03842 

26 03 

1 .9993 

1 .8 

7 

.11667 

.11747 ' 

8 513 

.9932 

3 

.3 

i .04013 

.04016 

24 90 

i 9992 

7 

.8 

.11840 

.11924 

8 386 

.9930 

.2 

.4 

.04188 

.04191 

23 86 

1 .9991 

6 

9 

12014 

.12101 

8 264 

9928 

1 

5 

04362 

.04366 

22 90 

9990 

.5 

70 

0 12187 

012278 

8 144 

0 9925 

83 0 

.6 

04536 

.04541 

22.02 

.9990 

4 

1 

.12360 

.12456 

8 028 

.9923 

.9 

.7 

.04711 

04716 

21 20 

.9989 

.3 

2 

.12533 

.12633 

7 916 

.9921 

.8 

.8 

04885 

04891 

20 45 

.9988 

.2 

3 

12706 

.12810 

7 806 

9919 

.7 

.9 

.05059 

.05066 

19 74 

.9987 

.1 

4 

12880 

.12988 

7 700 

.9917 

.6 

30 

0 05234 

0.05241 

19 081 

0.9986 

87 0 

5 

.13053 

13165 

7.596 

.9914 

.5 

.1 

05408 

.05416 

18 464 

9985 

.9 

6 

.13220 

13343 

7.495 

.9912 

.4 

2 

05582 

.05591 

17.886 

9984 

8 

.7 

.13399 

.13521 

7.396 

.9910 

.3 

.3 

.05756 

.05766 

17 343 

.9983 

7 

8 

13572 

.13698 

7 300 

.9907 

.2 

.4 

.05931 

.05941 

16 832 

.9982 

.6 

.9 

13744 

.13876 

7.207 

.9905 

.1 

.6 

.06105 

06116 

16 350 

.9981 

5 

8.0 

0.13917 

0 14054 

7.115 

0.9903 

82.0 

.6 

.06279 

.06291 

15.895 

.9980 

.4 

.1 

.14090 

14232 

7.026 

.9900 

.9 

.7 

.06453 

.06467 

15 464 

.9979 

.3 

2 

.14263 

.14410 

6 940 

.9898 

.8 

8 

.06627 

.06642 

15 056 

.9978 

.2 

.3 

14436 

.14588 

6 855 

.9895 

.7 

.9 

.06802 

06817 

14 669 

.9977 

.1 

i .4 

.14608 

.14767 

6 772 

.9893 

.6 

4.0 

0.06976 

0 06993 

14.301 

0 9976 

86.0 

5 

.14781 

.14945 

6.691 

.9890 

.5 

.1 

.07150 

.07168 

13.951 

.9974 

.9 

.6 

14954 

15124 

6 612 

9888 

.4 

.2 

.07324 

.07344 

13 617 

.9973 

.8 

.7 

.15126 

.15302 

6 535 

.9885 

3 

.3 

.07498 

.07519 

13.300 

.9972 

.7 

.8 

.15299 

.15481 

6.460 

.9882 

.2 

.4 

.07672 

.07695 

12.996 

.9971 

.6 

.9 

.15471 

.15660 

6 386 

.9880 

.1 

Deg. 

Cos 

Cot 

Tan 

Sin 

Deg. 

Deg. 

Cos 

Cot 

Tan 

Sin 

Deg. 
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TAHLS 3 —Continued 

Natural Trigonometric Functions for Decimal Fractions op a Degree 


Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

9.0 

0.15643 

0 15838 

6.314 

0 9877 

81.0 

5 

.2334 

.2401 

4.165 

.9724 

.5 

.1 

.15816 

.16017 

6 243 

9874 

.9 

6 

2351 

2419 

4 134 

9720 

.4 

2 

.15988 

16196 

6 174 

9871 

8 

7 

.2368 

2438 

4 102 

9715 

.3 

.3 

16160 

16376 

6 107 

.9869 

.7 

• 8 

2385 

.2456 

4 071 

9711 

.2 

4 

16333 

.16555 

6 041 

9866 

6 

9 

2402 

2475 

4 041 

9707 

1 

5 

.16505 

16734 

5 976 

9863 

.5 

14 0 

0 2419 

0 2493 

4.011 

0 9703 

76.0 

.6 

16677 

16914 

5 912 

9860 

.4 

1 

.2436 

2512 

3 981 

9699 

.9 

.7 

16849 

17093 

5.850 

9857 

.3 

2 

.2453 

2530 

3 952 

.9694 

.8 

.8 

.17021 

.17273 

5.789 

9854 

.2 

3 

.2470 

.2.549 

3 923 

.9690 

.7 

.9 

17193 

.17453 

5.730 

9851 

.1 

.4 

2487 

2568 

3 895 

.9686 

.6 

10 0 

0 1736 

0 1763 

5 671 

0 9848 

800 

5 

2504 

2586 

3.867 

.9681 

.5 

1 

.1754 

1781 

5 614 

.9845 

9 

.6 

2521 

2605 

3 839 

9677 

.4 

2 

1771 

1799 

5 558 

9842 

8 

7 

2538 

2623 

3.812 

.9673 

.3 

3 

1788 

1817 

5 503 

9839 

7 

8 

.25.54 

2642 

3 785 

.9668 

.2 

.4 

1805 

1835 

5 449 

9836 

6 

9 

2571 

2661 

3 758 

9664 

.1 

.6 

1822 

18.53 

5 396 

.9833 

5 

15 0 

0 2588 

0 2 79 

3 732 

0.9659 

75.0 

6 

.1840 

1871 

5 343 

9829 

4 

1 

2605 

2698 

3 706 

.9655 

9 

7 

1857 

1890 

5 292 

9826 

3 

2 

.2622 

2717 

3 681 

9650 

.8 

8 

1874 

1908 

5 242 

9823 

2 

3 

2639 

2736 

3 655 

.9646 

7 

.9 

1891 

.1926 

5 193 

9820 

1 

4 

2656 

.2754 

3 630 

.9641 

.6 

11 0 

0 1908 

0.1944 

5 145 

0 9816 

79 0 

.5 

2672 

2773 

3 606 

.9636 

.5 

.1 

1925 

1962 

5 097 

9813 

9 

6 

2689 

.2792 

3.582 

9632 

.4 

2 

1942 

.1980 

5 050 

.9810 

.8 

7 

.2706 

.2811 

3.5.58 

.9627 

.3 

3 

1959 

.1998 

5.005 

9806 

.7 

.8 

2723 

2830 

3 534 

.9622 

.2 

.4 

1977 

2016 

4 959 

9803 

.6 

.9 

2740 

.2849 

3 511 

9617 

.1 

5 

1994 

.2035 

4 915 

9799 

5 

16 0 

0 27.56 

0 2867 

3 487 

0.9613 

74 0 

6 

2011 

.2053 

4 872 

9796 

4 

1 

.2773 

2886 

3 465 

.9608 

.9 

7 

.2028 

2071 

4.829 

9792 

3 

2 

.2790 

2905 

3 442 

.9603 

.8 

8 

2045 

.2089 

4 787 

9789 

2 

3 

2807 

2924 

3 420 

.9598 

.7 

.9 

2062 

.2107 

4 745 

9785 

1 

4 

2823 

.2943 

3.398 

.9593 

.6 

12.0 

1 

0 2079 

0.2126 

4 705 1 

0 9781 

78.0 

.5 

.2840 

2962 

3 376 

.9588 

.5 

.1 

.2096 

2144 

4 665 

9778 

9 

.6 

.2857 

.2981 

3 354 

9583 

.4 

.2 

.2113 

.2162 

4 625 

9774 

.8 

7 

2874 

.3000 

3 333 

.9578 

.3 

.3 

2130 

.2180 

4 586 

9770 

7 

8 

.2890 

3019 

3 312 

9573 

.2 

.4 

.2147 

.2199 

4 548 

.9767 

6 

9 

.2907 

.3038 

3.291 

.9568 

.1 

.5 

.2164 

.2217 

4.511 

.9763 

.5 

17 0 

0 2924 

0 3057 

3 271 

0.9563 

73.0 

.6 

.2181 

.2235 

4.474 

.9759 

,4 

1 

2940 

.3076 

3.251 

.9558 

.9 

.7 

.2198 

.2254 

4.437 

9755 

3 

.2 

2957 

.3096 

3.230 

.9553 

.8 

.8 

.2216 

.2272 

4.402 

.9751 

2 

.3 

.2974 

.3115 

3.211 

.9548 

.7 

.9 

.2233 

.2290 

4.366 

.9748 

.1 

.4 

.2990 

3134 

3 191 

.9542 

-6 

13.0 

0 2250 

0.2309 

4 331 

0 9744 

77 0 

.5 

.3007 

.3153 

3.172 

9537 

.5 

.1 

.2267 

.2327 

4.297 

.9740 

9 

6 

1 .3024 

.3172 

3.152 

.9532 

.4 

.2 

.2284 

.2345 

4.264 

.9736 

.8 

./ 

,3040 

.3191 

3 133 

9527 

.3 

.3 

.2300 

.2364 

4.230 

.9732 

.7 

.8 

.3057 

.3211 

3.115 

,9521 

.2 

.4 

,2317 

.2382 

4.198 

.9728 

.6 

.9 

.3074 

.3230 

3.096 

.9516 

.1 

Deg. 

Cos 

Cot 

Tan 




Cos 

Cot 

i 

Tan 

Sin 

1 

D^. 

l 
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TABLE 3 —ConLinued 

Natural Trigonometric Functions for Decimal Fractions op a Degree 


Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

18.0 

0.3090 

0 3249 

3 078 

0.9511 

72 0 

.5 

.3827 

.4142 

2.414 

.9239 

.5 

.1 

.3107 

.3269 

3.060 


.9 

6 

.3843 

.4163 

2 402 

9232 

.4 

.2 

.3123 

.3288 

3.042 

.9500 

.8 

.7 

.3859 

.4183 

2 391 

.9225 

.3 

.3 

.3140 

.3307 

3 024 

9494 

.7 

.8 

.3875 

4204 

2 379 

.9219 

.2 

.4 

.3156 

.3327 

3 006 

9489 

6 

.9 

3891 

.4224 

2 367 

.9212 

.1 

.5 

.3173 

3346 

2 989 

9483 

5 

23 0 

0.3907 

0 4245 

2 356 

0 9205 

67.0 

.6 


.3365 

2 971 

.9478 

.4 

1 

.3923 

.4265 

2 344 


.9 

.7 

.3206 

3385 

2 954 

.9472 

3 

.2 

.3939 

.4286 

2 333 

.9191 

.8 

.8 

.3223 

.3404 

2 937 

9466 

2 

3 



2 322 


7 

.9 

.3239 

.3424 

2 921 

.9461 

.1 

4 

.3971 

.4327 

2 311 

.9178 

.6 

19 0 

0 3256 

0 3443 

2 904 

0 9455 

710 

.5 

.3987 

4348 

2 300 

.9171 

.5 

.1 

.3272 


2 888 

.9449 

.9 

.6 

4003 

.4369 

2.289 

.9164 

.4 

.2 

3289 

.3482 

2 872 

.9444 

.8 

.7 

.4019 

.4390 

2 278 

.9157 

.3 

.3 

.3305 

.3502 

2 856 

9438 

.7 

8 

.4035 

.4411 

2 267 

.9150 

2 

.4 

.3322 

.3522 

2 840 

.9432 

6 

.9 

.4051 

.4431 

2 257 

.9143 

1 

.5 

.3338 

.3541 

2 824 


.5 

24,0 

0 4067 

0 4452 

2 246 

0 9135 

66 0 

6 

.3355 

3561 

2 808 

9421 

.4 

1 

.4083 

.4473 

2 236 

.9128 

9 

.7 

.3371 

.3581 

2 793 

.9415 

3 

.2 

,4099 

.4494 

2 225 

.9121 

.8 

.8 

.3387 

.3600 

2 778 

.9409 

2 

.3 

4115 

4515 

2 215 

.9114 

7 

.9 

.3404 

3620 

2 762 

.9403 

.1 

.4 

.4131 

.4536 

2 204 

.9107 

.6 

20 0 

0 3420 

0 3640 

2 747 

0 9397 

70 0 

5 

.4147 

4557 

2 194 

.9100 

5 

.1 

.3437 

.3659 

2 733 

.9391 

9 

.6 

4163 

4578 

2 184 

.9092 

.4 

.2 

.3453 

.3679 

2 718 

.9385 

.8 

.7 

4179 

.4599 

2 174 

.9085 

3 

.3 

.3469 

.3699 

2.703 

.9379 

.7 

.8 

.4195 

.4621 

2.164 

.9078 

.2 

.4 

.3486 

.3719 

2 689 


i .6 

.9 

.4210 

.4642 

2 154 

.9070 

1 

.5 

.3502 

3739 

2.675 

.9367 

.5 

25 0 

0 4226 

0.4663 

2 145 

0.9063 

65 0 

.6 

.3518 

.3759 

2 660 

.9361 

.4 

1 

.4242 

.-1684 

2.135 

9056 

.9 

.7 

.3535 

3779 

2 646 

9354 

.3 

2 

.4258 

4706 

2 125 

.9048 

8 

.8 

.3551 

3799 

2.633 

9348 

2 

.3 

.4274 

.4727 

2 116 

.9041 

.7 

.9 

.3567 

.3819 

2.619 

.9342 

.1 

.4 

.4289 

.4748 

2.106 

9033 

.6 

210 

0.3584 

0.3839 

2 605 

0.9336 

69.0 

.5 

.4305 

.4770 

2 097 

.9026 

5 

.1 


.3859 

2.592 

.9330 


6 

.4321 

4791 

2 087 

.9018 

.4 

.2 

.3616 

.3879 

2 578 

.9323 

.8 

7 

.4337 

4813 

2 078 

.9011 

.3 

.3 

.3633 


2 .565 

9317 

.7 

8 

.4352 

4834 

2 069 

9003 

.2 

.4 

.3649 

.3919 

2 552 

.9311 

.6 

.9 

.4368 

.4856 

2 059 

.8996 

.1 

.6 

.3665 

.3939 

2 539 

.9304 

.5 

26.0 

0.4384 

0 4877 

2.050 

0.8988 

64.0 

.6 

.3681 

.3959 

2 526 

.9298 

4 

1 

.4399 

.4899 

2.041 

.8980 

.9 

.7 

.3697 

.3979 

2 513 

.9291 

.3 

.2 

.4415 

.4921 

2 032 

.8973 

.8 

.8 

.3714 

.4000 


.9285 

.2 

.3 

.4431 

.4942 

2.023 

.8965 

.7 

.9 


4020 

2.488 

.9278 

.1 

.4 

.4446 

.4964 

2.014 

.8957 

.6 

22.0 


0 4040 

2.475 

0.9272 

68.0 

.5 

.4462 

.4986 

2.006 i 

.8949 

.5 

.1 

.3762 

.4061 

2 463 

.9265 

.9 

.6 

.4478 

5008 

1.997 

.8942 

.4 

2 

.3778 

.4081 

2.450 

.9259 

.8 

■7 

.4493 

.6029 

1.988 

.8934 

.3 

.3 

.3795 

.4101 

2.438 

.9252 

.7 

.8 

.4509 

.5051 

1.980 

.8926 

.2 

.4 

.3811 

.4122 

2.426 

.9245 

.6 

.9 

.4524 

.5073 

1.971 

.8918 

.1 

Deg. 

Cos 

Cot 

Tan 

Sin 

Deg. 

Deg. 

Cos 

Cot 

Tan 

Sin 

Deg. 
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TABLE 3 —Continued 

Natural Trigonometric Functions for Decimal Fractions op a Degree 


Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

Deg. 

Sin 

Tan 

Cot 

Cos 

Deg. 

27 0 

0 4510 

0 5095 

1 963 

0 8910 

63 0 

5 

..5225 

.6128 

1 6319 

.8526 

.5 

.1 

.4555 

5117 

1.954 

.8902 

9 

.6 

5240 

6152 

1.6255 

.8517 

.4 

.2 

4571 

5139 

1.946 

8894 

j 8 

7 

.52.55 

6176 

1 6191 

8508 

3 

.3 

.4586 

5161 

1 937 

.8886 

1 7 

.8 

.5270 

.6200 

1.6128 

.8499 

.2 

.4 

.4602 

.5184 

1 929 

.8878 

6 

.9 

..5284 

6224 

1.6066 

.8490 

.1 

.5 

.4617 

.5206 

1.921 

8870 

5 

32.0 

0.5299 

0 6249 

1.6003 

0 8480 

58.0 

6 

.4633 

.5228 

1 913 

.8862 

4 

1 

.,5314 

6273 

1.5941 

8471 

9 

.7 

.4648 

.5250 

1 905 

.88,54 

I 3 

2 

..5329 

6297 

1..5880 

1 .8462 

.8 

8 

.4664 

5272 

1.897 

8846 

2 

.3 

.5344 

.6322 

1.5818 

.8453 

.7 

.9 

4679 

5295 

1.889 

8838 

1 

4 

.5358 

.6346 

1 5757 

.8443 

.6 

28 0 

0 4695 

0 ,5317 

1 881 

0.8829 

62 0 

.5 

.5373 

.6371 

1.5697 

.8434 

5 

.1 

.4710 

.5340 

1 873 

8821 

9 

6 

..5.388 

.6395 

1 .5637 

.8425 

.4 

.2 

4726 

5362 

1 865 

8813 

8 

.7 

5402 

6420 

1 5577 

.8415 

.3 

.3 

4741 

5384 

1 857 

8805 

.7 

8 

5417 

.6445 

1 1 5517 

8406 

2 

.4 

4756 

.5407 

1 849 

8796 

6 

9 

5432 

6469 

1.5458 

.8396 

.1 

.5 

4772 

..5430 

1 842 

8788 

5 

33 0 

0 5446 

0 6494 

1.5399 

0 8387 

57.0 

6 

4787 

5452 

1 834 

8780 

4 

.1 

5161 

.6519 

1 5340 

.8377 

.9 

.7 

4802 

.5475 

1 827 

8771 

3 

.2 

5476 

.6.544 

1 1.5282 

.8368 

.8 

8 

4818 

5498 

1 819 

8763 

2 

3 

5490 

.6,569 

1 .5224 

8358 

.7 

9 

.4833 

5520 

1 811 

.87,55 

.1 

.4 

.5.505 

6594 

1.5166 

8348 

6 

29 0 

0 4848 

0 5543 

1 804 

0.8746 

61 0 

5 

.5519 

.6619 

1 5108 

8339 

.5 

.1 

4863 

.5.566 

1 797 

8738 

9 

.6 

1 .5534 

.6644 

1 .5051 

.8329 

4 

2 

.4879 

5589 

1 789 

8729 

8 

.7 

.5548 

6669 

1.4994 

.8320 

.3 

.3 

4894 

5612 

j 1 782 

8721 

7 

8 

j 5563 

.6694 

1 4938 

.8310 

2 

.4 

.4909 

5635 

1775 

8712 

6 

9 

.,5,577 

6720 

1 4882 

8300 

.1 

5 

4924 

5658 

1 767 

8704 

5 

34 0 

0 5592 

0 6745 

1 4826 

0 8290 

56 0 

6 

.4939 

5681 

1 760 

8695 

4 

1 

5606 

.6771 

1.4770 

.8281 

.9 

.7 

j 4955 

5704 

1 753 

8686 

3 

2 

.5621 

6796 

1.4715 

8271 

.8 

.8 

.4970 

5727 

1 746 

8678 

2 

3 

.5635 

6822 

1 4659 

.8261 

7 

.9 

4985 

57.50 

1.739 

8669 

.1 

1 

5650 

6847 

1 4605 

8251 

.6 

30 0 

0 5000 

0 5774 

1 7321 

0 8660 

60 0 

.5 

5664 

6873 

1 4550 

.8241 

.5 

.1 

.5015 

.5797 

1 7251 

8652 

9 

6 

.5678 

6899 

1 4496 

8231 

.4 

2 

5030 

.5820 

1 7182 

8643 

.8 

7 

5693 

6924 

1 4442 

.8221 

.3 

3 

.5045 

.5844 

1.7113 

8634 

7 

.8 

5707 

6950 

1 4388 

.8211 

.2 

.4 

.5060 

5867 

1 7045 

8625 

.6 

9 

.5721 

6976 

1 4335 

8202 

.1 

5 

.5075 

5890 

1 6977 

.8616 

.5 

35 0 

0 5736 

0 7002 

1 4281 

0.8192 

55 0 

.6 1 

.5090 

.5914 

1 6909 

8607 

.4 

.1 

5750 

7028 

1.4229 

.8181 

.9 

.7 

5105 

.5938 

1 6842 

.8599 

3 

2 

.5764 

.7054 

1 4176 

.8171 

.8 

.8 

.5120 

5961 

1 6775 

.8590 

.2 

.3 

.5779 

.7080 

1.4124 

.8161 

.7 

.9 

.5135 

.5985 

1 6709 

.8581 

.1 

.4 ! 

.5793 

.7107 

1.4071 

.8151 

.6 

310 

0.5150 

0 6009 

1 6643 

0 8.572 

59.0 

.5 ! 

.5807 

.7133 

1.4019 

.8141 

.6 

.1 

.5165 

.6032 

1.6577 

.8563 

.9 

.6 

5821 

.7159 

1 3968 

.8131 

.4 

.2 

.5180 

.6056 

1 6512 

.8554 

.8 

.7 

.5835 

.7186 

1.3916 

.8121 

.3 

.3 

.5195 

.6080 

1 6447 

.8545 

.7 

.8 

.5850 

.7212 

13865 

.8111 

.2 

.4 

.5210 

.6104 

1 6383 

8536 

6 

.9 

.5864 

.7239 

1.3814 

.8100 

.1 

Deg. 

Cos 

Cot 

Tan 

Sin 

Dog. 

Deg. 

Cos 

Cot 

Tan 

Sin 

Deg. 
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TABLE 4 

Logarithms op Trigonometric Functions for Decimal Fractions op a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

0.0 

— 00 

— 00 

00 

0.0000 

90.0 

.1 

7.2419 

7.2419 

2.7581 

0.0000 

.9 

.2 

7.5429 

7.5429 

2.4671 

0.0000 

.8 

.3 

7.7190 

7.7190 

2.2810 

0.0000 

,7 

.4 

7.8439 

7.8439 

2.1561 

0.0000 

.6 

.5 

7.9408 

7.9409 

2.0591 

0.0000 

.5 

.6 

8.0200 

8.0200 

1.9800 

0.0000 

.4 

.7 

8.0870 

8.0870 

! 1.9130 

1 0.0000 

.3 

.8 

1 8.1450 

8.1450 

1.8550 

1 0.0000 

.2 

.9 

8.1961 

8.1962 

1.8038 

9.9999 

.1 

1.0 

8.2419 

8.2419 

1.7581 

i 9.9999 

89.0 

.1 

8.2832 

8.2833 

1.7167 

9.9999 

.9 

.2 

8.3210 

8.3211 

1.6789 

9.9999 

.8 

.3 

8.3668 

8.3659 

1.6441 

1 9.9999 

.7 

.4 

8.3880 

8.3881 

1.6119 

i 9.9999 

.6 

.6 

8.4179 

8.4181 

1.5819 

9.9999 

.6 

.6 

8.4459 

8.4461 

1.5539 

9.9998 

.4 

.7 

8.4723 

8.4725 

1.6275 

9.9998 

.3 

.8 

1 8.4971 

8.4973 

1.5027 

9.9998 

.2 

.9 

8.5206 

8.5208 

1.4792 

9.9998 

.1 

2.0 

8.5428 

8.5431 

1.4569 

9.9997 

88.0 

,1 

8.6640 

8.5643 

1.4357 

9.9997 

.9 

.2 

8.5842 

8.6845 

1.4165 

9.9997 

.8 

.3 

8.6035 

8.6038 

1.3962 

9.9996 

.7 

.4 

8.6220 

8.6223 

1.3777 

9.9996 

.6 

.6 

8.6397 

8.6401 

1.3599 

9.9996 

.6 

.6 

8.6567 

8.6571 

1.3429 

9.9996 

.4 

.7 

8.6731 

8.6736 

1.3264 

9.9995 

.3 

.8 

8.6889 

8.6894 

1.3106 

9.9995 

.2 

.9 

8.7041 

8.7046 

1.2954 

9.9994 

.1 

3.0 

8.7188 

8,7194 

1.2806 

9.9994 

87.0 

.1 

8.7330 

8.7337 

1.2663 

9.9994 

.9 

.2 

8.7468 

8.7475 

1.2525 

9.9993 

.8 

.3 

8.7602 

8.7609 

1.2391 

9.9993 

.7 

.4 

8.7731 

8.7739 

1.2261 

9.9992 

.6 

.5 

8.7857 

8.7865 

1.2135 

9.9992 

.5 

.6 

8.7979 

8.7988 

1.2012 

9.9991 

.4 

.7 

8.8098 

8.8107 

1.1893 

9.9991 

.3 

.8 

8.8213 

8.8223 

1.1777 

9.9990 

.2 

.9 

8.8326 

8.8336 

1.1664 

9.9990 

.1 

4.0 

8.8436 

8.8446 

1.1654 

9.9989 

86.0 

.1 

8.8643 

8^.8654 

1.1446 

9.9989 

.9 

.2 

8.8647 

8.8659 

1.1341 

9.9988 

.8 

.3 

8.8749 

8.8762 

1.1238 

9.9988 ! 

.7 

.4 

8.8849 i 

8.8862 

1.1138 

9.9987 

.6 

iNt. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —Continued 

Logarithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

4.5 

8.8946 

8.8960 

1.1040 

9.9987 

86.5 

.6 

8.9042 

8.9056 

1.0944 

9.9986 

.4 

.7 

8.9135 

8.9150 

1.0850 

9.9985 

.3 

.8 

8.9226 

8.9241 

1.0759 

9.9985 

.2 

.9 

8.9315 

8.9331 

1.0669 

9.9984 

.1 

5.0 

8.9403 

8.9420 

1 1.0580 

9.9983 

85.0 

.1 

8.9489 

8.9506 

1.0494 

9.9983 

.9 

.2 

8.9573 

8.9591 

1.0409 

9.9982 

.8 

.3 

8.9655 

8.9674 

1.0326 

9.9981 

.7 

.4 

8.9736 

8.9766 

1.0244 

9.9981 

.6 

.5 

8.9816 

8.9836 

1.0164 

9.9980 

.5 

.6 

8.9894 

8.9915 

1.0085 

9 9979 

.4 

.7 

8.9970 

8.9992 

1.0008 

9.9978 

.3 

.8 

9.0046 

9.0068 

0.9932 

9.9978 

.2 

.9 

9.0120 

9.0143 

0.9857 

9.9977 

.1 

6.0 

9.0192 

9.0216 

0.9784 

9 9976 

84.0 

.1 

9.0264 

9.0289 

0.9711 

9.9975 

.9 

.2 

9.0334 1 

9.0360 

0.9640 

9.9975 

.8 

.3 

9.0403 

9.0430 

0.9570 

9.9974 

.7 

.4 I 

9.0472 

9.0499 

0.9501 

9.9973 

.6 

.5 

9.0539 

9.0567 

0.9433 

9.9972 

.5 

.6 

9.0605 

9.0633 

0.9367 

9.9971 

.4 

*7 

9.0670 

9.0699 

0.9301 

9 9970 

.3 

.8 

9.0734 

9.0764 

0.9236 

9.9969 

.2 

.9 

9.0797 

9.0828 

0.9172 

9 9968 

.1 

7,0 

9.0859 

9.0891 

0.9109 

9.9968 

83.0 

.1 

9.0920 

9.0954 

0.9046 

9.9967 

.9 

.2 

9.0981 

9.1015 

0.8985 

9.9966 

.8 

.3 

9.1040 

9,1076 

0.8924 

9.9965 

.7 

.4 

9.1099 

9.1135 

0.8865 

9.9964 

.6 

.5 

9.1157 

9.1194 

0.8806 

9.9963 

.5 

.6 

9.1214 

9.1252 

0.8748 

9.9962 

.4 

.7 

9.1271 

9.1310 

0.8690 

9.9961 

.3 

..8 

9.1326 

9,1367 

0.8633 

9.9960 

.2 

.9 

9.1381 

9.1423 

0.8577 

9.9959 

.1 

8.0 

9.1436 

9.1478 

0.8522 

9.9958 

82.0 

.1 

9.1489 

9.1533 

0.8467 

9.9956 

.9 

.2 

9.1542 

9.1587 

0.8413 

9.9955 

.8 

.3 

9.1594 

9.1640 

0.8360 

9.9954 

.7 

.4 

9.1646 

9.1693 

0.8307 

9.9953 

.6 

.5 

9.1697 

9.1745 

0.8255 

9.9952 

.5 

.6 

9.1747 

9.1797 

0.8203 

9.9951 

.4 

.7 

9.1797 

9.1848 

0.8152 

9.9950 

.3 

.8 

9.1847 

9.1898 

0.8102 

9.9949 

.2 

.9 

9.1895 

9.1948 

0.8052 

9.9947 

.1 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —Continued 

Logarithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

9.0 

9.1943 

9.1997 

0.8003 

9.9946 

81.0 

.1 

9.1991 

9.2046 

0.7954 

9.9945 

.9 

.2 

9.2038 

9.2094 

0.7906 

i 9.9944 

.8 

.3 

9.2085 

9.2142 

0.7858 

1 9.9943 

.7 

.4 

9.2131 

9.2189 

0.7811 

! 9.9941 

.6 

.5 

9.2176 

9.2236 

0.7764 

9.9940 

.5 

.6 

9.2221 

9.'2282 

0.7718 

9.9939 

.4 

.7 

9.2266 

9.2328 

0.7672 

9.9937 

.3 

.8 

9.2310 

9.2374 

0.7626 

9.9936 

.2 

.9 

9.2353 

9.2419 

0.7581 

9.9935 

.1 

10.0 

9.2397 

9.2463 

0.7537 

9.9934 

80.0 

.1 

9.2439 

9.2507 

0.7493 

9.9932 

.9 

.2 

9.2482 

9.2551 

0.7449 

9.9931 

.8 

.3 

9.2524 

9.2594 

0.7406 

9.9929 

.7 

.4 

9.2565 

9.2637 

0.7363 

9.9928 

.6 

.5 

9.2606 

9.2680 

0.7320 

9.9927 

.5 

.6 

9.2647 

9.2722 

0.7278 

9.9925 

.4 

.7 

9.2687 

9.2764 

0.7236 

9.9924 

.3 

.8 

9.2727 

9.2805 

0.7195 

9.9922 

.2 

.9 

9.2767 

9.2846 

0.7154 

9.9921 

.1 

11.0 

9.2806 

9.2887 

0.7113 

9.9919 

79.0 

.1 

9.2845 

9.2927 

0.7073 

9.9918 

.9 

.2 

9.2883 

9.2967 

0.7033 

9.9916 

.8 

,3 

9.2921 

9.3006 

0.6994 

9.9915 

.7 

.4 

9.2959 

9,3046 

0.6954 

9.9913 

.6 

.5 

9.2997 

9.3085 

0.6915 

9.9912 

.5 

.6 

9.3034 

9,3123 

0.6877 

9.9910 

.4 

.7 

9.3070 

9.3162 

0.6838 

9.9909 

.3 

.8 

9.3107 

9.3200 

0.6800 

9.9907 

.2 

,9 

9.3143 

9.3237 

0.6763 

9.9906 

.1 

12.0 

9.3179 

9,3275 

0.6725 

9.9904 

78.0 

.1 

9.3214 

9,3312 

0.6688 

9.9902 

.9 

.2 

9.325V) 

9.3349 

0.6651 

9.9901 

.8 

.3 

9.3284 

9.3385 

0.6615 

9.9899 

.7 

.4 

9.3319 

9.3422 

0.6578 

1 

9.9897 

.6 

.5 

9.3353 

9.3458 

0.6542 

9.9896 

.5 

.() 

9.3387 

9.3493 

0.6507 

9.9894 

.4 

.7 

9.3421 1 

9.3529 

0.6471 

9.9892 

.3 

.8 

9.3455 

9.3564 

0.6436 

9.9891 

.2 

.9 

9.3488 

9.3599 

0.6401 

9.9889 * 

.1 

13.0 

9.3521 

9.3634 

0.6366 

9.9887 

77.0 

.1 

9.3554 

9.3668 1 

0.6332 

9.9885 

.9 

.2 

9.3586 

9.3702 ! 

0.6298 

9.9884 

.8 

.3 

9.3618 

9.3736 

0.6264 

9.9882 

.7 

.4 

9.3650 

9.3770 1 

0.6230 

9.9880 

.6 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —CorUimied 

Logabithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

13.5 

9.3682 

9.3804 

0.6196 

9.9878 

77.5 

.6 

9.3713 

9.3837 

0.6163 

9.9876 

.4 

.7 

9.3746 



9.9875 

.3 

.8 

9.3775 

9.3903 


9.9873 

.2 

.9 

9.3806 

9.3935 


9.9871 

.1 

14.0 

9.3837 

9.3968 


9.9869 

76.0 

.1 

9.3867 



9.9867 

.9 

.2 

9.3897 

9.4032 

0.5968 

9.9865 

.8 

.3 

9.3927 

9.4064 

0.5936 

9.9863 

.7 

.4 

9.3957 



9.9861 

.6 

.6 

9.3986 

9.4127 

0.5873 

9.9859 

.5 

.6 


9.4158 

0.5842 

9.9857 

.4 

.7 


9.4189 

0.5811 

9.9855 

.3 

.8 

9.4073 


0.5780 

9.9853 

.2 

.9 


9.4250 

0.5750 

9.9851 

.1 

15.0 


9.4281 

0.5719 

9.9849 

75.0 

.1 

9.4158 

9.4311 

0.5689 

9.9847 

.9 

.2 

9.4186 

9.4341 

0.5659 

9.9845 

.8 

.3 

9.4214 

9.4371 

0.5629 

9.9843 

.7 

.4 

9.4242 

9.4400 

0.5600 

9.9841 

.6 

.5 

9.4269 

9.4430 

0.5570 

9.9839 

.5 

.6 

9.4296 

9.4459 

0.5541 

9.9837 

.4 

.7 

9.4323 

9.4488 

0.5512 

9.9835 

.3 

.8 

9.4350 

9.4517 

0.5483 

9.9833 

.2 

.9 

9.4377 

9.4546 

0.5454 

9.9831 

.1 

16.0 

9.4403 

9.4575 

0.6425 

9.9828 

74.0 

.1 

9.4430 

9.4603 

0.5397 

9.9826 

.9 

.2 

9.4456 

9.4632 

0.5368 

9.9824 

.8 

.3 

9.4482 

9.4660 

0.6340 

9.9822 

.7 

.4 

9.4508 

9.4688 

0.6312 

9.9820 

.6 

.5 

9.4533 

9.4716 

0.5284 

9.9817 

.5 

,6 

9.4559 

9.4744 

0.6256 

9.9815 

.4 

.7 

9.4584 

9.4771 

0.5229 

9.9813 

.3 

.8 

9.4609 

9.4799 

0.5201 

9.9811 

.2 

.9 

9.4634 

9.4826 

0.5174 

9.9808 

.1 

17.0 

9.4659 

9.4853 

0.6147 

9.9806 

73.0 

.1 

9.4684 

9.4880 

0.5120 I 

9.9804 

.9 

.2 

9.4709 

9.4907 

0.5093 

9.9801 

.8 

.3 1 

9.4733 

9.4934 

0.5066 

9.9799 1 

.7 

.4 

1 

9.4757 

9.4961 

0.6039 

9.9797 

.6 

1 

.5 

9.4781 

9.4987 

0.6013 

9.9794 

.6 

.6 

9.4805 

9.5014 

0.4986 

9.9792 

.4 

.7 

9.4829 



9.9789 

.3 

.8 

9.4853 

9.5066 


9.9787 

.2 

.9 

9.4876 

9.5092 


9.9786 

.1 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
























TABLE! 4 —Coniinued 

Logarithms op Trigonometric Functions for Decimal Fractions op a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

18.0 

9.4900 

9.5118 


9.9782 


.1 

9.4923 

9.5143 



.9 

.2 

9.4946 

9.5169 


9.9777 

.8 

.3 

9.4969 

9.5195 


9.9775 

.7 

.4 

9.4992 

9.5220 


9.9772 

.6 

.5 

9.5015 

9.5245 



.5 

.6 

9.5037 

9.5270 

0.4730 

9.9767 

.4 

.7 

9.5060 

9.5295 

0.4705 

9.9764 

.3 

.8 

9.6082 

9.5320 

0.4680 

9.9762 

.2 

.9 

9.5104 

9.5345 

0.4655 

9.9759 

.1 

19.0 

9.5126 

9.5370 


9.9757 

71.0 

.1 

9.5148 

9.5394 

0.4606 

9.9754 

.9 

.2 

9.5170 

9.5419 

0.4581 

9.9751 

.8 

.3 

9.5192 

9.5443 

0.4557 

9.9749 

.7 

.4 

9.5213 

9.5467 


9.9746 

.6 

.5 

9.5235 

9.5491 

0.4509 

9.9743 

.5 

.6 

9.5256 

9.5516 

0.4484 

9.9741 

.4 

.7 

9.5278 

9.5539 


9.9738 

.3 

.8 

9.5299 

9.5563 

0.4437 

9.9735 

.2 

.9 

9.5320 

9.5587 

0.4413 

9.9733 

.1 

20.0 

9.5341 

9.5611 

0.4389 



.1 

9.5361 

9.5634 

0.4366 

9.9727 

.9 

.2 

9.5332 

9.5658 

0.4342 


.8 

.3 

9.5402 

9.5681 

0.4319 

9.9722 

.7 

.4 

9.5423 

9.5704 


9.9719 

.6 

,5 

9.5443 

9.5727 

0.4273 

9.9716 

.5 

.6 

9.5463 

9.5750 


9.9713 

.4 

.7 

9.5484 

9.5773 



.3 

.8 

9.5504 

9.5796 



,2 

.9 

9.5523 

9.5819 

0.4181 

9.9704 

.1 

21.0 

9.5543 

9.5842 

0.4158 

9.9702 

69.0 

.1 

9.5563 

9.5864 

0.4136 

9.9699 

.9 

.2 

9.5583 

9.5887 

0.4113 

9.9696 

.8 

.3 

9.5602 

9.5909 

0.4091 

9.9693 

.7 

.4 

9.5621 

9.5932 


9.9690 

.6 

.5 

9.5641 

9.5954 


9.9687 

.5 

.6 

9.5660 

9.5976 

0.4024 

9.9684 

.4 

.7 

9.5679 

9.5998 

0.4002 

9.9681 

.3 

.8 

9.5698 

9.6020 

0.3980 

9.9678 

.2 

.9 

9.5717 

9.6042 

0.3958 

9.9675 

.1 

22.0 

9.5736 

9.6064 

0.3936 



.1 

9.5754 

9.6086 

0.3914 

9.9669 

.9 

.2 

9.5773 

9.6108 

0.3892 

9.9666 

.8 

.3 

9.5792 

9.6129 

0.3871 

9.9662 

.7 

.4 

9.5810 

9.6151 


9.9659 

.6 

Deg. 

L. Cos 

1 

L. Cot 

L. Tan 

L. Sin 

Deg. 


699 




























TABLE 4 —Continued 

Logarithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

22.5 

9.5828 

9.6172 

0.3828 

9.9656 

68.5 

.6 

9.5847 

9.6194 


9.9653 

.4 

.7 

9.5865 

9.6215 



.3 

.8 

9.5883 

9.6236 

0.3764 

9.9647 

.2 

.9 

9.5901 

9.6257 

0.3743 

9.9643 

.1 

23.0 

9.5919 

9.6279 




.1 

9.5937 

9.6300 

0.37(X) 

9.9637 

.9 

.2 

9.5954 

9.6321 

0.3679 

9.9634 

.8 

.3 

9.5972 

9.6341 

0.3659 

9.9631 

.7 

.4 

9.5990 

9.6362 

0.3638 

9.9627 

.6 

.5 

9.6007 

9.6383 


9.9624 

.5 

.6 

9.6024 

9.6404 


9.9621 

.4 

.7 

9.6042 

9.6424 

0.3576 

9.9617 

.3 

.8 

9.6059 

9.6445 

0.3555 

9.9614 

.2 

.9 

9.6076 

9.6465 

0.3535 

9.9611 

.1 

24.0 

9.6093 

9.6486 

0.3514 

9.9607 


.1 

9.6110 

9.6506 

0.3494 

9.9604 

.9 

.2 

9.6127 

9.6527 

0.3473 

9.9601 

.8 

.3 

9.6144 

9.6547 

0.3453 

9.9597 

.7 

.4 

9.6161 

9.6567 


9.9594 

.6 

.5 

9.6177 

9.6587 

0.3413 

9.9590 

.5 

.6 

9.6194 

9.6607 

0.3393 


.4 

.7 

9.6210 

9.6627 

0.3373 

9.9583 

.3 

.8 

9.6227 

9.6647 

0.3353 

9.9580 

.2 

.9 

9.6243 

9.6667 

0.3333 


.1 

25.0 

9.6259 

9.6687 

0.3313 

9.9573 

65.0 

.1 

9,6276 

9.6706 

0.3294 

9.9569 

.9 

.2 

9.6292 

9,6726 

0.3274 

9.9566 

.8 

.3 

9,6308 

9.6746 

0.3254 

9.9562 

.7 

.4 

9.6324 

9,6765 

0.3235 

9.9558 

.6 

.5 

9.6340 

9.6785 

0.3215 

9.9555 

.5 

.6 

9.6356 

9.6804 

0.3196 

9.9551 

.4 

.7 

9.6371 

9.6824 



.3 

.8 

9.6387 

9.6843 


9.9544 

.2 

.9 

9.6403 

9,6863 


9.9540 

.1 

26.0 

9.6418 

9.6882 

0.3118 

9.9537 


.1 

9.6434 

9.6901 

0.3099 

9.9533 

.9 

.2 

9.6449 

9.6920 

0.3080 

9.9529 

.8 

.3 

9.6465 

9.6939 

0.3061 

9.9525 

.7 

.4 

9.6480 

9.6958 


9.9522 

.6 

.5 

9.6495 

9.6977 


9.9518 

.5 

.6 

9.6510 

9.6996 


9.9514 

.4 

.7 

9.6526 

9.7015 

0.2985 


.3 

.8 

9.6541 

9.7034 



.2 

.9 

9.6556 

9.7053 



.1 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —Continued 

Logarithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

27.0 

9.6570 

9.7072 

0.2928 

9.9499 

63.0 

.1 

9.6585 

9.7090 

0.2910 

9.9495 

.9 

.2 

9.6600 

9.7109 

0.2891 

9.9491 

.8 

.3 

9.6615 

9.7128 

0.2872 

9.9487 

.7 

.4 

9.6629 

9.7146 

0.2854 

9.9483 

.6 

.5 

9.6644 

9.7165 

0.2835 

9.9479 

.5 

.6 

9.6659 

9.7183 

0.2817 

9.9475 

.4 

.7 

9.6673 

9.7202 

0.2798 

9.9471 

.3 

.8 

9.6687 

9.7220 

0.2780 

9.9467 

.2 

.9 

9.6702 

9.7238 

0.2762 

9.9463 

.1 

28.0 

9.6716 

9.7257 

0.2743 

9.9459 

62.0 

.1 

9.6730 

9.7275 

0.2725 

9.9455 

.9 

.2 

9.6744 

9.7293 

0.2707 

9.9451 

.8 

.3 

9.0759 

9.7311 

0.2689 

9.9447 

.7 

.4 

9.0773 

9.7330 

0.2670 

9.9443 

.6 

.5 

9.6787 

9.7348 

0.2652 

9.9439 

.5 

.(> 

9.6801 

9.7366 

0.2634 

9.9435 

.4 

.7 

9.6814 

9.7384 

0.2616 

9.9431 

.3 

.8 

9.6828 

9.7402 

0.2598 

9.9427 

2 

.9 

9.6842 

9.7420 

0.2580 

9.9422 

.1 

29.0 

9.6856 

9.7438 

0.2562 

9.9418 

61.0 

.1 

9.6869 

9.7455 

I 0.2545 

9.9414 

.9 

.2 

9.6883 

9,7473 

0.2527 

9.9410 

.8 

.3 

9.6896 

9,7491 

0.2509 

9.9406 

.7 

.4 

9.6910 

9.7509 

0.2491 

9.9401 

.6 

.5 

9.6923 

9.7526 

0.2474 

9.9397 

.5 

.6 

9.6937 

9.7544 

0.2456 

9.9393 

.4 

.7 

9.6950 

9.7562 

0.2438 

9.9388 

.3 

.8 

9.6963 

9,7579 

0.2421 

9.9384 

.2 

.9 

9,6977 

9.7597 

0.2403 

9.9380 

.1 

30.0 

9.6990 

9.7614 

0.2386 

9.9375 

60.0 

.1 

9.7003 

9.7632 

0.2368 

9.9371 

.9 

.2 

9.7016 

9,7649 

0.2351 

9.9367 

.8 

.3 

9.7029 

9.7667 

0.2333 

9.9362 

.7 

.4 

9.7042 

9.7684 

0.2316 

9.9358 

.6 

.5 

9.7055 

9.7701 

0.2299 

9.9353 

.5 

.6 

9.7068 

9.7719 

0.2281 

9.9349 

.4 

.7 

9.7080 

9.7736 

0.2264 

9.9344 

.3 

.8 

9.7093 

9.7753 

0.2247 

9.9340 

.2 

.9 

9.7106 

9.7771 

0.2229 

9.9335 

.1 

31.0 

9.7118 

9.7788 

0.2212 

9.9331 

59.0 

.1 

9.7131 

9.7805 

0.2195 

9.9326 

.9 

.2 

9.7144 

9.7822 

0.2178 

9.9322 

.8 

.3 

9.7156 

9.7839 

0.2161 

9.9317 

.7 

.4 

9.7168 

9.7856 

0.2144 

9.9312 

.6 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 


701 






TABLE 4 —CovUinued 

Logabithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

31.5 

9.7181 

9.7873 

0.2127 

9.9308 

59.5 

.6 

9,7193 

9.7890 

0.2110 

9.9303 

.4 

.7 

9.7205 

9.7907 

0.2093 

9.9298 

.3 

.8 

9.7218 

9.7924 

0.2076 

9.9294 

.2 

.9 

9.7230 

9.7941 

0.2059 

9.9289 

.1 

32.0 

9.7242 

9.7958 

0.2042 

9.9284 

58.0 

.1 

9.7254 

9.7975 

0.2025 

9.9279 

.9 

.2 

9.7266 

9.7992 

0.2008 

9.9275 

.8 

.3 

9.7278 

9.8008 

0.1992 

9.9270 

.7 

.4 

9.7290 

9.8025 

0.1975 

9.9265 

.6 

.5 

9.7302 

9.8042 

0.1958 

9.9260 

.5 

.6 

9.7314 

9.8059 

0.1941 

9.9255 

.4 

.7 

9.7326 

9.8075 

0.1925 

9.9251 

.3 

.8 

9.7338 

9.8092 

0.1908 

9.9246 

.2 

.9 

9.7349 

9.8109 

0.1891 

9.9241 

.1 

33.0 

9.7361 

9.8125 

0.1875 

9.9236 

57.0 

.1 

9.7373 

9.8142 

0.1858 

9.9231 

.9 

.2 

9.7384 

9.8158 

0.1842 

9.9226 

.8 

.3 

9.7396 

9.8175 

0.1825 

9.9221 

.7 

.4 

9.7407 

9.8191 

0.1809 

9.9216 

.6 

.5 

9.7419 

9.8208 

0.1792 

9.9211 

.5 

.6 

9.7430 


0.1776 

9.9206 

.4 

.7 


1 9.8241 

0.1759 

9.9201 

.3 

.8 

9.7453 


0.1743 

9.9196 

.2 

.9 

9.7464 


0.1726 

9.9191 

.1 

34.0 

9.7476 

9.8290 

0.1710 

9.9186 

56.0 

.1 

9.7487 

9.8306 

0.1694 

9.9181 

.9 

.2 

9.7498 

9.8323 

0.1677 

9.9175 

.8 

.3 

9.7509 

9.8339 

0.1661 

9.9170 

.7 

.4 

9.7520 

9.8355 

0.1645 

9.9165 

.6 

.6 


9.8371 

0.1629 

9.9160 

.5 

.6 

9.7542 

9.8388 

0.1612 

9.9155 

.4 

.7 

9.7553 

9,8404 

0.1596 

9.9149 

.3 

.8 

9.7564 

9.8420 

0.1580 

9.9144 

.2 

.9 

9.7575 

9.8436 

0.1564 

9.9139 

.1 

35.0 

9.7586 

9.8452 

0.1548 

9.9134 

55.0 

.1 

9.7597 

9.8468 

0.1532 

9.9128 

.9 

.2 

9.7607 

9.8484 

0.1516 

9.9123 

,8 

.3 

9.7618 


0.1499 

9.9118 

.7 

.4 

9.7629 

9.8517 

0.1483 


.6 

.5 

9.7640 

9.8533 



.5 

. .6 

9.7650 

9.8549 



.4 

.7 

9.7661 

9,8565 

0.1435 

9.9096 

.3 

.8 

9.7671 

9.8581 

0.1419 

9.9091 

.2 

.9 

9.7682 

9.8597 

0.1403 

9.9085 

.1 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —Continued 

Logarithms of Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

1 

Deg. 

36.0 

9.7692 

9.8613 

0.1387 

9.9080 

54.0 

.1 

9.7703 

9.8629 

0.1371 

9.9074 

.9 

.2 

9.7713 

9.8644 

0.1356 

9.9069 

.8 

.3 

9.7723 

9.8660 

0.1340 

9.9063 

.7 

.4 

9.7734 

9.8676 

0.1324 

9.9057 

.6 

.5 

9.7744 

9.8692 

0.1308 

9.9052 

.5 

.6 

9.7754 

9.8708 

0.1292 

9.9046 

.4 

.7 

9.7764 

9.8724 

0.1276 

9.9041 

.3 

.8 

9.7774 

9.8740 


9.9035 

.2 

.9 

9.7785 

9.8755 

0.1245 

9.9029 

.1 

37.0 

9.7795 

9.8771 ’ 

0.1229 

9.9023 

53.0 

.1 

9.7805 

9.8787 

0.1213 

9.9018 

.9 

.2 

9.7815 

9.8803 

0.1197 

9.9012 

.8 

.3 

9.7825 

9.8818 

0.1182 

9.9006 

.7 

.4 

9.7835 

9.8834 

0.1166 

9.9000 

.6 

.5 

9.7844 

9.8850 


9.8995 

.5 

.6 

9.7854 

9.8865 

0.1135 

9.8989 

.4 

.7 

9.7864 

9.8881 

0.1119 

9.8983 

.3 

.8 

9.7874 

9.8897 

0.1103 

9.8977 

.2 

,9 

9.7884 

9.8912 

0.1088 

9.8971 

.1 

38.0 

9.7893 

9.8928 


9.8965 

52.0 

.1 

9.7903 

9.8944 

0.1056 

9.8959 

.9 

.2 

9.7913 

9.8959 

0.1041 

9.8953 

.8 

.3 

9.7922 

9.8975 

0.1025 

9.8947 

.7 

.4 

9.7932 

9.8990 

0.1010 

9.8941 

.6 

.5 

9.7941 

9.9006 

0.0994 

9.8935 

.5 

.6 

9.7951 

9.9022 

0.0978 

9.8929 

.4 

.7 

9.7960 

9.9037 

0.0963 

9.8923 

.3 

.8 

9.7970 

9.9053 

0.0947 

9.8917 

.2 

.9 

9.7979 

9.9068 

0.0932 

9.8911 

.1 

39.0 

9.7989 

9.9084 

0.0916 

9.8905 

51.0 

.1 

9.7998 

9.9099 

0.0901 

9.8899 

.9 

.2 

9.8007 

9.9115 

0.0885 

9.8893 

.8 

.3 

9.8017 

9.9130 

0.0870 

9.8887 

.7 

.4 

9.8026 

9.9146 

0.0854 

9.8880 

.6 

.6 

9.8035 

9.9161 

0.0839 

9.8874 

.5 

.6 

9.8044 

9.9176 

0.0824 

9.8868 

.4 

.7 

9.8053 

9.9192 

0.0808 

9.8862 

.3 

.8 

9.8063 

9,9207 

0.0793 

9.8855 

.2 

.9 

9.8072 

9.9223 

0.0777 

9.8849 

.1 

40.0 

9.8081 

9.9238 

0.0762 

9.8843 

50.0 

.1 

9.8090 

9.9254 

0.0746 

9.8836 

.9 

.2 

9.8099 

9.9269 

0.0731 

9.8830 

.8 

.3 

9.8108 

9,9284 

0.0716 

9.8823 

.7 

.4 

9.8117 

9.9300 

0.0700 

9.8817 

.6 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 4 —Continued 

Logarithms op Trigonometric Functions for Decimal Fractions of a Degree 


Deg. 

L. Sin 

L. Tan 

L. Cot 

L. Cos 

Deg. 

40.5 

9.8125 

9.9315 

0.0685 

9.8810 

50.5 

.6 

9.8134 

9.9330 

0.0670 

9.8804 

.4 

.7 

9.8143 

9.9346 

0.0654 

9.8797 

.3 

.8 

9.8152 

9.9361 

0.0639 

9.8791 

.2 

.9 

9.8161 

9.9376 

0.0624 

9.8784 

.1 

41.0 

9.8169 

9.9392 

0.0608 

9.8778 

49.0 

.1 

9.8178 

9.9407 

0.0503 

9.S77I 

.9 

.2 

9.8187 

9.9422 

0.0578 

9.8765 

.8 

.3 

9.8195 

9.9438 

0 0562 

9 8758 

.7 

.4 

9.8204 

9.9453 

0.0517 

9.8751 

.6 

.5 

9.8213 

9.9468 

0.0532 

9.8745 

.5 

.6 

9.8221 

9.9483 

0.0517 

9.8738 

.4 

.7 

9.8230 

9.9499 

0.0501 

9.8731 

.3 

.8 

9.8238 

9.9514 

0.0486 

9.8724 

.2 

.9 

9.8247 

9.9529 

0.0471 

9.8718 

.1 

42 0 

9.8255 

9.9544 

0.0456 

9.8711 

48.0 

.1 

9.8264 

9.9560 

0.0440 

9.8704 

.9 

.2 

9.8272 

9.9575 

0.0425 

9.8697 

.8 

.3 

9.8280 

9.9590 

0.0410 

9.8690 

.7 

.4 

9.8289 

9.9605 

0.0395 

9.8683 

.6 

.5 

9.8297 

9.9621 

0.0379 

9.8676 

.5 

.6 

9.8305 

9.9636 

0.0364 

9.8669 

.4 

.7 

9.8313 

9.9651 

0.0349 

9.8662 

.3 

.8 

9.8322 

9.9666 

0.0334 

9.8655 

.2 

.9 

9.8330 

9.9681 

0.0319 

9.8648 

!i 

43.0 

9.8338 

9.9697 

0.0303 

9.8641 

47.0 

.1 

9.8346 

9.9712 

0.0288 

9.8634 

.9 

.2 

9.8354 

9.9727 

0.0273 

9.8627 

.8 

.3 

i 9.8362 

9.9742 

0.0268 

9.8620 

.7 

.4 

1 9.8370 

9.9757 

0.0243 

9.8613 

.6 

.5 

9.8378 

9.9772 

0.0228 

9.8606 

.5 

.6 

9.8386 

9.9788 

0.0212 

9.8598 

.4 

.7 

9.8394 

9.9803 

0,0197 

9.8591 

.3 

.8 

9.8402 

9.9818 

0,0182 

9.8584 

.2 

.9 

9.8410 

9.9833 

0.0167 

9.8577 1 

.1 

44.0 

' 9.8418 

9.9848 

0,0152 

9.8569 

46.0 

.1 

9.8426 

9,9864 

0.0136 

9.8562 

.9 

.2 

9.8433 

9.9879 

0.0121 

9.8555 

.8 

.3 

9.8441 

9.9894 

0.0106 

9.8547 

.7 

.4 

9.8449 

9.9909 

0.0091 

9.8540 

.6 

.5 

9.8457 

9.9924 

0.0076 

9.8532 

.5 

.6 

9.8464 

9.9939 

0.0061 

9.8525 

,4 

.7 

9.8472 

9.9955 

0.0045 

9.8517 

.3 

.8 

9.8480 

9.9970 

0.0030 

9.8510 

.2 

.9 

9.8487 

9.9985 

0.0015 

9.8502 

.1 

45.0 

9.8495 

0.0000 

0.0000 

9.8495 

45.0 

Deg. 

L. Cos 

L. Cot 

L. Tan 

L. Sin 

Deg. 
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TABLE 5 

Natural Trigonometric Functions for Angles in Radians 


Rad. 

Sin 

Tan 

Cot 

Cos 

.00 

.(X)000 

.00000 

00 

1.00000 

.01 

.01000 

.01000 

99.997 

0.99995 

.02 

.02000 

.02000 

49.993 

.99980 

.03 

03000 

.03001 

33.323 

.99955 

.04 

.03999 

.04002 

24.987 

.99920 

.05 

.04998 

.05004 

19.983 

.99875 

.00 

.05996 

.06007 

16.647 

.99820 

.07 

.06994 

.07011 

14.262 

.99755 

.08 

.07991 

.08017 

12.473 

.99680 

.09 

.08988 

.09024 

11.081 

.99595 

.10 

.09983 

.10033 

9.9666 

.99500 

.11 

.10978 

.11045 

9.0542 

.99396 

.12 

.11971 

.12058 

8.2933 

.99281 

.13 

.12963 

.13074 

i 7.6489 

.99156 

.14 

.13954 

.14092 

7.0961 

.99022 

.15 

.14944 

.15114 

6.6166 

.98877 

.16 

.15932 

.16138 

6.1966 

.98723 

.17 

.16918 

' .17166 

5.8256 

.98558 

.18 

.17<K)3 

.18197 

5.4954 

.98384 

.19 

.18886 

.19232 

5.1997 

.98200 

.20 

.19867 

.20271 

4.9332 

.98007 

.21 

.20846 

.21314 

4.6917 

.97803 

.22 

.21823 

.22362 

4.4719 

.97590 

.23 

.22798 

.23414 

4.2709 

.97367 

.24 

.23770 

.24472 

4.0864 

.97134 

.25 

.24740 

.25534 

3.9163 

.96891 

.26 

.25708 

,26602 

3.7591 

.96639 

.27 

.26673 

,27676 

3.6133 

.96377 

.28 

.27636 

,28755 

3.4776 

.96106 

.29 

.28595 

.29841 

3.3511 

.95824 

.30 

.29552 

.30934 

3.2327 

.95534 

.31 

.30506 

.32033 

3.1218 

.95233 

.32 

.31457 

.33139 

3.0176 

.94924 

.33 

.32404 

,34252 

2.9195 

.94604 

.34 

.33349 

,35374 

2.8270 

.94275 

.35 

.34290 

.36503 

2.7395 

.93937 

.36 

.35227 

.37640 

2.6567 

.93590 

.37 

.36162 

.38786 

2.5782 

.93233 

.38 

.37092 

.39941 

2.5037 

.92866 

.39 

.38019 

.41105 

2.4328 

.92491 

Rad. 

Sin 

Tan 

Cot 

Cos 
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TABLEj 5 —Continued 

Natural Trigonometric Functions for Angles in Radians 


Rad. 

Sin 

Tan 

Cot 

Cos 

.40 

.38942 

.42279 

2.3652 


.41 

.39861 

.43463 

2.3008 

.91712 

.42 

.40776 

.44657 

2.2393 


.43 

.41687 

.45862 



.44 

.42594 

.47078 

2.1241 


.45 

.43497 

.48306 

2.0702 


.46 

.44395 

.49545 

2.0184 

.89605 

.47 

.45289 

.50797 

1.9686 

.89157 

.48 

.46178 

.52061 

1.9208 

.88699 

.49 

.47063 

.53339 

1.8748 

.88233 

.50 

.47943 


1.8305 

.87768 

.51 

.48818 

.55936 

1.7878 

.87274 

.52 

.49688 

.57256 

1.7465 

.86782 

.63 


.58592 

1.7067 

.86281 

.64 

.51414 

.59943 

1.6683 

.85771 

.65 

.52269 

.61311 

1.6310 

.85252 

.56 

.53119 

.62695 

1.5950 

.84726 

.57 

.53963 

.64097 


.84190 

.58 

.54802 

.65517 

1.5263 

.83646 

.59 

.55636 

.66956 

1.4935 

.83094 

.60 

.56464 

.68414 

1.4617 

.82534 

.61 

.57287 

,69892 

1.4308 

.81965 

.62 

.58104 

.71391 


.81388 

.63 

.58914 

.72911 

1.3715 

.80803 

.64 

.59720 

.74454 

1.3431 


.65 

.60519 

.76020 

1.3154 

.79608 

.66 

.61312 



.78999 

.67 

.62099 



.78382 

.68 

.62879 



.77757 

.69 

.63654 

.82534 

1.2116 

.77125 

.70 

.64422 


1.1872 

.76484 

.71 

.65183 


1.1634 

.75836 

.72 



1.1402 

.75181 

.73 



1.1174 

.74517 

.74 



1.0952 

.73847 

.75 

.68164 

.93160 

1.0734 

.73169 

.76 

.68892 

.95045 

1.0521 

.72484 

.77 

.69614 

.96967 

1.0313 

.71791 

.78 

.70328 

.98926 

1.0109 

.71091 

.79 

.71035 

1.0092 

.99084 

.70386 

Rad. 

Sin 

Tan 

Cot 

Cos 
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TABL£ 5 —CotUinued 

Natural Trigonometric Functions fob Angles in Radians 


Rad. 

Sin 

Tan 

Cot 

Cos 

.80 

.71736 

1.0296 

.97121 

.69671 

.81 

.72429 



.68950 

.82 

.73115 


.93309 

.68222 

.83 

.73793 

1.0934 

.91455 

.67488 

.84 

.74464 

1.1156 

.89635 

.66746 

.85 

.75128 

1.1383 

.87848 

.65998 

.86 

.75784 

1.1616 

.86091 

.65244 

.87 

.76433 

1.1853 

.84365 

.64483 

.88 

.77074 

1.2097 

.82668 

.63715 

.89 

.77707 

1.2346 

.80998 

.62941 

.90 

.78333 

1.2602 

.79355 

.62161 

.91 

.78950 

1.2864 

.77738 

.61375 

.92 

.79560 

1.3133 

.76146 


.93 

.80162 

1.3409 

.74578 

.59783 

.94 

.80756 

1.3692 

.73034 

.58979 

.95 

.81342 

1.3984 

.71511 

.58168 

.96 

.81919 

1.4284 


.57352 

.97 

.82489 

1.4592 

.68531 

.56530 

.98 

.83050 

1.4910 

.67071 

.55702 

.99 

.83603 

1.5237 

.65631 

.54869 

1.00 

,84147 

1.5674 

.64209 

.54030 

1.01 

.84683 

1.5922 

.62806 

.53186 

1.02 

.85211 

1.6281 


.52337 

1.03 

.85730 

1,6652 


.51482 

1.04 

.86240 

1.7036 

.58699 

.50622 

1.05 

.86742 

1.7433 

.67362 

.49757 

1.06 

.87236 

1.7844 

.56040 

.48887 

1.07 

.87720 

1.8270 

.54734 


1.08 

.88196 

1.8712 

.53441 

.47133 

1.09 

.88663 

1.9171 

.52162 

.46249 

1.10 

.89121 

1.9648 

.50897 

.45360 

1.11 

.89570 


.49644 

.44466 

1.12 


2.0660 

.48404 

.43568 

1.13 

.90441 

2 1198 

.47175 

.42666 

1.14 

.90863 

2.1759 

.45959 

.41759 

1.15 

.91276 

2.2345 

.44753 

.40849 

1.16 

.91680 

2.2958 

.43558 

.39934 

1.17 

.92075 

2.3600 

.42373 

.39015 

1.18 

.92461 

2.4273 

.41199 

.38092 

1.19 

.92837 

2.4979 


.37166 

Rad. 

Sin 

Tan 

Cot 

Cos 
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XAGLiEi 5— CorUvn/UBd 


Natural Trigonometric Functions for Angles in Radians 


Rad. 

Sin 

Tan 

Cot 

Cos 

1.20 

.93204 

2.5722 

..38878 

.36236 

1.21 

.93562 

2.6503 

.37731 


1.22 

.93910 

2.7328 

.36593 

.34365 

1.23 

.94249 

2.8198 

.35463 

.33424 

1.24 

.94578 

2.9119 

.34341 

.32480 

1.25 

.94898 

3.0096 

.33227 

.31532 

1.26 

.95209 

3.1133 

.32121 

.30582 

1.27 

.95510 

3.2236 

.31021 

.29628 

1.28 

.95802 

3.3413 

.29928 

.28672 

1.29 

.96084 

3.4672 

.28842 

.27712 

1.30 

.96356 

3.6021 

.27762 

.26750 

1.31 

.96618 

3.7471 

.26687 

.25785 

1.32 

.96872 

3.9033 

.25619 

.24818 

1.33 

.97115 

4.0723 

.24556 

.23848 

1.34 

.97348 

4.2556 

.23498 

.22875 

1.35 

.97572 

4.4552 

.22446 

.21901 

1.36 

.97786 

4.6734 

.21398 

.20924 

1.37 

.97991 

4.9131 

.20354 

.19945 

1.38 

.98185 

5.1774 

.19315 

.18964 

1.39 

.98370 

5.4707 

.18279 

.17981 

1.40 

.98545 

i 5.7979 

i .17248 

.16997 

1.41 

.98710 

6.1654 

.16220 

.16010 

1.42 

.98865 

! 6.5811 

.15195 

.15023 

1.43 

.99010 

7.0555 

.14173 


1.44 

.99146 

7.6018 

.13155 

.13042 

1.45 

.99271 

8.2381 

.12139 

.12050 

1.46 

.99387 

8.9886 

.11125 

.11057 

1.47 

.99492 

9.8874 

.10114 


1.48 

.99588 

10.983 

.09105 

.09067 

1.49 

1 .99674 

12.350 

.08097 


1.50 

.99749 

14.101 

.07091 


1.51 

.99815 

16.428 

.06087 

.06076 

1.52 

.99871 

19.670 

.05084 


1.53 

.99917 

24.498 

.04082 

.04079 

1.54 

.99953 

32.461 

.03081 


1.55 

.99978 

48.078 

.02080 

.02079 

1.56 

.99994 

92.621 

.01080 

.01080 

1.57 

1.00000 

1255.8 

.00080 

.00080 

1.58 

.99996 

-108.65 

- .00920 

-.00920 

1.59 

.99982 

-52.067 

-.01921 

1 

- .01920 

Rad. 

Sin 

Tan 

Cot 

Cos 
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TABLE 5 —Continued 

Natural Trigonometric Functions for Angles in Radians 


Rad. 

Sin 

Tan 

Cot 

Cos 

1.60 

.99957 

-34.233 

- .02921 

- .02920 

1.61 

.99923 

-25.495 

- .03922 

- .03919 

1.62 

.99879 

-20.307 

- .04924 

- .04918 

1.63 

.99825 

-16.871 

- .05927 

-.05917 

1.64 

.99761 

-14.427 

- .06931 

- .06915 

1.65 

.99687 1 

-12.599 

- .07937 

-.07912 

1.66 

.99602 

-11.181 

- .08944 

-.08909 

1.67 

.99508 1 

-10.047 

-.09953 

-.09904 

1.68 

.99404 j 

-9.1208 

-.10964 

-.10899 

1.69 

.99290 

-8.3492 

-.11977 

-.11892 

1.70 

.99166 

-7.6966 

-.12993 

-.12884 

1.71 

.99033 

-7.1373 

-.14011 

.13875 

1.72 

.98889 

-6.6524 

- 15032 

-.14865 

1.73 

.98735 

-6.2281 

-.16056 

-.15853 

1.74 

.98572 

-5.8535 

-.17084 

-.16840 

1.75 

.98399 

-5.5204 

- 18115 

-.17825 

1.76 

.98215 

-5.2221 

-.19149 

-.18808 

1.77 

i .98022 

-4.9534 

-.20188 

-.19789 

1.78 

1 .97820 

-4.7101 

-.21231 

-.20768 

1.79 

.97607 

-4.4887 

-.22278 

-.21745 

1.80 

.97385 

-4.2863 

-.23330 

-.22720 

1.81 

.97153 

-4.1005 

- .24387 

-.23693 

1.82 

.96911 

-3,9294 

- .25449 

i -.24663 

1.83 

.966.59 

-3.7712 

- .26517 

- .25631 

1.84 

.96398 

-3.6245 

-.27590 

-.26596 

1.85 

.96128 

-3.4881 

-.28669 

- .27559 

1.86 

.95847 

-3.3608 

- .29755 

-.28519 

1.87 

,95557 

-3.2419 

-.30846 

- .29476 

1.88 

.95258 

-3.1304 

-.31945 

-.30430 

1.89 

.94949 

-3.0257 

-.33051 

-.31381 

1.90 

.94630 

-2.9271 

-.34164 

-.32329 

1.91 

.94302 

-2,8341 

- .35284 

- .33274 

1.92 

.93965 

-2.7463 

- .36413 

-.34215 

1.93 

.93618 

-2.6632 

- .37549 

-.35153 

1.94 

.93262 

-2.5843 

- .38695 

-.36087 

1.95 

.92896 

-2.5095 

-.39849 

- .37018 

1.96 

.92521 

-2.4383 

-.41012 ! 

- .37945 

1.97 

.92137 

-2.3705 

-.42185 

-.38868 

1.98 

.91744 

-2.3058 

- .43368 

-.39788 

1.99 

.91341 

-2.2441 

-.44562 

-.40703 

2.00 

.90930 

-2,1850 

-.45766 

-.41615 

Rad. 

Sin 

Tan 

Cot 

Cos 
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TABLE 6 —Dborees to Radians ♦ 



0.3491 

0.3508 

0.3526 

Q>3543 

0.3560 

0-3578 

0-3595 

0.3613 

0.3630 

0.3648 

0.3665 

0.3840 

0.4014 

0.4189 

0.4363 

0.4538 

0.4712 

0.4887 

0.5061 

0.3683 

0.3857 

0.4032 

0.4206 

0.4381 

0.4555 

0.4730 

0.4904 

0.5079 

0.3700 

0.3875 

0.4049 

0.4224 

0.4398 

0.4573 

0.4747 
0.4922 
0,5096 

0.3718 

0.3892 

0.4067 

0.4241 

0.4416 

0.4590 

0.4765 

0.4939 

0.5114 

0.373s 

0.3910 

0.4084 

0.4259 

0.4433 

0.4608 

0.4782 

0.4957 

0.5131 

0.3752 

0.3927 

0.4102 

0.4276 

0.4451 

0.4625 

0.4800 

0.4974 

0.5149 

0.3770 

0.3944 

0.4119 

0.4294 

0.4468 

0.4643 

0.4817 

0.4992 

0.5166 

0.3787 

0.3962 

0.4136 

O.43II 

0.4485 

0.4660 

0.483s 

0.5009 

0.5184 

0.3805 

0.3979 

0.4154 

0.4328 

0.4503 

0.4677 

0.4852 

0.5027 

0.5201 

0.3822 

0.3997 

O.4I7I 

0.4346 

0.4520 

0.4^5 

0.4869 

0.5044 

0.5219 

0.5236 

0-5253 

0.5271 

0.5288' 

0.5306 

0.5323 

0-5341 

0-5358 

0-5376 

0.5393 





• ^9^^ |o-6999|o- 7QI^|Q-703410 • 7051 |o. 7069I0.7086I0.7103I0.7121 |o. 7138 


90 « 1.5708 radians 30 
180 ®*= 3.1416 radians 120 
27 o®« 4 . 7 I 24 radians 210 
360 ®= 6.2832 radians 300 


90 = - radians 

180 ®« 7 r radians 

270 ® « — radians 
2 

360 ®* 2 ir radians 


* Ralph G. Hudson^ The Engineers' Manual^ Second Edition, New York, John 
Wiley & Sons, Inc., 1939, pp. 276-277. Reprinted by permission. 
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TABLE 6 —Degribcs to Radians —Continued 



1.396311 • 398 c|r .3998 1 .401511 -403211.405011 406711.408511. 4 i 02 |i .4120 



12' 18' 


= 1.5708 radians 30° ^, 

_ ^ o 


48' 54' 


45®—“, 60®== 90®= ^radians 


=3.1416 radians 120®=— , 135®=* —, 150®=^, 180®= ir radians 
340 

=4.7124 radians 210®=^, 225®= 240®=^. 270®= ^radians 

643 2 

= 6.2832 radians 300®*=— , 315®=— , 330®—360®== 2ir radians 
.^4 0 
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TABLE 7 —Constants with Their Common Logarithms 



. Number 

Logarithm 

Base of Naperian logarithms .... 

e = 2.71828183 

0.4342945 

Modulus of common logs., logioe = 

u * 0.43429448 

9.6377843-10 

Reciprocal of modulus. 

i = 2.50258509 

.3622157 

Circumference of a circle in degrees 

= 360 

2.5563025 

Circumference of a circle in minutes . 

= 21600 

4.3344538 

Circumference of a circle in seconds . 

= 1296000 

6.1126050 

Radian expressed in degrees .... 

== 57.29578 

1.7581226 

Radian expressed in minutes .... 

= 3437.7468 

3.5362739 

Radian expressed in seconds 

= 206264.806 

5.3144251 

Ratio of a circumference to diameter 

•K = 3.14159265 

0.4971499 

ar 3.14159 26535 89793 23846 26433 8328 

g == 981 

2.9916690 


1 Number 

Logarithm 

Number 

Logarithm 

2 'ir = 

6.28318531 

0.7981799 

TT^ 

=- 9.86960440 

0.9942997 

4ir = 

12.56637061 

1.0992099 

TT® 

= 0.10132118 

9.0057003-10 

II 

1.57079633 

0.1961199 


==: 1.77245385 

0.2485749 

II 

1.04719755 

0.0200286 

1 

y/w 

c 

= 0.56418958 

9.7514251-10 

II 

4.18879020 

0.6220886 

vl 

= 0.97720502 

9.9899857-10 

11 

0.78539816 

9.8950899-10 

v? 

= 1.12837917 

0,0524551 

11 

0.52359878 

9.7189986-10 


= 1.46459189 

0.1657166 

1 - 
V 

0.31830989 

9.5028501-10 

1 

= 0.68278406 

9.8342834-10 

1 

2 x- 

0.15915494 

9.2018201-10 


= 2.14502940 

0.3314332 

3 _ 

TT 

0.95492966 

9.9799714-10 


= 0.62035049 

9.7926371-10 

4 

— SX 

7 C 

1.27323954 

0.1049101 

<J\ 

= 0.80599598 

9.9065329-10 


|| Number 

Logarithm || 

[I If the radius r ~ 1, the length of the arc is || 

for 1 degree ~ = 0.01745329 I 

8.2418774-10 

for 1 minute «= io800 ~ 0.00029089 | 

6.4637261-10 

for 1 second ** fiAgonn ~ 0.00000485 

4.6856749-10 

. sin 1" « 0.00000485 

4.6855749-10 
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TABLE 8 
Symbols and Units 


Greek A Iphabel 


A, a 

Alpha 


Iota 

p,/> 

Rho 

B,iS 

Beta 

K, K 

Kappa 

2, V, s 

Sigma 

r,y 

Gamma 

A, X 

Lambda 

T.r 

Tau 

\ S 

Delta 

M,m 

Mu 

T, u 

Upsilon 

E, . 

Epsilon 

N, V 

Nu 

<t>, <p 

Phi 

Z,f 

Zeta 


Xi 

X, X 

Chi 

H, , 

Eta 

0, 0 

Omieron 


Psi 

e, e, s 

Theta 

n, TT 

Pi 

ilj Oi 

Omega 


Prefixes Used with Units 


Prefixes 

Abbreviation 

Meaning 

Scientific 
nr Engineering 
Notation 

micromicro 

! MM 

0.000 000 000 001 

10~i- 

millimicro 

mM 

0.000 tXX) (X)l 

10-» 

micro 


0 000 001 

10-* 

milli 

m 

n.(X)i 

10-8 

centi 

c 

0.01 

10-2 

deci 

d 

0 i 

10-‘ 

deka 

dk 

10 

10 

hekto 

h 

100 

Itf 

kilo 

k 

1000 

10“ 

mega 

M 

1000 000 

10* 
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Table 8— Continued 


Quantities and Units Used in the Exercises and Examples 


Quantity 

Symbol 

Basic Unit 

Common Multiples 




f meter 

millimeter, centimeter, deci- 

Length 

1 


1 

[ foot 

meter, kilometer 
inch, yard, mile 

Mass 

m 


f gram 
[slug 

milligram, centigram, kilogram 

Time 

t 

second 

minute, hour 

Force 

F 

1 

dyne 

pound 

ton 

Velocity 

V 


meters per second 
feet per second 

centimeters per second 
miles per hour 




meters per second 

centimeters per second per 

Acceleration 

a 


per second 
feet per second per 

second 

miles per hour per hour 




second 

Temperature 

T 

degree 


Chaige 

Q 

coulomb 


Potential 

EorV 

volt 

microvolt, millivolt, kilovolt 

Current 

I 

ampere 

microampere, milliampere 

Frequency 

f 

cycle per second 

kilocycle per second, megacycle 




per second 

Resistance 

R 

ohm 

microhm, megohm 

Conductance 

G 

mho 

micromho, millimho 

Inductance 

L 

henry 

microhenry, millihenry 

Capacitance 

C 

farad 

micromicrofarad, microfarad 

Energy 

W 

joule 


Power 

P 

watt 

1 microwatt, milliwatt, kilowatt 

Magnetic flux 

B 

gauss 

kilogauss 

density 
Magnetic field 

H 

oersted 


intensity 
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ANSWERS TO THE ODD EXERCISES 


Chapter 1 


1. 6 > 3. 

7. 6 > -6. 

13. -8 > -10. 


Page 4. Sec. 1-2 

3. -1 < 0. 5. -6 > -8. 

9. 5 > -3. 11. 1 > -3. 

16. -3 < 4. 


Pages O—IO. Sec. 1—8 

1. (a) -9, (6) -19, (c) 9, (d) 85, (e) 18. 

3. (a) 14, (5) 108, (c) 23, (d) 33, (e) -26. 

6. (a) -13, (b) 13, (c) -.5, (d) -19, (e) -19. 

7. (a) 1, (b) -35, (c) -35, (d) -20, (e) -42. 

9. (a> -22, (b) -84, (c) -96, (d) 12, (e*) -78. 

11. (a) -132, (6) -132, (c) 0, (rf) 300, (f) -231. 

13. (a) 0, (5) -6, (c) 1, ((i) -2, (e) -2. 

16. (a) (6) not defined, (c) — f, (d) —9, (e) — 

17. (a) 14, (6) -9, (c) -10, (d) -6, (c) 10. 


1. -4. 
7. 3. 

13. -9. 
19. -44. 


Page 11. Sec. 1-9 

3. 8. 

9. 3. 

16. 8. 


6 . 8 . 
11. 16. 
17. 63. 


Pages 14—16. Sec. 1—10 


1. (a) (6) (c) 


3. (a) — (b) (c) 1^. 


6. 198. 

11. 588. 

17. 13. 

23. 

29. I 

35. W. 

41. Mf. 

47. U- 

63. 960,000 lb. 

69. 146| cu. ft., 916| gaL 


7. 1680. 

13. 13. 

19. 11. 

26. il 

31. -2. 

37. 6. 

43. -V^. 

49. 5.4 cents, 18 cents. 
66. 63.7 amp. 

61. 150 watts, 0.9 cent. 
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9. 1848. 
16. 250. 
21 I 
27. M. 
33. 1. 


89. U- 
46. -H- 
61. 37.6 in. 


67. 87.5 milliamp. 



716 


ANSWERS 


Page 20. Sec. 1-11 

1. 10^ 10*, 10®, 10-S 10-^. 3. 3*. 


6 . § 7. 2« • 3*. 9. 3 • 5 • 7. 


3* 

1 


11 . - 

- .24 . 52- 

16. 2 . 5. 

1 

2 

3-52 

2 * 

3^ 

21 . - . 

2 ® 

7 • 2* 


7.2* 


26. 

27. 

3* 


Page 22. Sec. 1-12 

1. 6.94 X 10*^ days. 3. 6.06 X 10** atoms. 

5. 3 X 10~** gram. 7. 5 X 10“* cm. 

9. 2 X 10® light-years. 11. 6,600,000,000,000,000,000.000 tons. 

13. 0.000,000,000,000,4 cm. 16, 0.000,000,000,000,000,000,227 dyne. 

17, 600,000,000,000,000,000,000,000 protons per gram of matter. 

19. 6,000,000,000 times per see. 21. 0.00008 cm. 

23. 27,600 km. per sec. 26. 112,000,000 mi. 


Page 26. Sec. 1-13 


1 . 

3. 

3. 

3. 

6 . 

1 . 

7, 

1 . 

9. 

1 . 

11 . 

2 . 

13. 

1 . 

16. 

3. 

17. 

1 . 

19. 

1 . 

21 . 

1 . 

23. 

3. 

26. 

3. 







Pages 28-29. Sec. 1-16 



1 . 

9.90 X 102 

3. 

-7.09 X 10*. 

6 . 

9.100 X 10”^^, 

7. 

6.65 X 10. 

9. 

8.6 X 10*. 

11 . 

7.9 X 10. 

13. 

2.59. 

16. 

2.88 X 10-*. 

17. 

9.2 X 10\ 

19. 

5.89 X 102 

21 . 

7.3. 

23. 

3.0. 

26. 

7.4 X 10^ 

27. 

1.3 X 10. 

29. 

3.7 X 10-1, 

31. 

2.08 X 10^ 

33. 

2.6 X 10*. 

36. 

-9.69 X 10®. 

37. 

9.676 X 102. 

39. 

4.829 X 10-*. 

41. 

5.8 X 10 -8. 

43. 

5.5 X 10“^®. 

46. 

2.6 X 10-‘. 

47. 

3.59 X loll. 

49. 

3.817 X 10“^ 







Page 34. Sec. 1-20 



1 . 

8.00 X 10. 

3. 

7.34 X 10. 

6 . 

6.50 X 10. 

7. 

1.496 X 10, 

9. 

6.93 X 10. 

11 . 

8.66 X 10®. 

13. 

1.956 X 10^ 

16. 

8.40 X 10“®. 

17. 

4.50 X 10^ 

19. 

6.71. 

21 . 

2.11 X 10“. 

23. 

2.72. 


26. 4.09 X 10-*. 




ANSWERS 
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1. 3.00. 

7. 1.728 X 10*. 
13. 3.84. 

1». 1.33. 

26. 4.99 X 10“*. 


1. 2.66 X 10*. 
7. 8.06 X 10*. 
13. 4.52 X 10-*. 
19. 2.20 X 10®. 


1. 5.00. 

7. 3.40. 

13. 3.10 X 10-'. 
19. 2.54 X 10*. 
26. 3.82. 


1. 1.033. 

7. 1.861. 

13. 9.46. 

19. 1.49 X 10*. 


1. 6a. 

7. -3^1-372+773. 
13. 45i + 2 R 2 + 5Rs< 

19. X + ?!/ + z + 6w. 

26. -2E + 2IX. 

31. 4/1 - 2It - 3/s. 

36. 3/ii + SR 2 — 13Rs 

39. 2ac — 2by. 

46. -4x + 5v + 2 - 43. 


1. -30*«y*. 

7. 64a»bW. 

13. - 3 OB 1 R 2 R 8 /*. 
19. 262/»r*«*. 

26. 66**^®. 


Page 36. Sec. 1-21 

3. 8.89 X 10-'. 

9. 1.321 X 10-®. 

16. 5.05 X 10-'. 

21. 8.89 X 10-'. 


Page 36. Sec. 1-22 

3. 7.92 X 10*. 

9. 1.318 X 10®. 

16. 7.68 X 10-'. 

21. 8.03 X 10®. 


Pages 37-38. Sec. 1-23 

3. 5.00 X 10. 

9. 9.45. 

16. 2.51 X 10-*. 

21. 8.93 X 10*. 


Pages 39-40. Sec. 1-26 

3. 2.85 X 10*. 

9. 6.49 X 10-*. 

16. 3.69 X 10®. 


Chapter 2 

Pages 43-44. Sec. 2-2 

3. 6z + 6y. 

9. 2x + 6y. 

16. -2E + 2RJ + 21Z/. 
21. 77. 

27. 2 O 03 ; + 20by — lOc*. 


41. 0. 

47. -5* + 7y. 


Pages 44r+6. Sec. 2-3 

3. 48a'«. 

9. 21B/*B. 

16. 64t*r*8*l®. 

.21. -162»®y®*®. 

27. 30aV. 


6. 2.10 X 10. 
11. 2.46 X 10-'. 
17. 1.127 X 10®. 
23. 3.01 X 10-®. 


6. 9 72 X 10*. 
11. 2.36 X 10*. 
17. 8.03 X 10*. 
23. 9.37 X 10-®. 


6. 2.853 X 10. 
11. 3.11 X 10. 
17. 2.84. 

23. 2.225 X 10. 


6. 4.99 X 10*. 
11. 4..'50 X 10®. 
17. 5.90 X 10. 


6 . 3 E\ — 2E2 — 3E2* 

11. Sab + 7cd. 

17. 3Bi + 6 B 2 . 

23. a + 2b. 

29. 2a:* + 8 xy - 6 y*. 


43. —E — 3/iBi — / 2 B 2 
49. E + RT - SIZ. 


6 . 15/*B. 

11. -6W»A:*1'*. 
17. -126x*j/***u:*. 
23. 24o®b®c®d®c*. 
29. B„®B 6 »Be». 


33. -3Zi - 8 Z 2 - 15. 
- 4 B 4 . 37. 2x + 6j/. 
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ANSWERS 


Pages 46-46. Sec. 2-4 


1 . -f- 2 x. 

6. Zpnx + 3/2RZ. 

9. 16/2 -f 14/ - 8. 

13. -f- 21 xy ®22 Zba?y^z^, 

17. 48R2/i2 _ 4 - 8 E 0 R/ 1 . 

21 . 6 / 2 R + \ 2 PB 4 - 4 /R 2 4 - 6 / + 
23. a2 - 2a6 + 62 - c^. 


3. QR 1 R 2 “j" 3J2i 4" IOR 2 ”f* 6, 

7. a2 - 62. 

11. 48r^ - 6r2Z - 15^2. 

16. 12o26c 4- 18a26d 4- 42a62c + 54a62c; 
19. 15P» 4- 31P2 4- 16P + 10. 

12 . 

26. Zx^ - lOx® - ^2 4 - 2 . 


27. 6m2n2 — 17mn2p 4- m^np — 14n2p2 — 4imnp2 ~ 16m2p2. 
29. 6a;® 4~ 4a;®2/ 4- I2a^y^ 4- 2xy^ 4- ^i(^y 4- 9a:y® + 3j/®. 


Page 46. Sec. 2-4 


1. 5a\ 


3. 


a 

4Z' 


7. 


3A^ 
C2 ‘ 


9. 


- y) 

4 


13. 7a^h^cd, 

(P 2 4 . 2 J!r - 7 ) 27 ^-“® 

“• R - 

17. 19. 


6. o®. 


11 . (o + b)pt. 


Page 47. Sec. 2-6 


1. B* + 4F. 


3. 1 + I - 


B 

Ri‘ 



7 V~" , 

' x"Z j/"Z 


7^= 

j.Sn^n+2’ 


11 . 


pn 2P"~^ 



„ (o + c)’ , (o + c)* , 1 

*■ ~T~ 

13 7x» pV g 

24pg 4g2 6p 


6y2Z(p 4- 1)”* _ Za^-^Z^ p 4- 1 

a;*” y Zy^Z 

17 . iwz'ip + D- - + »• +g!!(?±jrl‘. 

2 Ic^ 

6 ® . 8 4 

T 2e<Z*L* “ BfZ*£,*‘ 
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Pages 48-49. Sec. 2-7 


1. 2x 3. 

7. _ 4ybfn + 4)U*. 

13. r2 + 8r + 15. 

19. 4c2. 

26. 4*2 _ 3^ + 4 j, 2, 

3. e® + -f 2e. 

9. y/2 -f -4^. 

16. a2 - 16a + 48. 

21. + 20m + 100. 

27. 

6. 4- 2X/f; 4“ 

11. PR^ - 1, 

17. 2cw 4“ 2bw + ac-^ab, 
23. 3aa;^ 4- Oaxt/ 4- 3aj/^. 
29. 4“ + tAt* 

31. *2 - 2* + 1. 

.Ap Ap 

B2 r2‘ 

37. 92 _ 

39. Z^ + 12Z + n. 

41. 4ac. 

43. 100c2 - lOOcd + 26d2. 

R* 9Z* 

36 lOO’ 

46. 9i;2 _ 

£2 81 

*'• /2 jZ 


Pages 60-61. Sec. 2-8 


1. a(j/2 + *2 + a2). 

3. 17*2(1 - 17*). 

6. 4L2(L - 2B). 

7. 2ai)(6 + 2o — 4a6). 

9. a2p(ffl +Zl- 5). 


13. xyZ^{3? — j/®Z — *3 /). 
17. 13RL(R2l2 - BL + 3). 

16. Zm{m* — + 2n'*). 

19. (a - 6)2(j/* - 5). 

21. (** + 2)(* + 1). 

27. (a + 6)(a + j/ — 2). 

33 (Z2 + w)(*2 _ 2). 

23. p(l f r<)(4 + q). 

29. 2(* - 3)(3/ + 2). 

36 P2(B + B)(L + /). 

26. (y + l>)(4 - c). 

31. o26(o + 6)(a6 + 1). 
37 (fc + 4)2. 

39. (AT - P)2. 

43. + Vo){Vi - 7o). 

47. {ELI + E){HLI - R). 

41. {a^h + 1)2. 

46. {Xl + 4Xe)(XL - 4Xe). 

49. C2(£p + !)((! + l)(<i - 1). 

61. (2Z - 3)2. 

67. (* - 4)(* + 1). 

63. (W - 7)(TF + 5). 

63. (SXi + 2X<,)2 

69. (< - 17) (< + 4). 

66 . o(d + 7)(d - 2). 

66 . (* - 3)(* - 1). 

61. (a + 3d)(a + id). 

67. (3L + 1)2. 

69. 5I^R\iPR - 1)(2PB - 
73. (Z2 - 20)(Z2 + 5). 

77. (*2y + l)(*2y + 3). 

- 1). 71. (E 4- nR)iE - 2R), 

76. 5(L - 2)(L - 3). 

79. 7r(aL -f 11)(aL + 6). 


1. 36o*6^ 

«. (X + 3Xx - 2)(x + 2)2. 
9. x(x + p)(x - y). 

IS. 3P(x + 1). 

17. xyZ{m + »)*(»» — n)*. 


Sec. 2—9 

3. 180L2/e^ 

7. (Z + 3)(Z - 3)(Z + 7). 
11. \2{E + 3)(£? - ^){E - 2), 
16. abc{x + y)(^ “ y)- 
19. (R - 6)(K - 4)(/J + 2). 


Page 62.* 
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+ xy + tf ‘ , 2t - 5 

ar'jT* ■ t ■ 

--2r „ „ 

r + l' 

i. w. ^ 

y'' + y 

1352/'^-^-^ - 506"+^ - 286c»^ 

2106Vi/ 

+ I 

- - - 26. - 

(r + l)(r - 1) {x^ ~ 

ear + 29a; + 3 

x{x + 5) 

Z{^z ^ 1) : 

(2Z + 1)‘^ * ' xix-^ 

rc^ 4- 3? + 2 
■ (X + l)(a: - 1)2* 


Pages 64-66. Sec. 2-10 

2f - 5 


6 . 1 . 

ad — he 
6(6 - rf )' 

- 

{2x + l)i2x - 1) 


(a” -f l)(a” - 1) 


(x - 2)(x 4- 8)(x 4- 9) 
llx^ 4- g ~ 4 
(3x 4- l ) (3x ~ f)’ 


6‘^c -- b(? — a^c 4 - CLC^ + a‘^6 ~ a62 

31.-- 

abcia — 6) (a — c)(6 — c) 

35. 

x{x + 1 )- 

_ 22^-32 + 2 
(22 - 1)« 

-3? + 3&i; - 16 

(* - 9)(a: + 2) ’ 

49 

(c - rf)*(c + 2<i) 

Pages 67-68. Sec. 2-11 

8x^+^ ^ 

156V-i‘ * 3 ‘ 

9 . 11 . • 

abxy r — s 



16. 

1. 

17. 

1. 

Q 

19.* + ;. 

X 4- 

21. 

1. 

23. 

x^V^ 

26. 3(^; 4- e). 

27. 

r^-f 

r 

29. 

2(0 - fc)2 
36='(o + 6)‘ 

2/ - 3 

31- ^ 

33. 

^ + 1 

36. 

1 + p. 

y - 2 

37. 4x. 

39. 

r 

§?. 

41. 

2 + 1 


46. 

b 

{I - 3)(/ + 7) 

47. 

(2 - 1)** 

2a 4* 6 — c 

t + 6 

a-f6 

(/-8)(/ + 5)' 

20 4“ 6 4" c 
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Pages 61<-63. Sec. 2S-12 


1. 2. 

3. 

6. tVs- 

7. €? ~ 4. 

3- T^V 

11. f. 

13. 4. 

16. 

17. 8. 

19. -ff 

21. 

23. 125. 

25. 12. 

27. 2. 

29. 8. 

31. 8. 

33. 4. 

36. 

Ott + 5 

37. -fl. 

39. 1. 

41. li 

43. a - 26. 

49. 1. 

46. -3, 

47. 7. 


Page 64. Sec. 2*13 


1 . -2, -2. 

3. -2, -3. 

6 . - i -1 

7 1 1 

*• 2» 2* 

9. 5, 6. 

11 . -h -1 

13. 3. 

15 - T%» TO^- 

17. 6, -1. 

13. 4 ^, -J. 

21. i\, -A. 

23. 7, 7. 

26. 3, -2. 

27. 1, -i 

29. f, -f. 
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Pages 69-71. Sec. 2-16 

1. 6090 watts. 3. 176 watts. 6. 11,000 ft. 

7. 7.0 X 10~^* watts. 9. 25| cu. in. 11. 3.1 dynes. 


13. 180 ohms. 16. 4.0 ft. per sec. per sec. 

17. 992 kc., 3.1416. 



Pages 73-74. 

Sec. 2-16 


1. -5,8. 

3. 3, 1. 


6. 5. 2. 

7. 3, 4. 

9. 2, 3. 


11. 3, 5. 

13. 3, 2. 

16. 10, 1. 


17. n. -fi 

19. 8, 1. 

21, 0, -2. 


23. 3, 2. 

26. 4, 3. 

27. -1 


29. 

31. 

33. 0. 


36. 7, -1. 

37. 5, 4. 

39. 20, 20 




Pages 77-79. 

Sec. 2-17 



1. 14, 16. 

3. 105 hr. is the life of a carbon steel drill, 315 hr. is the life of a tungsten steel 
drill, 1575 hr. is the life of a high-speed steel drill. 

6. 30 grams of nickel, 150 grams of manganese, 820 grams of copper. 

7. A fires kg. at kg. per min., B fires “VV’ kg. per min., C fires 

fy kg. at kg. per min. 

9. 9.5 grams of antimony, 79.7 grams of copper, 10.0 grams of tin, 0.794 grams of 
phosphorus. 

11. 36 lb., 180 lb. 13. $25. 16. V" hr. 

17. 48 min. 19. days. 21. 6 hr. 

23. 73. 26. 72. 27. 256. 

29. 50%. 31. 576 sq. yd. 

Pages 82—83. Sec. 2—18 

1. 10 hr., 50 mi., 40 mi. 3, After 5 hr. 6. 22 m.p.h, 

7. 45 m.p.h. 9. 6 volts. 11. 44 amp. 

13. 15 ohms. 16. 220^% ohms. 17. 2000 amp. 

19. 1.3 ohms. 21. 6 ft, from the fulcrum on the opposite side. 

23. 184 lb., 115 lb. 26. 325 lb. 


Chapter 3 

Pages 89-92. Sec. 3-4 

1. C » /(r) - 2irr. , 3. A « fid) - 6. 7 = /(h, r) « iirhr^. 

7. 7 « fiw, A, t) » wM, 9. A » /(6, h) - 11. 7 « /(A, h) « ^AA. 

13. A - /(«, r) » Tris + r). 16. I « fit) » $1.50 X t 

17. C « fiq) - 20 + 30(5 - J). 19. H - /(T, /, R) » 0.24/272!r. 
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21. -6, -8. -2. 28. -3, i 5. 26. 10, 7, 2. 

27. 0, 0, (c - o)(c - 6). 29. (1 - o)(l - 6), 0, a(o - l)(a* - 6). 

' V v) ^/ ’ 4 ' (1 + «*)(! + 0* 


+ a - 5* - 6 

o* — 2ab + bf‘+a — b + X 

89. 3** + 3xA + h\ 41. 156. 

46. 80 + 4*. 47. -2. 0, 6, 4. 

61. 16, -35, -99, o’* - 46* + 20. 

66. -1, -12, -x, IT*. 67. 3, 3,17,14. 


61. p = \/A. 

1 - 


68. ixVlOO - X*. 


69. d =■ It. 


87. 2x6 + 6*. 

43. X* + 2x* + 2x* + X. 
49. -3,0, -l,o6. 

63. -64,8,12,5. 

69. 1, -i -f, -^. 


S.2(. + L»). 


71. y = VlOO - x\ A = xVlOO -- P = 2(a; + VlOO - a:^). 

,3.6 = i^,S = 2..*+?52. 
irr^ r 

“ 4'^ ~ ^ 


Page 93. Sec. 3-6 


l.x = |+6. 


1. Z ^\/w - 48. 


13. i. 


3. X = rt Vt/ + 9. 


16. e * 


6. x = 


11. d = 2 


17. / « 


1. 3 < 5. 

7. 8 > -1.2. 


Page 94. Sec. 3-6 


3. -5 < 2. 
9. 18 > -5. 


6. 8 > -3. 

11. -8 < t < V2 < 4. 


13. -5 < -3j < 5 < 6.7 < 7. 
17. -6 < 1.6 < 4.7 < 12 < 18. 


16. -8 < -6 


66. 2.4, -3.4. 
61. 3.7, -2.7. 


Page 119. Sec. 3-10 

67. 0.6, 3.4. 

63. 2.0, -6.0. 


69. -2.7,0.7. 
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Pages 122-124. Sec. 3-11 


1. 5. 


3. (; = 5.12 X 14 ft. per sec. per sec. 


6 . 16 in. 7. 12 in. 

11. V = ; 1.5 X 10® lb. 13. 2.2 X 10~® coulomb. 

^ 220 

17. 1.44 joules. 19. 3622 ft. 

23. 0.09 ohm. 26. 76%. 


9. 58,811 lb. 
16. 6.3 in. 

21. 38.7 ft. 


1. 5, 5. 

7. 2, 2. 

13. -2, -4. 
19. 3, i. 


1. Intersect at (2, 3). 

7. Intersect at ^). 
13. Coincide. 

19. Intersect at (—3, ~2). 


Page 126. Sec. 3-12 
3. i 

16. f, 6. 

Pages 128-129. Sec. 3-13 

3. Coincide. 

9. Intersect at ( — I, 2). 
16. Intersect at (~2, 5). 


6 . h 1 . 

11. 5. 

17. 


6 . Parallel. 

11 . Coincide. 

17. Intersect at (—2,4). 


Chapter 4 


1 . 21 . 20 ^ 
7. 0.37^ 
13. 0.020^ 
19. 32.00^ 
26. 136'. 
31. 16^* 30'. 
37. 42*^8'. 


Pages 132—133. Sec. 4—2 


3. 173.70^ 

9. 13.196°. 

16. -52.271°. 

21. 142.290°. 

27. 75° 47'. 

33. -15° 33'18". 
39. -1'. 


6 . 174.42°. 

11. 127.039°. 

17. 21.22°. 

23. 41.968°. 

29. 466° 16' 23". 
36. 42° 6'. 


Pages 136-139. Sec. 4-3 


1 - 

6*3 

_ 6ir 7ir 

’•is’-J- 

-I7ir 


13. 


18 


19. 1080.00°, 640.00° 


X 3x 

2 ’y 

••I- 


16. 


llx -llx 
20 * 20 ‘ 


* 5x llx 


11. 


-2t 

3 


17. 45.00°, 136.00° 


21. 120.00°, 240.00°, 300.00°. 


28. 10.00°. 26. 677.50°. 27. -210.00°. 

22. -900.00°, 900.00°. 81. 1.08. 88. 7.69. 

86 . 0.31. 87. 0.67. 89. 0.06. 
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41. 1.48. 

47. 362.7^ 

68 . 72.1®. 

69. 5730.0®. 
66 . 0.8205. 

71. 5850®. 

77. 5.60, 321®. 
83. 9607.2 mi. 


43. 0.50. 
49. 292.2®. 

66 . 4.1®. 
61. 1.548. 

67. 1.265. 
73. 2370®. 
79. 3.0 in. 


46. 0.01. 

61. - 0 . 6 ®. 

67. 0.5®. 

63. 1.54811. 
69. ^5.0®. 

75, 9.27772®. 
81. 2817.9 mi. 


86 . 1038.04 mi. per hr., 1522.46 ft. per sec., 15.00® per hr., or 0.2618 rad. per hr. 

87. 8.6 in. 

17.6Af , 35.2M . 

89. R **- — , A « —-— , 5.6 rev. per sec., 35.2 rad. per sec. 

Tra a 

91. 19.6 sq. in., 16.8 sq. in., 35.3 sq. in., 9.53 sq. in. 93. 3.01 in. 

96. 3 rad., one significant figure; 173®, three significant figures. 

97. 4644 in. per sec., four significant figures. 


Pages 146-147. Sec. 4-7 

[For the answers to Exercises 1-55 the trigonometric functions are listed in this 
order: sine, cosine, tangent, cotangent, secant,.and cosecant.] 

f> i» i» f- 

2^ O 4 /F VS 

3. —, - -2, -i, 


8V353 17-V/353 g -v/353 
■ 353 ’ 363 ’ Tf’ Tr> 17 • g ‘ 

VIO 3v^ 1 o VTO ^ 




-1, -1, V2, -\/5. 


11. 0,1, 0, undefined, 1, undefined. 

15. —1, 0, undefined, 0, undefined, —1. 

16. A. -U, -tV -ih ¥• 

SyJM 13V194 5 js Vl94 Vl94 

194 ’ 194 13 ’ 5 ■ 

31. i> h li f • 

g Vie! sylM Viei 

38. A, , jgj , g . 


26 . ~ 


/161 sy'ifii Viei isyifii j. 

15 ’ 161 ’ 8 ’ 161 ' ’ 
4y^ 7y/m 113Vm 

113 ’ 3180 ’ 7 ’ 3180 ’ 


S V! 3 y^ _V! 4 

" 4 ’ 7 ’ 3 ’ 7 ’ 



726 


ANSWERS 


(For the answers to Exercises 29-55 the quadrant in which the angle terminates is 
given by Roman numerals I, II, III, IV.] 

» I: A. H, A. ¥, H, V; n. A -H, -A -ii. 

«. I. J, 2v^. 5^,3,n: i - f- 2^, 3; 

-j, -3V2. 


3-v/2 


, -3. 


Vmi 


•« T 5 VHq 5vTl9 j, laVm . _ Vm , 

38.1: J2 ’ 5 ’ 119 ’119 ’ 12 

5Vn9 1„ 12VTI9 

— w*’ —n5- 

7-v/i49 lOVi® T 10 \/149 vT49 7V149 10^149 

» i>in ,n ♦ »7 > 149 » lAO ’ 


149 


149 


10 


149 


7 

rnj 


„ Vl49 lOy^ 7 10 

10 ’ 7 ’ ^ ■ 149 ’ 149 ’ 

VI49 . - 7VT49 10Vi49 _ t _jio _ Vl49 

> • ’ 149 ’ 10 ’ 7 


-«/l49 


10 


149 

« m. 1 .-i 

S7. III. 2*3* 2 • 


-2; IV: -i 


v!! __ _ 


2 ^ 3 ’ 


\/3, 


2^/Z 


2 . 


^ 5VM , 5^ , ^ 

I- -^y v26. III. ~ _ . - _ , 5, - 


89i 


41. II 


26 ^ 26 
-V26. 

y/2 V2 


26 26 
^/2 V2 


V26 

5 ' 


2 , - 2 , -1, V2;IV: 


, -1, -1, V2, -V2. 


43. —1, 0, undefined, 0, undefined, —1. 

46. I: f, if If if f, i; II: f, -h ”l» ~¥» "“T* i- _ 

__ 1 wlV^l+wi* 

47. (Assume m > 0.) I: , m, -- 

VI + V1 -f m2 rti m 


f Vl H- m2; III: 


Vl + m2 Vl + 


1 Vl 4- m2 /—•;—5 

■ I - , m,-, - V1 4 m^ 

inr m m 


49. (Assume a > 0.) II: 


V4 ~o2 


a V 4 — o2 
2’ o ’ 


2 V4 — fl2 a V4 — a2 

; III: - o ’ ^ 2 ’ 


a 


o _ 2 

V 4 ~ 02 ’ o’ 
2 2 


61. II: 


V 4 — a 2 

V5 


3 * 


- 


3VS 


2 2 a V4 — a2 o V4 — a2 

V5 2^ 3 3VS ^2 y/1 W} 

2 ’ “ 5 ' 6 ^ ‘ 3 ^ 2 ' 6 ’ 
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63. Ill: -0.2364, ~0.97U), 0.2422, 4.126, -1.020, -4.248; IV: -0.23J54, 0.9719, 
-0.2422, -4.126, 1.029, -4.248. 

.r 1 \/6 „ 5\/6 ... , 2v/6 -s/tt , /- 

66. HI: -J, - 'f-, , 2V«, - . -5; IV: , - Y 2 ' 


T 2 ’ 


67. I 
63. 2yfn 
13”‘ 


69. 0. 

66. -i|I. 


61. 0.583. 


*21 ' 2 ! 


69. -40v/0. 


71. El, 


Pages 160-151. Sec. 4-8 


IFor lilt* iiiisvsers tu Exercises 1 31 the trigonometric functions are listed in this 
order: sine, cosine, tang(‘nt, cotangent, secant, and cosecant.1 


1. i - 


v/:i n/3 2v/3 

2 ’ 3 ’ ~ 


3- ,-2, -V-i. - 3 '3 • 

5. 

7. 


2\/3 


2 ' 2. V3, 3 , 




V’i I /.. v'-i ,, 

-.5. - -3 .i. 


\/2 -\/2 ^ 
*" 2 ”’ "" 2 


3 

3 


•V2- 11- - 


13. 0, —I, 0, undefined, —1, undefined. 16. 0, 
17. 1, 0, undefined, 0, undefim*d, 1 


V“\v-' -1, V^,-v^ 

2*2 > V » V 

1, 0 undeliiunl, 1, undefined. 


19. 


~2» o ’”" o » ~ vd. - , 


3 


2 . 


21. - 


V3 


■i. V-^. y. 


-vjl. 

2 


23. , 1, 1, V'l V 


26. - 






, 1 , 1 , 


\ *- • 


27. 0, ~1, 0, undefined, —1, undefined. 29. 0, -~1, 0, undefined, -1, iindefiiud. 


V? 

2 


31. - , i - VS. 


2 

3 ’ ’ 


2V:i 
3 ’ 


36. 1. 
39. 5. 


37. 1. 

40^1 - 9 
6 

46. Zis/-} h 7n (v''i - !)• 


41. 


43. -3. 
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1. sm25^ 

7. CSC 17.66 ^ 
13. sin (-88°). 
19. 18°. 

26. x1°. 

31. 7.5°. 


1. 0.15126. 
7. 0.7559. 
13. 1.524. 
19. 0.9407. 
26. 0.5025. 
31. 1.1419. 
37. 12.3729. 
43. 2.352. 


1. 8 90°. 

7. 69.(X)°. 

13. 63.90°. 

19. 25.63° 

26. 68.13°. 

31. No valu(5 of 0 satisfies. 


1. 0.03490. 

7. 0.2456. 

13. -0.9658. 

19. 0.7290. 

26. 0.15624. 

31. 0.9997 

37. -0.2686 cos x + 0.9633 


Pages 163*164. Sec. 4*9 

3. CSC 6°. 

9. cos 75.67°. 

16. sec (-31°). 

21. 25°. 

27. 5. 

33. 7°. 

Page 166. Sec. 4*10 

3. 0.01571. 

9. 0.3211. 

16. 0.8171. 

21. 3.124. 

27. 0.4700. 

33. 2.4454. 

39. 83.5453. 

46. 57. 

Page 167. Sec. 4-10 

3. 20.70°. 

9. 81.80°. 

16. 35.63°. 

21. 21.33°. 

27. 64.21°. 

33. No value of 6 satisfies. 

Pages 160-161. Sec. 4-11 

3. -0.6494. 

9. -0.5821. 

16. -0.3420. 

21. 0.2071. 

27. 0.5189. 

33. -0.500. 
sin .r 


6- cot 88°. 

11. st>c 89.987°. 
17. 40°. 

23. 12°. 

29. 1. 

36. No ^ satisfies. 


6. 0.5000. 
11. 0.5000. 
17. 0.8232. 
23. 0.7140. 
29. 1.990. 
36. 0.4252. 
41. 1362. 


6. 51.70°. 

11. 45.70°. 

17. 54.33°. 

23. 64.30° 

29. 62.46°. 

36. No value of 6 satisfies 


6. -0.8161. 
11. -0.8724. 
17. -0.8796. 
23. 0.7516. 
29. 0.5574. 
36. 16.7. 

39. -43.41. 


Page 163. Sec. 4-12 

1. 24.70°, 156.30°. 3. 54.30°, 234.30°. 6. 136.40°, 223.60°. 

7. 134.70°, 314.70°. 9. 45.00°, 315.00°. 11. 0.00°, 180.00°. 

13. 46.90°, 133.10°, 226.90°, 313.10°. 16. 26.24°, 333.76°. 

17. 106.23°, 286.23°. 19. 25.56°, 154.44°, 205.56°, 334.44°. 

21. No valu<? of 6 satisfies. 23. No value of d satisfies. 

26. 29.40°, 160.60°, 389.40°, 510.60°, -330.60°, -209.40°, etc. 

27. 30.80°, 210.80°, 390.80°, 570.80°, -329.20°, -149.20°, etc. 

29. 124.26°, 304.26°, 484.26°, 664.26°, -66.74°, -235.74°, etc. 

33. 14.59°, 194.59° 36. No value of ^ satisfies. 37. 65.07°, 246.07°. 

39. 88.6°, 271.4°. 
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Page I 664 Sec. 4—13 


1. -0.6053. 3. -0.7604. 6. 1,016. 

7. 0.108. 9. 1.0. 


11. Impossible to evaluate by method of this section. 
13. Impossible to evaluate by method of this section. 

16. 0 . 

Page 167. Sec. 4-14 


[For the answers to Exercises 1-13 the trigonometric functions are listed in this 
order: sine, cosine, tangent, cotangent, secant, cosecant.] 

1- «: f. 5. t 1.1; s> h t T- Same as Exercise 1. 

R^. 40 9 409 41 41./., 9 40 9 10 41 41 

5* "£T» *rr> ‘9 . TiTi p- Tiy TT? ‘‘j-j To. "TT • 

^61 gv' 6T . vsr ^/6T 

61 ' * 


^ 6Vhl 5\/()l « ,, Vhi Vhl 
61 61 5 6 


Gl 


» '6'. 


^ « \/r33 6a/133 Vl33 13Vi33 ,3 ^ \/l33 

9. «: -^3 


6 

> T^» 


G 5 
VfSS 6vT33 
6 ^ 133 ’ 




i3x/m 
133 
\/'2 


11. a and /3; , 1, 1, v/2. 

13. a: 0, 1 , 0, not defined, 1, not defined; 1 , 0, not defined, 0, not defined, 1 . 


16. a * 36.87^ ^ = 53.13^ 
19. a = 45.58°, (3 = 44.42°. 
23. a = 51.32°, = 38.68°. 

27. a = 44.42°, - 45.58°. 


17. a = ^ = 45.00°. 

21. a = 48.71°, = 41.29°. 

26. a = 53.13°, fi = 36.87°. 
29. a = 6.33°, /3 = 83.67°. 


Pages 171-173. Sec. 4-16 


1. a = 30.34°. 

6. a = 2.26, c = 2.27. 

9. No triangle possible, 

13. a =* 52.57°, - 37.43°, a - 8030. 
17. ^ * 45.22°, a = 0.9085, c = 1.290. 
21. 44.4 ft. 

26. 39.6 ft. 


3. a = 58.52°, /3 = 31.48°. 

7. a = 9.28°, a = 80.72°. 

11. a - 28.11°, /8 = 61.89°, c * 4.03. 
16. a = 78.74°, a = 106.14, c - 108.25 
19. a = 59.3°, a = 6.39, b « 3.79. 

23. 55.2 ft. 

27. 476.1 ft. 


29. 11,908 ft. high, 21,630 ft. from B, 33,850 ft. from A. 

31. 887.4 ft. 33. The guy wires will hold the antenna tower safely. 

36. 1.3°. 37. 99.2°. 39. 349.0°. 

41. 4.7°. 43. 1.8 min. 46. 5720 ft.. 3666 ft. 

47. 1620.7 ft., 439.3 ft. per min., 1 min. 41 sec. after the second observation. 

49. 1103.8 ft., 349.6 ft. above the building. 61. 778.4 ft., 420.5 ft. 

63. The apparent objective of the planes is the aircraft carrier; they will reach it 
8.7 sec. after the second observation. 
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Chapter 6 


Page 193. Sec. 6-9 


1. 

2. 



3. 3. 


6. 

5. 

7. 

i- 



9. 6. 


11. 

3. 

13. 

None. 



16. None. 


17. 

None. 

19. 

None. 



21. None. 


23. 

None. 





Page 197. Sec. 6-11 



1. 

IT, 1. 



« TT 

3. - , none. 

2 


6. 

9 

3 ’ 

7. 






11. 

47r, 3. 

13. 

TT 

none. 



16. 2, 1. 


17. 

1, noiu‘. 

19. 

2, none. 



21. 1, 3. 


23. 

Stt, 10 

26. 




27. ^ , none 

2 


29. 

2ir 

, none. 

5 





Pages 202-203. 

Sec. 6-13 



1. 

2. 1' 



^ TT TT 

3. 1.2’"’4' 


6. 

TT 

2, tt, -;r, - 

7. 

2 ’ 2 ’ 

TT 

” 8* 


9. 1. ^ , 

TT 

4* 

11. 

None, TT, • 

0 u 

13. 

None, ^ , — 

TT 

2 

TT 

4* 

16. None, - , - 
4 

TT TT 

' 2 ’ “ 8* 

17. 

None, 27r, ^ , ’I 
4 4 

19. 

None, TT, — 

TT 

2’ ” 

TT 

4 ’ 

21. None, — , 

3 

TT TT 

““ 2 ’ ~ ()‘ 

23. 

Stt Stt it 

3 ' 16 ’ 4 ’ 

26. 

i 

c 

.H 



27. 2, 2, - ^ , 
*3 

1 

~ 3- 

29. 

2. 2-k, 1 

31. 

X- 1 

None, i, — 

1 

» 2- 


33. None, 1, ~ 

^ 1 

4’ 

36. 

3, 2, - -i 


Pages 209-211. Sec. 6-17 

1. T = 1.4 see.; / = 0.71 cycles per sec,; g = 684 cm. per sec. per sec. 

3. 24.8 cm. 6. 377 rad. per sec. 

7. 1.885 X 10® rad. per .sec. 9. 60 cycles per sec. 

11. 7.96 X 10^ cycles per .si»c. 13. 0.005 sec.; 1256 rad. per sec. 

16. 3 sec.; 2.09 rad. per sec, 

17. 6 X 10~^ sec.; 1.05 X 10® rad. per sec. 

19. 0.318 sec. 
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Chapter 6 


Pages 221-222. Sec. 6-3 


1. 1.4, 15°. 

3. 2.2, 183°. 

6. 2.2, 313°. 

7. 1.75, 180°. 

9. 3.0, 120°. 

11. 1.0,0°. 

13. 2.2, 183°. 

16. 1.1, 217°. 

17. 4.6, 325°. 

19. 1.6, 206°. 

21. 3.4, 105°. 

23. 0.8, 158°. 

26. 2.3, 202°. 

27. 102m.p.h.l3earingll°. 

29. 50 lb. upward. 

31. 14 mi. from the starting point and bearing 15° from it. 

33 . 260 ll>. 

35. 137 mi 



Pages 223-224. Sec. 6-4 


29. 0.17 dyne, 0.47 dyne. 

31. 125 lb., 34 lb. 

33. 4.0 lb.. 6.9 lb. 


Pages 229-230. Sec. 6-6 


1. (4,9). 

3. (-11, -8). 

6. (-6, -6). 

7. (4, -4). 

9. (1, -5). 

11. (3, 3). 

13. (-2,2). 

16. (19,5). 

17. (5, -7). 

19. (1, 2). 

21. 3.61, 56.3°. 

23. 6.00, 0.0°. 

26. 8.00, 90.0°. 

27. 5.39, 111.8°. 

29. 7.07, 135.0°. 

31. 8.25, 194.0°... 

33. 16.1, 209.7°. 

36. 5.83, 329.0°. 

37. 8.54, 339.4°. 

39. 5.39, 338.2°. 

41. (8.64, 5.03). 

43. (17.9,47.9). 

46. (11,4, 10.1). 

47. (-115, 110). 

49. (-78.9,34.6). 

61. (-3.5.4, -11.6). 

63. (3.75, -17.2). 

66. (29.9, -37.9). 

67. (50.6, -56.9). 

69. (1570, -243). 

61. 69.4, 62.9° 

63. 1.04, 159.5°. 

66. 1220, 286.4°. 

67. 3.69, 199.8°. 

69. 5.06, 358.2°. 

71. 82.4, 128.1°. 

73. 7.12, 56.1°. 

76. 0.380, 76.3°. 



Pages 238-240. Sec. 6-8 


1. 634 lb. 

3. 115 lb. 

6. 207 lb. 

7. 172 lb. 

9. 18,7501b. 



11. 104 volts in the direction of the current vector. 

13. 102 volts at an angle of 348° with the current vector. 


Chapter 7 


1. 36K:2 - 26. 


Pages 242-243. Sec. 7-1 

3. + 24P + 16. 


6 . - 62 / -h 9. 

7. + 4Ar^ -f 452 4- SAW - SKS - SNS. 
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9. 

13. 

17. 

19. 

21 . 

26. 

27. 

31. 

36. 

37. 
39. 
41. 
43. 

46. 

49. 

61. 

63. 


1 . 

6 . 

9. 

13. 

17. 

21 . 

23. 

27. 

31. 

36. 

39. 

43. 

47. 

49. 

63. 

66 . 

69. 

61. 

63. 

66 . 


4C/1 + 2Ck + 2Ln + Lk. 11. 

^ 4* 2/^ + ~ 2xy + — 2yz. 16. 

27a^ - 64. 

34303^ + 294Q^^~^ + 84Q3«”2 4. 8Q3n-3 
- Sh^k + Shk^ - k\ 23. 

'^4n-4 _ 4^8n-37 ^ 622n-2/2 _ -f 

21p2 - 40p - 21. 29. 

~6a^ + 13a2 + 15. 33. 

7,4 ^ 2L^ - 5L2 - 6L + 9. 

4Xi2 + - 4X1X2 - 8X1 4- 4X2 4- 4. 

4“ 25a:^ 4- 9a^ — lOifJa; 4- 6aiy — 30aa;. 

16a;^ 4- 9a;V 4- 26x® - 24a;V" - 40a;*^ 4- SOx^^/. 

626 - 500ei 4- ISOc^i^ - 20eh^ 4- 

48a2" - 75b^”^. 47. ~ 1. 

32P® - SOP* 4- 80P® - 40p2 + lOP - 1. 

r® - 18r®« 4- 135r^s2 _ 540^.3^3 ^ i2i5r-s^ - I458r.s® 4- 7298®. 

c® - 343. 


Pages 245-246. Sec. 7-2 


3a(a 4“ 2). 

3. (x -\- 2)(3x + 1). 

(* + 3y)*. 

7. -x^(x - a^)\ 

(* - 2y + z)\ 

11. (2Ri - R2)\ 

(? + P)^- 

16. (/i - 2 / 2 ) + 2hh + 4/2=“). 

(3wi + 2n)(9m* — 6mn + 4w^). 

19, (x + 2)(5x - 6). 

(3JW - 4i\0(3M + 4i\r)(9itf* + IGAT*). 

(8a:» + 5)*. 

26. (i? - 1)(7JS + 6). 

(L - T)(L^ +LT + T^). 

29. (X2 + r=“)(X< - 4- Y*). 

(c - 2</)(3c + d). 

33. (0 - 6) (4a + 36). 

CO* 

.C> 

1 

37. (3x - 6)(7x + 2). 

(a: + + « — 8)(a: + y + a + 8). 

41. (C - K - Lf. 

2(Z + 2)(3Z - 1). 

46. (p + 9)(p=* - P9 + 9®). 

(RiSi + Bi>S2)iRiW - R 1 R 2 S 1 S 2 + 

RiW)- 

(0 + 6 — d){a + 6 + d). 

61. (2Xi - 3X2)(5 Xi + 2 X 2 ). 

(2 — X — y — z)(4 + 2* + 2y + 2* 

4- 2xy 4- 2a» 4- 2pz 4- x=“ 4- p* 4- **). 

(0 + 4)(a - 15). 

67. 2(Af - 6)(4M 4- 1). 


x^(ax 4 “ w)(a^i!^ — awx 4 * 

(a 4“ & — c){a^ +h^’\r(?-’Qb’\~ac-‘ 26c). 

(X" - 2)(6X'‘ 4- 3). 

(a — 6* 4“ (?){a^ 4- ~ 4- 6® — 26V 4- c*). 


8 Q 2 - 2 . 

8ar® + 27. 

n® 4* 4“ 6n^(i“ + 4n-d® 4“ 

4 4- 22; 4- 2y 4- yz- 

4- y“ 4“ 2.ry 4- 4a: + 4^/ 4“ 4. 
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67. 2*o(a^* + 3). 69. {x - y - - 6). 

71. 2(3®* + 1). 73. (2m + 3n)*. 

76. (a* + 6)(a» - o*6 + 6*). 77. (1 + 9)(1 - q + ?*)(! - ?» + ,•). 

79. (m + 2/3 - Xa + Xi,*)(m + 2/3 + Xa - Xfc*). 

81. (x — y — z)(x — y + z). 63. (2x — 3y — «)*. 

85. (2E - 2Ei - 3Ei)(2E + 2E, + 3Ei). 

87. (K - IXK + 1)(2X - 5)(2X + 5). 89. (z* - 3)(s< - 4). 

91. (0* +2Q + 3)(Q* -2Q + 3). 93. (3a* - 5c) (at - 2c). 

96. (2/i* - M - 7) (2/11* + M - 7). 97. (.S’ - r)(.S’* + .S’r + r* - 1). 

99. (i - 2v)(t -2v - 3x). 
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ET - IR 
ET -\-IR 
5a; -3 


ac -5 

13. 1. 

19. 


ANSWERS 

Pages 262--264. Sec. 7-4 

2p - 3g 
6 

ir er ei 

Q-. 

re^ + ei* -f ir“ 

n(n^ + w + 1) 


16. 


21 . - 


rr 4- I 
P2 4- I 
2P 


6. 

11 . 

17. 

23. 


X +2y 


vr 


ip + 9)(p - qf 

+ 2x-\-i 


_ I 

R 1 R 2 + R/ 


26. 1. 


27. 


(P + q)^ 4- (P 4- g )“ - 1 
(p 4- 7 )^ 


29. 


2P7 

p^ 4- 7*^ 


Pages 267-268. Sec. 7-6 


1. 

0; 5. 

3. -3; -17. 

6. 

16. 

7. 

3 

■ 4 * 

9. 2. 

11. 

4. 

13. 

2; 6. 

16. 

17. 

0; -1 

19. 


21. lOi 

23. 

- 1 . 1 . 

26. 

-15. 

27. -2i 

29. 

2 

3- 

31. 

37. 

0; 2^. 

2 

■“‘a* 

33. 1. 

36. 



1 . li. 

7 . 82 . 

13. 65 mi. por hr. 

19. 40 and 50 mi. p(’r hr. 


1 


Pages 260-261. Sec. 7-6 

o. 4 1 . 

9. 31. 

16. 15 ft, 


6. 44. 

11 . I 

17. 4. 


6. t * 
9. Z - 


i6«i’ 

1 . 26 ArMM 

lO^Z/av. 


Pages 262-264. Sec. 7-7 

K 
R 

1 


3. f/“ = 


^ 2xCXr ’ ^ 


1 

2ir/A-c 


E, - Er 

13. fl - ; E, = 


_ . 1.26JV,JV2/1 ,, 

17. I =■ —rrr:^—; 


/B + Ec. 
lOHM 


19. t 


10*M 
1 /T* 


(?-)- 


1 . 26 iV 2 A 

772 


;Ar2- 


11 . Px * 

16. A * 

10»ZM 

1 . 26 AriA‘ 

21. no =* 


R2R^ 

* 

0.0885A ' 


d - 


0.0885A'/1 


C 


W 


_ ^ (234.5 4-Z 2 ) „ . 

^*”(234.5 +/.) 


El + 1 1 - oQjy 

Bj(234.5 + <i) - 234 . 5 B 1 

Bi 


;<3 


nn - IF 
noaW 
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26. Eh = ; E = 




i? + ft/, 


» ftw 


27. Ti - 

^3 

29. fti - 


C 2 C 3 CV 


ER 

Eb - ~E 
CiC^Cr 


C2C3 — C^Ct *” * 

<"ir2rr 

C1C2 ~ Tirr - Tary. 

R^R^Ri 


fta - 


ftafts — ft2ft< — ftsft/ 

RiR^Rf 


;ft2 


^^iCa — Ci^V — 


RiR^Ri 

ftifts ~ ftift/ - ftsfte ' 


ftifta — ftift/ ““ ftaft^ 


, ^ 2 ^av — C(eo — e\) t\iH\ + C(e 2 — «i) 

ol. fi — : ; 12 — 

lav lav 

rinE — 7ft /ft w.,(ft — rl) 

33 . --:-; «. = - -7 ; R =-;- 


nj 

oe 


E - rl 
mj 


7i^E — JR 


n,XnsE - /ft) 

» ^ , I ^ “ 

nJ 


7ls(fi .E 


Chapter 8 

Pages 266-267. Sec. 8-1 


1. 7^^ 

3. 

7. 

9. 

13. -27/?V. 

16. 

19. -H- 

64 , 91 “ 

21. 

26. A'l 

27. 

Vj 

eo 

33. 

37. SriVa®. 

39. 

43. i- 

C 

46. 

49 . 

61. 

Ol 

pi 

1 

67. 

fli. ^^7-1. 

r** 

63. 


67. tan^ 0. 


6. 27.s^ 


Y\ 

11. 

yl 

X ' 


17. 

1 

r? 

1 

4^10' 

23. 4m^ 

aV,\ 

29. 

1. 

3xr. 

36. 

X* 

25fti^®ft./. 

41. 

12 x’' 

' 

o 

TjT 

47. 

Ri^ 

ry 

R?' 

Z2i 

256X“r'* 

63. 

R\ 

*1 + »2 

9l — 82 

69. 

tatr B. 

8. 

66. 

)'» 

X*‘ 


rl) 
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ANSWERS 


1. 4. 

Pages 269-270. 

3. 9. 

Sec. 8-2 

6 . 

20. 

7. 2. 

9. 12. 


11. 

13. 

13. 2. 

16. 5. 


17. 

~0\/ —rt. 

19. 4a. 

21. 2a62. 


23. 

|sin2 B. 

25. -iV 

27. 2 cos 6. 


29. 

10. 

31. -2. 

33. -J. 


35. 

20. 

37. 25cos2(?. 

39. iE^. 


41. 

-7 taii2 

sin 0 _ _ 

43.-r-r-- 

46. -3. 


47. 

10. 


49. 9. 

61. 2y/Ti. 


63. 

3 

r* 

55. 5. 

67. 15. 


59. 

0.1. 

61. 17. 

63. 1 


65. 

20. 

67. 4. 

69. 2. 


71. 


73. -4. 

75. -1 


77. 


79. ±9. 

81. ±26. 


83. 

±2. 

85. ±12. 

1. 3. 

Pages 272-273. 

3. rV- 

Sec. 8—4 

6. 

i 

2* 

7. -1. 

11. 7. 

13. 1. 


9. \ 
15. 

L 

2- 

2. 

17. ~7. 

19. 0.07. 


21. 

0.2. 

23. li 

26. 4. 


27. 

0.01. 

29. 1. 

r2 

“■ss- 


33. 

,^,2p3 

35. t4 • 

.7, ftf. 


39. 

18z2 

siir e 

41. x~Y. 

43. N-\ 


45. 

xV 

3L-2. 

47. a^x~*. 

49. x''^y~h~\ 


51. 

ps-h-\ 

63. ri“V2~V8~*. 

66. ^r. 


57. 


69. 5^/i. 

61. 7-^S. 


63. 

^ 2(1. 

66. 

67. ^6 sin 0. 


69. 

V^2a8i 33%. 

71. 2'\/cmd- 

73. 5^. 


76. 

AT*. 

77. »*. 

79. pi. 


81. 

8 

83. (x + y)l 

86. (M® + Ar®)i. 


87. 

(a - 6)1 

89. (tan 8)^. 


Page 276. Sec. 8-5 




1. 

1. 

3. yi 

5. 

i 

4- 

7. 

2 

9. w®* 

11. 

6 

Ki' 

13. 

E^. 

2b^ 

16. 2A*. 

17. 

r®. 

(K-i + A*)® 

19. 

L * 

V* 

23. 

KiKi 



ANSWERS 


25. 


31. 8. 

37. 1. 

41. (3L* + 2rJ)(3L? - 2ri). 
46. (1 + 4a~«)2. 

49. (3 — yJ)(l — yJ). 


27. i/C. 
33. 3. 


29. 


1 


10V2. 

-2>y2. 

cos A V^5 cos A . 


1 . 

7. 

13. 

19. 

23. (a; H- — y)\^{x + y){x — y). 

27. \/50. 29. y/arhc. 

33. H^lj. 36. y/ 24(w;®. 


39. 
43. 
47. 
61. 

Pages 280-281. 

3. 2>J/2. 

9. 

16. 3axy/coii 6. 
21. 3V1 - a:. 


35. 8. 

4. 

(r^ - ihy 
(K® + 3r-J)2. 

(5 - xi){25 + 5xi + xb. 


Sec. 8—6 


39. \/(l + yf. 


41. V sin 6 cos $. 


46. 

61. 

67. 

63. 

69. 

76. 

81. 

87. 


99. 

106. 

109 . 


6. 2^. 

11. ~3L2^. 
17. yzy/Qxz. 

26. v^- 
31. 

37. 

43. 

3 


3 

47. 

4 

49. 

y/TKx 

6 

2 

63. —. 

66. 

•4^21 

3 

2 

69. 

4y 

61. 

3 ■ 

y/a sin A 

„ V'26(5a + l) 


2-v/2. 

sin A 

46* 

67. 

Vh. 

71. 

73. 

**V3. 

L\/0. 

77. yVs^. 

79. 

Vsin 0. 

y/Sxy 

2 

83. V^Stsuiil. 

86. 

V3 cot A. 

“oft 

89. 

3 

91. 

Ve? 

2j/ ■ 

sF' 

2\^* 

96.- 

^2 

97. 

6x 

isr^\/5 



2E 

“ 2 

101. “• 

Oy 

103. 


21 /3a^^ 

0 

107. 

(E + l)V2E + 1 

0 


(2^ + 1) 

. (x + y)^VJ 

- *2/ + m. 

2a y 



Szyz 
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1. lOv^i. 

7 

2 _ 

13. (sin A 4-cos .1) V sill 
17. Tmny/^m. 

23. iv^3“6. 


Pages 282-283. Sec. 8-7 

3. (1 4* 2a;) 

9. (5a -{- 36)V^cos 6. 

19. 

26. (56 - 4ti/)V2h’ - 3y. 


6. 6 V4. 

11. 3v^5. 

16. 5A/sinx. 
21. 10a“V^4a^. 


Page 284. Sec. 8-8 


1. 20^/^. 

7. 18. 

13. 180. 

19. 24a62cV^’. 
26. ^-^2“ • 3^ 


3. 12-v/ld. 
9. 8x1/-. 

16. 2ab^cS). 
21. 3^v/3l. 

27. 


31. X -\- y + z -{■ 2\/ xy + 'iy/xz + 2\/ yz. 


36. a-\/a ■!“ 3a-y'^6 + 36\/ a + b\/b. 
39. mns/m(m + n + 1). 41. LV 

46. 2Vcot O. 47. 


6 o^. 

11. 2x’V3l. 

17. 9Rxy/i. 

23. 

29. ‘2m\'^bAmn. 

33. 2 COS cos .1. 

37. abc\/a^b'^c. 

43. 8. 

49. RL-\^‘\aK 


Pages 286-287. Sec. 8-9 


1 . 2 . 

7. 2E. 

13. 3 Vtan 6 
19. - ^‘2aVy\ 


3. 3. 

9. 5v 5 - 3x^75 
16. V6 + 2. 
11+4^. 


23. 


27. 


^(2fi - 3L)(2fe 
2R +3L 

Ve - Vr 

E-R 


+ 3/.)^ 


29. X + Vjr - 1. 


33. 


+ 2y- + 2yVx‘ + y- 


6. 2'^sin e. 
11 . </xy. 

17. 302:-^4?. 


E - V2E - 4 
JS? - 8 

31. v/l3. 

36. 3V2 + ^/lS. 


37. 


cos il — 2 sin A — 2 V sin A (sin A — cos .1) 
COS A 


39. 


4x V1 — 4x^ 4- I 
8x2 - 1 


1. 61. 
7. 3. 
13. 5. 


Page 290. Sec. 8-10 
3. 12j. 

9. U. 

16. 49. 


6 . i 


11. 27. 

17. No solution. 
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19. 

No solution. 

21. -5. 

23. 

11. 

26. 

1. 

27. 4. 

29. 

1 

31. 

No solution. 

33. 83. 

36. 

8 1 

TO- 

37. 

1 and ~6. 

Pages 291-292. Sec. 8-11 



1. 

2.55. 

3. 0.577. 

6. 

0.378. 

7. 

0.855. 

9. 0.585. 

11. 

2.90. 

13. 

-0.631. 

16. 0.630. 

17. 

0.240. 

19. 

0.139. 

21. 0.764. 

23. 

1.08. 
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Chapter 9 


Page 306. Sec. 9-1 


1. 1.4 X 10. 

3. 3.8 X 10^ 

6. 2.8 X lOl 

7. 7.4 X 10, 

9. 3.6. 

11. 1.2 X 10-‘. 

13. 9.8 X 10. 

16. 4.6 X 10. 



Pages 307-308. Sec. 9-2 


1. log 2 4 = 2. 

3. logs 27 =* 3. 

6. log 10 0.01 = 

7. logs 04 « 2. 

9. login 0.001 =* — 3. 

11. loKii 121 - 

13. log 15 225 ~ 2. 

16. login (rV) * 

17. log2 (^) = 

19. logs (ijS") = —3. 

21. 2^ - 32. 

23. = 125. 

26. 103 =r 1000. 

27. 2-2 = i 

29. 7^ = 49. 

35. ..j - - 

31. 15-1 * iV 

33. 10-3 ^ Q 001. 

37. 10“® = 0.001. 

39. 10^ = ^). 

41. -4. 

43. 2. 

46. -3. 

47. 3. 

49. 2. 

61. 0. 

63. 3. 

66. 2. 

67. f. 

69. 4. 

61. 8. 

63. i 

65. 04. 

67. 125. 

69. 2.25. 

71. 1. 

73. 32. 

76. y/2. 

77. 100. 

79. 1. 

Page 308. Sec. 9—3 


1. -9. 

3. -3, 

6. 

7. -7. 

9. 10. 

11. sin 0. 

13. 20. 

16. 1. 

17. 4x 4 2. 

19. 0. 

21. 10. 

23. 40. 

26. 49. 

27. :c. 

29. 56. 

31. a2 4 6^. 

33. A2. 

36. 10. 


Pages 312-313. Sec. 9—6 


1. logB P + logs Q 4- log/j R, 
6. 3 log/y C 4 5 logB D. 

1 


3. logB C - log/? D - log/? E. 

7. ~n login C. 

11. n log 4 Q 4 ” log4 R — 5 log 4 S. 
m 


9.-log 2 C. 

Q 

13. ^(logB C 4 log// D — logB E). 16. ^(2 log2 A 4 6 log2 ^ — log2 T), 

17. log 2 (-‘T^). log^(ajV). 21. \ogexyz. 


23. loga 
29. logB 


X 

a^</b 


26. login -yU. 


27. logB 


31. 1.1461. 


33. 0.2386. 



ANSWERS 


741 


36. -0.8461. 


41. 1.3316. 
47. f. 

63. 2. 

69. f. 


37. 0.1863. 
43. 0.7417. 
49. 6.4. 

66 . 6 . 


39. 1.1611. 
46. -1.6565. 
61. f. 

67. 0. 


Pages 316-317. Sec. 9-9 

3. 1. 

9. 4. 

16. 1. 


1 . 1 . 

7. 2. 

13. 1. 

19. -1 or 9 - 10. 
26. -3 or 7 - 10. 
31. 5689. 

37. 568,900. 


21. -3 or 7 - 10. 
27. -IS or 2 - 20. 
33. 568.9. 

39. 0.005,689. 


6. -2 or 8 - 10. 
‘11. -2 or 8 - 10. 
17. 2. 

23. 5. 

29. 15. 

36. 0.5689. 

41. 56,890,000,000. 


43. 5,689,000,000,000,000,000. 


Pages 318-319. Sec. 9-10 

[In the answers to Exercises 1~19, the characUTistic is givi^n first and the mantissa 
second.! 


1. 2, 0.9325. 

7, 1 - 10 or -9, 0.5692. 
13. 4, 0.3907. 

19. 7 - 10 or -3, 0.6843. 
26. 2.1271. 

31. 4.7604. 

37. 3.7604. 


1. 0.5105 
7. 7.8274 - 10. 
13. 5.6263. 

19. 45,000. 

26. 4.00. 


1. 0.8787. 

7. 9.3751 - 10. 
13. 2.1749. 

19. 0.4972. 

26. 2.7260. 

31. 3.9595. 

37. 716,300. 

43. 0.0002014. 
49. 10.35. 

66. 0.0003985. 


3. 0, 0.315796. 
9. 5, 0.6392. 

16. 5, 0.3268. 

21. 0.9504. 

27. 9.6618 - 10. 
33. 7 7604 - 10. 
39. 5.7604. 


Page 320. Sec. 9-11 

3. 1.8932. 

9. 9.9365 - 10. 

15. 8.8082. 

21. 0.0670. 

27. 3.45. 

Page 323. Sec. 9-12 

3. 2.0330. 

9. 8.9710 - 10. 

16. 2.5904. 

21. 12.5529. 

27. 5.8343 - 10. 

33. 1.3318. 

39. 3.002. 

46. 0.0005005. 

61. 19,960. 

67. 0.6306. 


6. 5, 0.6194. 

11. 6 - 10 or -4, 0.7706. 
17. 3, 0.2159. 

23. 3.9504. 

29. 9.9504 - 10. 

36. 8.9504. 


6. 2.6946. 
11. 1 8420. 
17. 39.1. 

23. 0.000877, 
29. 790. 


6. 6.1723. 

11. 9.0237 - 10. 
17. 4.8063. 

23. 7.9003 - 10. 
29. 2.9282 - 10. 
36. 6.554. 

41. 0.04061. 

47. 3.965. 

63. 0.06957. 
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Pages 327-328. Sec. 9-13 


1. 6843. 

8. 1.541. 

6. 118.5. 

7. 84.20. 

9. 21,870. 

11. 7.992. 

13. 0.002807. 

16. 0.006041. 

17. 0.1133. 

19. 0.001120. 

21. 0.2841. 

23. 0.03727. 

26. 1.383. 

27. 0.3245. 

29. 0.08818. 

31. 0.05309. 

33. 11.98. 

36. 3069. 

37. 0.003808. 

39. 24.01. 

41. 25.95. 

43. 0.09468. 

46. 0.9578. 

47. 3.471. 

49. 26.93. 

61. 28.39. 

63. 3.471. 

66. 1.279. 

67. 19.45. 

69. 6.306. 

61. 7.702. 

63. 0.9154. 

66. 17.29. 

67. 0.6802. 

69. 0.4725. 

71. 83.26. 

73. 0.05760. 

76. 2.985. 

77. 0.3536. 

79. 0.04088. 

Pages 329-330. Sec. 9-14 


1. 524,800. 

3. 0.552. 

6. 0.00387. 

7. 47.52. 

9. 0.1079. 

11. 1.493. 

13. 5800. 

16. 0.0406. 

17. 3.99. 

19. 5.04. 

21. 0.816. 

23. 3100 mc'ters. 

26. 26.5 sec. 

Pages 333—334. Sec. 9—16 


1. 0.02314. 

3. 0.007438. 

6. 2,796,000. 

7. 1.458. 

9. 1.484. 

11. 3.80. 

13. 0.026. 

16. 2.069. 

17. 0.06578. 

19. 1.12. 

21. -13,160. 

23. -8.824. 

26. -184,500,000. 

27. 2286. 

29. -1.569. 

31. -2.666. 

33. -5 96 X 10». 

36. 6.610. 

37. 9.998 X lOl 

39. 5.584 X 10^ 

41. 81.8 

43. 0.560. 

46. 0.00577. 

47. 9.11. 

49. 0.005860. 

61. 0.8888. 

63. 74.95. 

66. 14.25. 

67. 45.6. 

69. -47.1. 

61. 1720. 

63. -463,7. 

66. Impossible. 


Pages 336-337. Sec. 9-16 


1. 

^ * 

62,39°, a 

= 76.56, h = 146.4. 

3. 


74.24°, b = 

. 16,590, c = 17, 

6 . 

^ - 

16.18°, a 

= 0.1791, c = 0.1865. 

7. 

a — 

36.07°, == 53.93°, c * 7.1 

9 

a = 

20.4°, = 69.6°, a = 2.50. 

11. 

^ - 

57.9°, a - 

86.1, 6 « 137. 

13. 

^ - 

42°, h = 

16, c « 24. 

16. 

XA *= 68.30. 2/.4 

* 54.55. 

17. 

XA “ -0.3302, va = 0.1360. 

19. 

Xa * 384.4, ?/,i 

= -535.5. 

21. 

xa = 4.51, va 

= 3.37. 

23. 

XA = 

= -0.0612, 

y t - 0.00086. 

26. 

xa ”■ 1-7. Va ■ 

« -2,7. 

27. 

a — 

326.54°, A 

= 5.833. 

29. 

a « 

70.57°, A 

= 325.3. 

31. 

a == 

335.1, A = 

= 7.62. 

33. 

a ** 

52.0°, A 

* 6.24. 

36. 

7 = 

66.66°, C ■■ 

= 92.10. 

37. 

y * 

12.23°, C 

* 1346. 

39. 

y » 

1.2°, C = 716. 

41. 

b » 

329.7°, D 

« 109. 

43. 

b *= 

149.82°, D 

« 0.04606. 

46. 

196 

2 ft. 


47. 

1 min. 32 sec. 
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Page 339. Sec. 9-17 

1. 4.163. 3. 1.860. 6. -2.448. 

7. -7.792. 9. 4.661. 11. 9.98. 

13. 1.51. 16. 0.100. 17. 0.00361. 


Page 340. Sec. 9-18 

1. 1.3010. 3. -0.2216. 6. 1.369. 

7. 11.8. 9. -43.8. 11. 10.4. 

13. 5. 16. 3.91. 

Pages 346-346. Sec. 9-20 

1. 1.761 db. 3. 23.98 db. 6. 1.76 db. 

7. 7.78 db. 9. 5.12 X 10® maxwells per sq. cm. 


Chapter 10 


13. cos 6 =3 


sec B 


16. sin 0 = 


sec 6 


17. sin e = 


cot 0 

19. 1. 

26. 2 sec $ - 
31. — tan X 
37. 2 sec o)t 

Pages 364-367. Sec. 10-2 

40 i 4 nil i. n 4 IK 4 =fcV^2(l + cos 244) 

13. cot A - CSC 2A + cot 2A, 16. esc A =*-—- 

sm2A 

17. Values of A and B for which cot A + cot B =» 0. 

19. Either A or B = 0®, 90®, 180®, 270®, etc., and values of A and B such that 
A d= B » 90®, 270°, etc. 


Pages 360-361. Sec. 10-1 

/:-r-j- sin e V1 - sin* 0 

'1 — sm* 6, tan 9 = —■==== , cot 9 »=-:-, 

VI - sin“ 9 sin 9 


V 1 - sin* 9 


, CSC 0 = 


tan B I I 

7===== , cos B = — r, , COt = - , 

1 + tan* 9 V1 + tan* 9 tan 9 


= V 1 4- tan® By CSC 6 = 


^1 + tan® B 


'^sec® ^ — 1 1 /—z - 

-, cos 0 =-, tan 0 « V sec® 0 — 1, 

sec B sec 0 

1 sec 0 

—7====== , CSC 0 =s 

Vsec® 0 — 1 V sec® 0 — 1 

21. ^(Ei 4* E 2 ) cos 0. 23. Im cos A. 

tan 0. 27. cot®^. 29. sin A. 

33. tan 0 sec 0. 36. —1. 

1. 39. sec 0. 
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ai. A - 45“, 90“, 136*, 226", 270", 316", et<-. 


28. 

A - 0*, 90*, 

180^ 270^ etc. 



26. 

.4 « 90‘ 

\ 270% etc. 

27. 

A - 90*. 270 

®, etc. 



29. 

.4 « 90‘ 

\ 270% etc. 

81. 

^.iV5. 







88. 

(V6 +Vi) 

4 

(VB-V5) 

’ 4 

,2 + 

VS. 




86. 

1, 0, not defined. 






87. 

(Vo - V 2 ) 

4 

(V6 +V2) 

’ 4 

.2 - 

vs. 


. 


89. 

(\/2 - \/5) 
4 

(Vo + v-^) 

’ 4 

, V3 

- 2. 




41. 

— sin /3. 




43. 

J(C08 ^4 

— sin A). 

46. 

^(cos a — \/3 sin a). 



47. 

cos A . 



— tan A. 

(2V2 + yS) (1 - 2v/6) (2^2 - VS) (1 + 2Ve) 

6 ’ 6 ’ 6 ’ C ‘ 

yd ly/l * 

*2 ’ 2 ’ 10 ’ 10 * 

“ffi fl» “ifi M- 

(6 4- 4V2T) (3v^_- 8) (6 - 4v^) (3%/^ + 8) 

26 ’ 26 ’ 26 ’ 25 ■ 

VI 1 1 

~2 ’ 2 ’ 

sin 200* =« 2 sin 100* cos 100*, cos 200* = cos* 100° - sin* 100*, 


. /I -cos400° /l+cos400* 

sm200 - - - -, cos 200* = -V-^- 


sin 6x « 2 sin 3a; cos Sx, cos 6 jp = cos^ 3ar — sin^ 3ar, sin 6x * :t 


cos6x « dhM 


4- cos 12x 
2 


1 — cos 12ar 


_.ir T oir .o’*". ^TT 

sin IT « 2 sm - cos - , cos tt « cos* - — sm* ~ , simr =* ^ - - -, 


cos*- « —^ 


1 4“ cos 2ir 


sin ISe *s 2 sin 9$ cos 96, cos 186 =■ cos^ 96 — sin^ 96, 

. /l - cos366 /l 4- cos 366 

sin 186 « db.W- 2 -» -2-- 
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71. 

1, 0. 




73. 

vs 

2 ’ 

-i 

76. 

-1, 0. 




77. 

2 


79. 

1 

2 




81. 

1. 0. 


B3. 

1 

1 0^ 

V2 + v/3 

2 

Va - 
2 

V3 




86. 

20 2 1 

/29 + 5-v/29 
V 58 


- 5v^9 

58 



87. 

4V2 , 

■v/6 V3 







9 ’ 

3 ’ 3 






89. 

0, 1. 1, 0. 








Pages 369-361. Sec. 10-3 


9. ^(cos30° - cos 110“). 

1 / IT 3ir\ 

13. I cos-cos ” ) • 

2\ 14 14/ 

17- ^[cos 2a -f cos 2(6 -f 0)). 

IOtt , 13x 
21. -.2cos-s.n-. 

26. 2 sin (45“ - 5o,) cos (25u) - 45“). 

29. ~2 sin (Toit — sin — 3c*)/ 


11. 

5 (sin 3x -f sin 9x). 


16. 

'2'(cos 2at + 1). 


19. 

isin(2x-^)- 


23. 

““2 cos (a 4- 45 °^ sin (3a - 

- 45°). 

27. 

2 cos sin (2w/ — a). 


31. 

( ( 

— 2 cos 1 2/ + J \ " 

57r\ 

■ 4 /' 


Pages 366^66. Sec. 10^ 

1. 3 .si n X. 3. Vl3 sin (u.t + 56.31°). 

6. V10 + 3\/3 sin (x - 52,63°). 7. 3.3 sin (x + 262°). 

9. 155 sin (x -f- 268.9°). 11. 0. 

13. 18.4 sin (x 4-232.1°). 

16. Since the two sine functions do not have tho same period, the theorem of this 

section does not apply. 

17. 6.66 sin M -f 270.7°). 

19. 4.2 sin (wt + 335°). 


Pages 369—370. Sec. 10-6 


1. 27.00°, 163.00°. 

6 . 160.60°, 199.40°. 

9. 66.14°, 123.86°. 

13. 143.91°. 

17. 36.90°, 53.10°, 216.90°, 233.10°. 
21. 30° 160°, 210°, 330°. 


3. 241.90°, 298.10°. 

7. 224.73°, 316.27°. 

11. 9.62°, 80.48°, 189.62°, 260.48°. 
16. 226.96°. 

19. 133.8°. 

23. 0°, 180°. 
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25. 30®, 135®, 225®, 330®. 
29. 60®, 180®, 300®. 

33. 60®, 120®, 240®, 300®. 
37. 0®, 180®. 


27. 53.13®, 56.31®, 233.13®, 236.31®. 

31. No values of a satisfy the equation. 
36. 61.04®, 118.96®, 199.47®, 340.53®. 

39. 63.43®, 66.42®, 243.43®, 293.58®. 


41. 7.24®, 45.00®, 82.76®, 135.00®, 187.24®, 225.00®, 315.00®. 
43. All values of a. 

46. 29.61®, 210.39®, 269.61°. 

47. 0®, 20®, 100®, 120®, 140®, 220®, 240®, 260®, 340®. 

49. 0®, 45®, 60®, 120®, 135®, 180®, 225®, 240®, 300®, 315®. 

61. 30.00®, 54.58®, 150.00®, 174.58®, 270.00®, 294.58®. 

63. 0®, 90®, 180®, 270®. 

66. 0®, 105®, 165®, 180°, 285®, 345®. 

67. No value of x satisfies the equation. 


Chapter 11 


Page 376. Sec. 11-4 


1. 

h 

» 30, 7 “ 77°, c = 30. 

3. 

a 

= 128.3®, c 

= 0.749, a = 2.89. 

6. 

0 

« 89.4®, c - 0.934, b = 0.958. 

7. 

y 

= 165.4®, a 

« 9.30, 6 = 12.6. 

9. 

a 

= 101.68®, b « 940.4, c = 1314. 

11. 

0 

= 144®. 


13. 

c 

= 170. 

16. 

a 

« 17.4. 


17. 

b 

- 3.40. 

19. 

c 

- 0.3073. 



Pages 378-379. Sec. 11-6 


1. o « 4.5, /3 « 53.6®, T * 105.0®. 

6. 5 =» 100, a « 45®, 7 = 23®. 

9. 6 = 0.5759, 7 * 9.73®, a « 157.06®. 
13. c = 238. 

17. = 77.1®. 


Page 383. 

1. = 32.3, a = 115.4, c = 18.1. 

6. ai « 213, |8i = 82.0®, ai « 19.2®, 

02 = 36.1, /32 « 98.0®, a2 = 3.2®. 

9. No solution. 

13. No solution. 

17. a « 0.1904, 0.04297. 

Page 386. 

1. a » 16.8®, 0 « 102.8®, y » 60.4®. 

6 . a « 47.70®, ^ - 96.82®, y « 35.53®. 
9. No solution. 

13. 7 » 63.8®. 

17. No solution. 


3. o = 15, /3 « 43.8®, 7 » 61.9®. 

7. c = 0.813, /3 = 73.7®, a * 33.7®. 

11. a = 22. 

16. c « 1280. 

19. 7 = 155°. 


Sec. 11-6 

3. a « 35®, 7 « 90®, c = 0.160. 

7. - 43.9®, 71 = 73.4®, bi « 29.8, 

02 « 10.7®, 72 » 106.6®, 62 » 7.98. 
11. 0 « 48.6®. 

16. a = 49.7®. 

19. No solution. 

Sec. 11-7 

3. a « 27.9®, 0 « 106.6®, 7 - 46.5®. 

7. a « 41.8®, 0 « 44.7®, 7 « 93.5®. 

11. a = 32®. 

16. a « 81.4®. 
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Pages 388-Sd2. Sec. 11-8 

1. C: C - 25; Y - 66.5”. 8. C: C = 69; y - 209”. 

6 . C: C = 10.37; y = 216.5”. 7. C; C = 3060; y = 120”. 

9. C: C - 193.5; y - 237.7”. 11. C; C = 5.51; 7 = 242.8”. 

13. C: C = 253; 7 “ 179.5”. 16. C: C - 406.1; 7 = 175.8”. 

17. B: B = 574, /3 = 10”; C: C = 393, 7 = 112”. 

B: B = 130, ^ - 330”; C: C = 611, 7 = 60”. 

B: B - -260, = 90”; C; C = -836, 7 = 240”. 

19. B: B - 644, jS = 10”; C: C = 1430, 7 - 112”. 

B: B = 1230, |3 = 60”; C: C = -710, 7 - 330”. 

B: B = 1420, 0 = 90”; C: C = 0, 7 = 240”. 

21. B: B =. -45.9, p =■ 112”; C: C - 68.0, 7 » 10”. 

B: B = -23.9, = 60”; C: C = 41.40, 7 = 330”. 

B: B = -82.8, ^ - 90”; C: C - -47.8, 7 = 240”. 

23. B; B X 0.570, 0 - 10”; C: (7 = 0.570, 7 = 112”. 

B: B = 0.718, 0 = 60”; C: C = -0.0125, 7 = 330”. 

B: B X -0.696, 0 = 240”; 0:0 = 0.0251, 7 = 90”. 

26. B: B = -0.670, 0 » 112”; C: C = 0.878, 7 = 10”. 

B: B = 1.22, 0 = 330”; 0:0 = 0.135, 7 “ 60°. 

B: B = -2.45, jS = 90”; 0: 0 = -2.25, 7 = 240”. 

27. B: B = 31.20, 0 = 112”; 0:0 -0.2789, 7 = 10”. 

B: B = 19.03, /S = 60”; 0: 0 = -24.80, 7 = 330”. 

B: B = 49.60, 0 = 90”; 0: 0 = 23.93, 7 = 240”. 

29. B: B = 1013, 0 = 10”; 0: 0 = 631.0, 7 = 112”. 

B: B = 278.5, 0 = 330”; 0: 0 = 1039, 7 = 60”. 

B: B = -557.0, /J = 90”; 0: O = -1522, 7 = 240”. 

31. B: B = -0.9424, 0 = 112”; 0: 0 = 18.65, 7 =• 10”. 

B: B = 15.03, 0 = 330”; 0:0 = 11.41, 7 = 60”. 

B: B = -30.06, /? = 90”; 0: 0 = -37.44, 7 = 240”. 

33. AC = 6127 ft. BO = 6145 ft. 

36. 14,470 ft. 

37. Impossible. 

39. 86.6 ft. 41. 25.4 mi. 43. 501,700 sq. ft. 

46. 113 ft. 47. 13,240 ft. 49. 9300 ft. 

61. Group 1:145”, 19 mi. per hr.; Group II: 6.7 mi. per hr.; Group III: 153”, 29 mi 
per hr. 

63. 3157 ft. 66. 291 mi. south, 466 mi. east. 

67. 157 mi. at 281.8°. 69. No solution. 

61. 4.5 mi. per hr. at a bearing of 145”. 63. 6.1 lb., 25.1”, 81.2”. 

66. 161.3 lb., 2.6”, 10.4”. 67. 336.7 lb. 69. 34.5”, 43.1”. 

71. 74.5 lb. 73. 23.6”. 76. 2800 lb. 


77. 2.87”; 6.7 hr. 

81. 9.3”, 4.03 mi., 0.31 hr. or 19 min. 


79. Bearing 227.7” of north. 
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1 . 

7. 

13. 

19. 

23. 

27. 

33. 

37. 

43. 


y = arcsin x, 

2 / — IT + arcsin x. 


y — \ arcsec 7< 15. y = arctan 

y ~ —1 -}- arctan (2o -f 4). 


Pages 394-396. Sec. 11-9 

3. y — arcsec x. 6. y = f arccos 2x. 

n j • < 

9. 1 / = arccsc I — )• 11, y — i arcsin -• 

\ 2 / a; 


N 

m' 

21. a; = sin ?/. 


17. 2 / = 2 arcsin 


X * cos-- 


X = asm a. 


26. X — Im sin {a + 0). 


29. a; = tan Sd. 


X — 141.4 sin (S77t — 80°). 36, x — a sin 

X — —R tan a, 39. x — —§ cos 0. 

TT 

46 


31. a; = — tan 6. 
M 

(2(9 - 2C) 


41. y = -• 

^ 0 


IStT 5ir TT Ttt IItt IOjt 


3 


StT StT TT it StT StT 

2 ’ ”2 ’ ~ 2’ 2’ T ’ 2 ’ 


47. 

61. 0, 

66. -81°, -45°, -9°, 27°, 63°, 99°. 

69. 


49. 


Btt 


61. - — , - 


Ott 3ir TT Stt 7ir 137r 

8’“8’'8’'8’ "i"’ 


6 


63. — StT, — 37r, — TT, TT, StT, StT. 

-1- 


63. Stt, 

f 


66 . 

67. 

69. 

75. 

77. 

79. 

86 . 

91. 


-54.0°. 

-251.41°, -108.59°, -71.41°, 71.41°, 108.59°. 251.41°. 

1.3°. 71. -20.22°. 73. 3.00°. 

-329.17°, -210.83°, 30,83°, 149.17°, 390.83°, 509.17°. 
-323.34°, -216.66°, 36.66°, 143.34°, 396.66°, 503.34°. 


55.98°. 

-0.4633. 

2vT5 + ys 

10 


81. 8.13°. 
87. 1. 

0.9982. 93. -0.937. 


83. 90.63°. 

89. -233.60° 

96. 278.82°. 



1 . - 1 . 
7. -1. 
13. >7. 



26. ~j9.80. 
31. jl3. 

37. j3.16, 
43. i6.93. 
49. jS. 


1. 5 - j2. 

7. 5. 

IS, X ^ hy ^ 2. 


1. 6 - j7. 

7. 7 -j2. 

13. 13. 

19. 7 4-/24. 
26. -46 - j9. 
31. 1. 

37. -2% 


1. 1.41/45^ 

7. 3 /270°. 

13. 9.22 /282.53°. 

19. 3.194 -f j2.407. 
26. -2.576 - jl.724. 


1. 2.828f'® '^*^^ 

7. 5e^^*^24 

13. 

19. -1. 
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Chapter 12 

Page 400. Sec. 12-1 

3./ 

9. 

16 . 3h 

21. i3.46. 

27. iO.433. 

33. il.4l. 

39. i6.71. 

46. i6. 

Page 402. Sec. 12-3 

3. 2a — jh, 

9. -3. 

16. a; == 4, y = —|. 

Pages 404-406. Sec. 12-4 

3. 10 - j, 

9. 0.2 - iO.7. 

16. 31 - i5. 

21. -ff 4- jh 

27. -5 - yi.41. 

33. fV-i*. 

39. 1 4-i2. 

Page 412. Sec. 12-6 

3. 2 /120° . 

9. 8.54 /290.56° . 

16. j7. 

21. -5.657 4-i5.657. 

27. 1.864 - J5.787. 

Page 414. Sec. 12-7 
3. 

9. 9.434e^®*2’^^ 

16. 

21. -0.1288 4-y0.9917. 


749 


6. -i. 

11. j. 

17. -jO.75. 

23. j5.20. 

29. j9. 

36. j2.65. 
41. ->2.45. 
47. 2. 


6. -7 4-/ 

11. c 4- jd. 

17. a: = y = -^. 


6 . 2 - > 10 . 

11. 0.3 4- >0.8. 

17. 

23. ~ H+>. 
29. ->8. 

36. 1 - >4. 

^1* M 


6. 8 /180°. 

11. 4.12 /255.96°. 

17. ->3. 

23. 0.8880 4“ >1.209. 


6. 76^'®-^"®. 

11 . 7 . 816 €'^*®®. 

17. >. 

23. -0.6663 - >0.7467. 


Pages 418-419. Sec. 12-10 

3. 18.4/45°, 13 4->13. 

7. 117.4 /81.18° , 18 4->116. 
11. 2.61 /32.5°, 2.2 +>1.4. 


1. 6/58° , 3.18 +>5.09. 

6. 42 /110° , -14.4 +>39.5. 
9. 2.6 9/22°, 2.49 +>1.01. 



760 


ANSWERS 


13. 58.9/143^ -47.6 +i34.7. 
17. 126.9 /79.78° , 22.62 +il24.9. 
21. 3 /130° . 

26. -1 - j5. 


15. 0.0798 /14.05°, 0.0774 + ;0.01937. 
19. -6+j3. 

23. -1 -j2. 

27.. =t(1.099 -hiO.455). 


29. ±(0.707 -i0.707). 

31. 1.292 +i0.2013, -0.820 +jl.018, -0.4717 - j1.220. 


Page 420. Sec. 12-11 

1. 26.5 + j20.2, 33.3 /37.3 °. 3. 9.24 - yi3.83, 16. 6/-56.2° . 

6. 16.6 - il.73, 16.7 /-5.95° . 7. 174.6 -f i6, 174. 6/1.97° . 

9. 0.0000310 + y0.000185, 0.000188 /80.5° . 

11. -641.8 -f il58.2, 661 /166.2° . 

Page 425. Sec. 12-12 

1. Z « 16 4- i42,1 = 2.44 amp. 3. I = 1.19 amp. 

5. 7 =» 2.74 amp., y = 110 volts. 


Chapter 13 


Page 429. Sec. 13-1 


1. 

Ri = 1, Ri =* 

3, Rz * 2. 

3. 

X ■■ 

= -1, y = 

ii 

II 

5. 

Fi = 0, F, = 

: 21, Vz = 12. 

7. 

h 

“ 'V'l 

Ii 

I 

9. 

X = tt. V = 

—3^, z = 1. 

11. 

h 

= fl. h 

= - w, = -y-. 

13. 

Co « 4, Cl = 

—3, C2 « 2. 

15. 

Xi 

= 9, X2 = 

' 10, xz =» —2. 

17. 

No solution. 


19. 

r = 15, » = 

12, t = 10. 


Pages 434-435. Sec. 13-2 


1. x » -0.685, y * 1.686. 

3. X - 13.69, y » 5.03. 

6. 7i = -1.20, h » 3.40, 

/3 * -5.60. 7. a = 0.696, 6 =» 0.794, c = 0.900. 


Page 442. Sec. 13-4 


1 * a; =* y = - 3 -. 

3. El =* 0, E 2 — 2, 

6. t/i » 1 , t;2 « 1 . 

7. zi = 1, 22 = 1. 

9. R = 6 , X = 2. 

11. A = 13.32, B » 6.30. 

13. r - “ -W. 

15. X = 0, ^ « 0. 

17. w » n » 

19. w » 19, » » 3. 




Pages 445-446. Sec. 13-5 


1. x « 77, 2 / » 107. 

3. Dependent. 

6. Inconsistent. 

7. Dependent. 

9. p = 3, g = 2. 

11. X « 4.5, y « 4.6. 

13. El - 0.4, E 2 » 1.3. 

16. A; dependent. 

17. A; « dependent. 

19. A; « 1, dependent; A; * 

9, inconsistent. 


, 11 4- \/5 , 11 

~ VS . 


81, k - —, fc - — 

2 , mconsistent. 


23. A; « 16, dependent. 
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Pages 44d-460. Sec. lS-6 


1. No. 

7. Yes. 

13. k =» =t0.9V5. 


3. No. 

9. Yes. 

16. No value possible. 


6. No. 

11. A; - 
17. k - 13, 4. 


Pages 459-460. Sec. 13-7 


1. 42. 

3. 5. 

pi 

7. 121. 

9. 38. 

11. -1. 

13. 24. 

16. 72. 

17. a2 ± 62 + c2 4-1. 

19. 0. 

21. 0. 

23. -12,189. 

25. 0. 

27. 0. 

29. 0. 

31. 16. 


33. 30. 

36. -(A 
39. 0. 

- B)(A - C)(B - C). 

37. k^ - 3A;2 4- 8A; - 16. 


Pages 465-466. Sec. 13—8 


1. Independent. 

6. Independent. 

9. a; = 7^, 2 / “ 1% z *= IR- 
13. a; ~ 0, 2 / = 0, 2 — 0. 

17. Ax = 4«, Ay = 2% Az = 43<. 

21. A 10<, B -=‘Zt,C =- -29<; A » 
23. A = (Jfc - 1)^ B = (1 - k^)t, C 
k(k - 1). 

25. fc * 2. 


3. Independent. 

7. Independent. 

11. X ^ z = ~3i. 

15. X =* lU, y — \ty z — It. 

19. Cl ** 2ty C2 = ”"5/, 63 ** 3i. 

10, B « 3, C « -29. 

* k(k - l)t; A « A; - 1, B - 1 - fc*, C 

27. A: « 0, 


Page 467. Sec. 13-9 
1. /i ■* —6.1 amp., /2 «• 9.9 amp., h =* 16.0 amp. 


5. 0.6, 1.6. 


Chapter H 

Pages 473-474. Sec. 14-3 
7. -4.2, 1.2. 9, -3.2, 4.2. 


Pages 475-477. Sec. 14-5 


1. ±2.67. 


7. ±1.90. 
13. 0, 0.186. 


17. (a) B 



21. 1.05 in. 


3. ±1.32. 

9. ±0.606j. 
15. 44.7 ohms. 

(6) 39.1 lb. 

23. 8.66 in. 


6. ±2.23. 

11. 0, 0.187. 

19. 36.2 volts. 


25. 0.0224 in. 
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3.5, -0.5. 21. 

1.84, -0.697. 27. 

26.4, -4.14. 33. 

2.18, 0.685. 39. 

-4,3. 69. 

3.1(p - 1.0l9)(p - 0.511^). 
36(L - 1.57)(L + 1.20). 


Pages 483-485. Sec. 14-7 

3. Z±j5. 

9. — 5 d:: i\/5. 

_ ~3±jvn 

16. - 

21. 0.618, -1.62. 

27. 1.80, 0.618. 

33. 209, -85.9. 

39. 1.69, -1.59. 

69. 0, 8. 


6. 3, 3. 

11. 3, -0.4. 

17. 0.750, -0.625. 

23. -1.5, 0.4. 

29. -1.78,0.378. 

36. 2.44, 6.66. 

66. No such value. 

61. (x + 3.45)(a; - 1.45). 


66. 2(8 - 1.78)(s + 0.281). 
69. (2x - Zy){4x + Sy). 


25 mi. per hr. 


73. 18.2. 

79. No root. 

86. dbl8, dbl9. 

91. 273 amp. or 37 amp. 


76. 5. 

81. 6.05. 
87. 19.8 in. 


'Cl‘^ + 4C2lr 


Page 487. Sec. 14-8 


±0.792, ±2.52. 3. 

±2.62, ±0.382. 9. 

±0.816, ±;0.866. 

2.28, -5.2^, -1.5, ±il.32. 
56.8°, 235.8°, 164.8°, 344.8°. 
±2.09. 

72.4°, 262.4°. 

X = log6 (u + V + 1). 


3. ±1.64, ±jl.84. 6. ±3, ±j. 

9. 2.77. -1.47. 11. 3, 2, -0.523, -11.48. 

16. -6.85, -0.146, 0.209, 4.79. 

2. 19. 71.0°, 251.0°, 150.2°, 330.2°. 

8°. 23. 46.0°, 225.0°, 149.0°, 329.0°. 

27. 0°, 90°, 270°. 

31. No real roots. 


Pages 491-492. Sec. 14-10 

1. (1, 2), (f, 3. (5, 5), (2|, -31). 6. (3.2, 2.6), (2.6, 3.2). 

7. (2V2, V2), (2V2, - V2), (-2V2, V2), (-2V2, - V2). 

«. (-6.02, 4.85), (2.81, 1.93). 

li. (10 + 2y/l5, 10 - 2-s/l5), (10 - 2y/l5, 10 + 2v'T5). 

18. (-2, 1), (3, -2i). 16. (1, 2), (-1, -2), (2, 1), (-2, -1). 

17. (1, 2), (1, -2), (-1, 2), (-1, -2). 19. (6, 2), (6, -2), (-6, 2), (-6, -2). 

ai. (2, 1 ), (2, -1), (-1.6,i2.49), (-1.6, -^2.49). 
as. ±25. 26. i 

—mb ± y/i^{\ + m?) — 6* ft ± »n\/r*(l + »«*) — 6® . 

27. X -——-, y =-——-(four answers). 

1 + 1 -h 

„„ , /l ± vs . /-I ± vs „ 

29. X — ±A; ^^- ,y»ztk ^ - (four answers). 
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Pages 493-494. Sec. 14-11 


12h - h-M , 

ZM •*-=*= 

-60 ± Vaeoo + us.m 

ii) BS -- 

145.5 


Inir - 3r*Af 
( M 


-n/8.94 


-TT -|- V ir^ 

iT” 


I * (-1 =fc V1 ~ Q.\g{c - s )). 13. ( = “ (-6 =b V6^ - 4c(a - T)). 


i = - (kvo db V A;W — 2 ^/i). 
9 


19. 4.53, 15.5. 

23. 7.1, 16.9. 

1. 3a;2 - 2a; 4- 5, 3. 

6 . 2r - 5, 0 . 

9. a;2 - x + 1, -2. 

13. a;3 - a:2 ^ ^ 0. 

17. 4a;''* -j- 6 x 2 / + Oy*, 54?/®. 

21. 2x2 4. a; _ 2, 0. 


17. ^o = ^ (A', ± -s/A;* - ). 

21 . ^ ± + 452 ). 

27r 


Page 498. Sec. 14-12 


3. x^ + 6x2 4. i8x + 55, 170. 
7. x2 4 - x + 1, 0. 

11 . x^ 4” x'** 4- ^ 4 - 1, 0. 

16. x^ - 2x‘2 4- 4x - 8, 17. 

19. x2 + 4, 0. 


Page 600. Sec. 14-13 


x3 _ x2 -f X “ 1 H -- • 

X 4- I 

29 

2 £* + 3^ + 12 +---• 


3. + 8 * + 33 +--• 


7. -2y^ + 2y - \ + 


2«’ - 10*2 + 45; _ 227 + 


13. 

-7. 

16. -157,957. 

17. 2.25. 

19. 

4. 

21. No. 

23. No. 

26. 

Yes. 

27. No. 

29. Yes. 

31. 

Yes. 

33. Yes. 

36. No. 

37. 

No. 

39. -2f. 




Page 603. Sec. 14-16 


1. 

-1.75 ±il.20. 

3. -0.500 ± jO.866. 

6. -2, J 

7. 

-0.809, 0.309. 

9. -2.414,0.414. 

11. 2, 3. 

13. 

h -1 

16. ±j2. 




Pages 606-607. Sec. 14-17 


1. 

2, i 

3. -2,2,2. 

5. 1, 2, 

7. 

3. 

9. 1, -if, 

11. 2, 2, 

13. 

1, 3, 5. 

16. 3, 4. 

17. -2, 

19. 

““§» 2(^1 =1= VS)- 

21. 1, 2, -3 dbj. 

23. 2, -] 

26. 

3, J(-5±iVr5). 

27, 3, i(-3 ± VS). 

29. i - 



754 


1. 5.3. 

7. No real roots. 
13. 2.6. 

19. 0.74. 


1. 2.46. 

7. 2.96. 

13. 3.68. 

19. -0.965. 


1. -v/ToT. 
7. y/S2, 
29. (2, 0). 


1. (3, 1). 

7, (3, 4), (1, (-1, I), 


1 . - 1 , 135 ^ 

5. « -0.8571, 139.4° 

17. 6. 

21. -3. 


L -5, 1, -1. 


I. s.r, 

7. 53.1°. 

13. 63.4°, 63.4°, 53.2°. 
19. i 


1 . 4 . 

7.. X 
13. 24. 
191. 30|. 


ANSWERS 

Pages 510-4111. Sec. 14-18 

3. -3.3, -1.8, 1.2. 

9. 3.0. 

15. 4.7. 

21. 2.5. 


Pages 517-518. Sec. 14-19 
3. 1.15. 

9. -4, dr 1.41. 

15. db2.34. 


Chapter 15 

Pages 520-521. Sec. 15-1 

3. 3V2. 

9. \/f45. 

Page 522. Sec. 15-2 
3. (-4, -f). 


Pages 624—525. Sec. 15—3 

3. -3, 108.-^ 
7. 1.5, 56.3° 
19. 6. 

23. 3. 


Pages 626-527. Sec. 16-4 
3. -1, l,f 


Pages 529-530. Sec. 15-5 

3. 18.4°. 

9. 90°. 

16. 26.6°, 11.3°, 142.1°. 

21 . 00 . 


Page 532. Sec. 15-6 

3. 20. 

9. 0. 

16. 34. 

21 . 12 ^. 


6. -2.5. 

11 . - 2 , 1 , 1 . 
17. 0.6, 1.5. 
23. 1.9 rad. 


6. 1.26, -1.76, -4.51. 
11. 2.23, -2.96. 

17. 2.31. 


5 . 11 

27. (-2, -1), 2x/T0. 


5. (-i 6). 
9. (10, 1). 


6. -2, §, 3. 


6. 52.7°. 

11. 0°, 0°, 180°. 

17. 20.8°, 54.0°, 105.2°. 
23. 8 + 5V3 « 16.66. 


5. 88. 
11 . 6 . 
17. 74. 
23. 24. 
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Pages 636-637. Sec. 16-11 

1. « - 2y + 7 » 0. 3. a; -h 3y - 13 « 0. 6. 3x + 2 / *f 6 « 0. 


7. X 4- 2y - 13 - 0. 

9. y - 8 » 0. 

11. y « ^x 4- 3. 

18. y - -5x 4- 4. 

16. y = fx 4- 2. 

17. y =* 4x. 

19. y = -3x - 2. 

21. X — 2/ * 0. 

23. X 4“ y 4“ 1 * 0. 

26. X - V3y 4-3 4- 2 V3 

« 0. 

27. y ^ X + 5, 

29. y = y/Sx — 4. 

31. y = — \/3x. 

33. -3,6. 

36. -f, 5. 

37. 2, 4. 

39. — 2. 

41. i, -4. 

43. 

x~y4-l“0, x4-y~3*0. 

46. X — 2^/ 4“ 8 « 0, 2x 4- y — 14 « 0. 47. 

3x — 5y = 0, 5x 4- 3y * 0. 

49. X - 6y 4- 34 = 0 6x 4- y - 38 = 0. 61. 

a; 4“ 3y — 9 ~ 0. 

63. 6x 4- 6y « 0. 

66. 2x 4- 5y — 1 

0. 67. X =• 0. 

69. X - 3 = 0. 

61. y 4" 3 0. 

63. 161.6“. 

66. 92.7^ 

67. 56.3^ 



Page 638. Sec. 16-12 

1. 5x — 42/ =a 0. 3. 2j5 + 3y — 5 ** 0. 6 . 4x + y =» 0. 

7. 3x - 42 / -f 1 - 0. 9. 9a; - 82 / 4- U » 0. 11. a; -f lly - 28 - 0. 

13. 3a; + 2 / “ 0. 16. x - 1 = 0. 

17. llx + 2f/ — 28 ** 0, 7x -j- IO 2 / — 12 =* 0, X — 22/ — 4 =* 0. 

19. 9x - 132/ + 84 = 0, 3x - 72/ + 44 = 0, 3x ~ 52/ + 32 « 0. 

21. 6x + 2/ - 7 = 0. 23. X - 62/ + 5 = 0. 

Pages 639-640. Sec. 16-13 

1. 4x + 32/ - 12 = 0. 3. 3x - 2 / 4- 6 * 0. 6 . 7x - 22/ - 14 * 0. 

7. 3x - 82/ 4- 24 = 0. 9. X 4- 52/ - 5 « 0. 11. -f, 1. 

13. 3, -5. 16. 7, -2. 17. f, -4. 

19. 8, 4. 21. X 4 - y — 4 =* 0 or 9x 4 - 2/ “ 12 = 0. 

23. X 4" y — 4 = 0. 26. X 4" 3y — 12 =s 0 or 3x 4- y — 12 0. 

Pages 640-642. Sec. 16-14 

1. » - 2y - 8 - 0. 3. (0, 4), (6, 3). 6 . §^370- 

7. X + 3y - 16 - 0. 9. X - 7» + 2 - 0. 

H. y — 3 — 0, X — y = 0, X + y — 0. 13. 67^. 

17. (1, 2 ). 19. 6 x - y - 0. 

28. X + y - 7 - 0. 26. (0, 0). 

27. (a) (-3, -1), (2, 4), (6, -3); (6) 4x - 7y + 5 - 0, x 4- y - 3 - 0, 9x - 2y 

— 10 « 0; (c) 7x 4- 4y 4 - 25 * 0, x — y — 9 « 0, 2x 4- 9y — 40 « 0; (d) 

18x - 4y - 35 - 0, 8x - 14y - 25 = 0, x 4- y - 1 « 0; (e) 27^ 

31. 0.000342, 0.00057. 


29. 2. 
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Chapter 16 


Page 545. 

1. ^2 2^2 _ 03. _ _ 24 « 0. 

5. a;2 + y2 ^ 4a; 4- 62/ - 23 « 0. 

9. a;2 4- - VZx « 0. 

13. a;2 4. g^2 _ 2aa; - 2ay 4“ * 0. 

17. 4- 2/^ — 4ax — 4ay = 0. 


Sec. 16-1 

3. a;2 4- 2/2 - 6:1; 4- 22/ - 6 * 0. 

7. 4" 2/^ 2aa; 4- 2a2/ — 2a^ — 0. 

11. a;2 4- 2/“ + 4a; + 62/ 4- 9 = 0. 

15. a;2 4- 2/^ - 14a; - 62/ 4- 56 « 0. 

19. a;2 4- 2/^ =b 42/ = 0. 


Page 547. Sec. 16-2 

1. (3, -5), 6. 3. (3, -4), 5. 6. (-2, 1), 0. 

7. (1, 3), 0. 9. No circle. 11. (2, 0), 4. 

13. a;^ 4- — 2x — 4?/ — 20 = 0. 16. x“ + y^ — 6a; 4- 4y = 0. 

17. a ;2 4- 2/^ 4- 2x - 62/ == 0. 19. x^ + y^ 4- 6a; d= 6?/ 4- 9 = 0. 

21. a;2 4. y2 _ 143. 32 = 0. 23. x^ + y^ - 2?y - 9 - 0. 

26. a;2 4.2/2 - 4a; - 22/ - 20 = 0. 


Pages 648-649. Sec. 16-3 

1, a? + y^ — X y - 0. 3. a;^ 4- 2/^ — IO2/ = 0. 

6. x2 4.2/2 4. 4a; - 42/ - 17 = 0. 7. 4- - 12a; - 62/ + 28 = 0. 

9. 5x2 ^ ^y2 _ i2x + 64y - 560 = 0. 11. 1 / - 3x - 2y 0. 

13. No. 16. a;2 4. y2 2x ~ 42/ = 0. 


Page 661. Sec. 16-4 

1. X =* 5, straight lino. 3. x 4- y — 10 = 0, straight line. 

6. x^ — 3y^ 4“ 402/ 190 = 0, a curve not previously studied. 

7. X 4- 22/ — 10 =5! 0, straight line. 

9. 3x^ 4- 42/^ 4“ 4x — 4 = 0, a curve not previously studied. 

11. 3x 4- 5y — 23 = 0, 3x 4- 52/ — 11 = 0, straight lines. 

13. 2(x2 - xi)x 4- 2(2/2 - 2/1)2/ + ^ + yf - y^ db A; = 0, where (xi, 2/1) and 

2/2) are the fixed points; two straight lines. 


16. x^ 4- + 2x^2/^ 4“ 4x* 4” 4x2/^ — \y^ = 0. 

19. x2 4- 2/^ - 2x 4“ 2 V32/ » 0. 


6. 7x - \\y = 0. 
11. X 4“ 4 = 0. 


1 . a ;2 2^2 _ 25 « 0 . 

7. 2/ - 2 « 0. 

13. x^ 4- 22/ » 0. 

17. ^/3x + 2/ - 4 =« 0. 

21. sin ^ « 0. 

27. r sin ^ — 2 «* 0. 

33. r » tan 6 sec B, 

39. r — cos 6 4“ sin ^ =* 0. 

1. 2x — y — 3 » 0. 

7. a;2 + ^ « 26. 


Page 668. Sec. 16—7 

3. X — y = 0. 

9. 2/ - 2 « 0. 


23. tan B =» \/3* 

29. r cos ^ — r sin « 2. 
36. r « 6. 

Page 660. Sec. 16-8 

3.x = 2/- 

9. 4x2 ~ 2/ “ 0. 


26. r cos 0 4-1 ~ 0. 

31. r = 5. 

37. r(l 4- a cos^ B) « a. 


6. 2x 4“ y “ 7. 
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Chapter 17 


Page 666. Sec. 17-2 


1 . 

6 . 

9. 

13. 

17. 

21 . 

27. 

33. 

39. 


(0,0), (1,0), a: 4-1 « 0, 4. 

(0, 0), (0, 4), 2/ 4- 4 « 0, 16. 

(0, 0), (16, 0), X 4-16 = 0, 64. 
(0, 0), (0, -I), 2y -5 = 0, 10. 
(0, 0), (-J-, 0), 4x 4- 1 « 0, 1. 


~ 16a:. 
y^ = — 24x. 

i/ * X. 

X- 4- 24y 4- 144 = 0. 


23. 2/2 = 

29. y^ - 16a:. 
36. x2 = 4y. 


S2x. 


3. (0, 0), (0, 1), 2/ 4- 1 = 0, 4. 

7. (0,0), (-4,0), X - 4 = 0, 16. 
11. (0, 0), (0, t"o), 102/ 4- 9 = 0, 

16. (0, 0), (-2, 0), X - 2 = 0, 8. 

19. (0, 0), (0, ~f), 42/ - 3 « 0, 3. 

26. 3x2 ^ 32y. 

31. x2 — 40y. 

37. x2 = -162/. 


1 . 

6 . 

9. 

13. 

16. 

17. 

21 . 

26. 

29. 

33. 

37. 

41. 


(±3, 0), (iv^, 0),3, 2. 
(±4,0), (±2V3,0), 4,2. 
(±5, 0), (±4, 0), 5, 3. 


Page 670-671. Sec. 17-3 

3. (0, ±5), (0, ± V^), 6, 2. 
7. (0, ±6), (0, ±3-v/3), 6, 3. 
11. (±4.0), (±V7,0),4,3. 

2 


30 

(±6,0), (±-n/ 1T, 0), 6,5. 
(±^y®-, 0), (±|V2r, 0), 5. 

144x2 H- 16V = 24,336. 

289x2 + 64^/2 = 18,496. 

289x2 + 64r = 18,496. 

7x2 ^ = 04 

9x2 ^ 25 j/2 = 900. 


\/2415\ -s/m -s/SO 
± „„ J, ^ 


6 

19. (±10, 0), (±8, 0), 10, 6. 

23. (±14, 0), (±8V3, 0), 14, 2. 

27. 225x2 + 81r „ 18 225. 

31. 25x2 + 169 j/2 = 4225. 

36. x2 + 4j/2 = 16. 

39. 2x2 + 25 j/2 = 200. 

43. 16x2 + 25j/2 + 32x - 384 - 0. 


Pages 676-676. Sec. 17-4 

1. (±4, 0), (±5, 0)^ 4, 3, j, = ±|x. 

3. (±4, 0), (±4V2, 0), 4, 4, ^ = ±x. 

6. (0, ±8), (0, ±8V2), 8, 8, y = ±x. 

7. (0, ±2), (0, ±2v^), 2, 2, y = ±x. 

9. (±12,0), (±13, 0), 12, 5, y = ±t^. 

11. (0, ±5), (0, ±v/34), 5, 3, y - ±|x. 

13. (0, ±6), (0, ±6V2), 6, 6, y = ±x. 

16. (±2,0), (±v^, 0), 2, 3, y - ±ix. 

17. (0, ±1), (0, ±VTf), 1, 4, y - ±Jx. 

19. (0, ±1). (o, ± , i f. y - 
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81. (0, ±2), (0, ±2V26). 2,10, y - ±ix. 
28. (±2, 0), (±2v/56, 0), 2, 10. y = ±6a:. 


26. 16x* - V = 144. 

29. 22%* - 64ar® = 14,400. 
83. 3** - lly^ - 64. 


27. 144{/® - 25®* - 3600. 
81. 64®* - 225!/* “ 14,400. 
36. 25®* - 144!/* - 3600. 


Pftges 678"679. See. 17—6 


1. (-2, -2), (-6, -2), (0. 1). 

6 . (2,8), (-4,7), (-6,1). 

9. ®' - 2y' = 0. 

13. ®'* + 4!/'* - 16 - 0. 

17. 36®'* + 36!/'* - 169 “ 0. 

21. 4®'* + 9!/'* - 16 - 0. 

26. ®'* + y'* - f*. 


3. (7, 1), (3, -1), (8. -8). 

7. ®' - 3y' = 0. 

11. 4®' + 6!/' + 31 - 0. 

16. ®'* + y'* - 16 - 0. 

19. ®'* - 8y' - 0. 


23. ®'* - y'* - 16 - 0. 

Pages 681-682. Sec. 17-7 


1. (3, 2); (5, 2); (5, -2), (5, 6); 8. 

8. (-4, -3); (0, -3); (0, -11), (0, 5); 16. 

6. (-1. -3); (-1, 0); (5, 0), (-7, 0); 12. 

7. (3, 0); (3, 1); (5, 1), (1, 1); 4. 

9. (-2,3); (-1,3); (-f, 2). (-f, 4); 2. 

11. (0, -6); (-i -6): (-i -5i), (-i, -6§): 1. 

13. (2, -2); (2 ± 2V3, -2); (6, -2), (-2, -2); (2, 0), (2, -4). 

16. (2, -2); (2, -2 ± 2>/3); (2, 2), (2, -6); (4, -2), (0, -2). 

17. (-1, 5); (-5, 5), (3, 5); (-6, 5), (4, 5); (-1, 2), (-1, 8). 

19. (1, -2): (1 ± V7, -2); (5, -2), (-3, -2); (1,1), (1, -6). 

21. (4, -2); (4, 2), (4. -6); (4, 3), (4, -7); (7, -2), (1, -2). 

28. (-5, 2); (-5 ± 3^3, 2); (1, 2), (-11, 2); (-5, 5), (-5, -1). 

26. (1, -2): (5, -2), (-3, -2); (6, -2), (-4, -2); (1,1), (1, -5); 3® - 4y - 11 

= 0; 3® + 4y + 5 = 0. 

27. (3, 1); (6, 1), (0,1); (3 ± VT3,1); (3, 3), (3, -1); 2® - 3y - 3 - 0, 2® + 3y 

-9=0. 

29. (-2, 3); (10, 3), (-14, 3); (11,3), (-15, 3); (-2, 8), (-2, -2); 5® - 12y + 46 

» 0, 5x 4* 122/ - 26 « 0. 

31. (0, -1); (0, 0), (0, ~2); (0, d= ^/I7); (4, -1), (-4, - 4^/ - 4 - 0, 

4 4y + 4 = 0. 

38. (-4,0); (-4, 6), (-4, -6); (-4, ±3V5); (-7, 0), (-1,0); 2® - y + 8 - 0, 
2ic + 2/ 4" 8 =* 0. 

86. (3, -7); (3. ^3), (3, -11); (3, -7 ± 4V2); (7, -7), (-1, -7); ® - y - 10 

— 0, *+y+4 — 0. 

87. ** - 4® + 32y - 60 - 0. 

89. 16** + 26y* + lOOy - 300 - 0. 

41. 24®* + 26y* - 96® - lOOy - 404 - 0. 

48. 169®* + 144y* + 1014* + 648y + 729 = 0. 

46. 9y* - 16®* - 72y - 32® - 16 - 0. 

47. 9®* - 16y* - 36* - 64y - 172 - 0. 



ANSWERS 


759 


Page 683. 


1. (y - 2)* - 4(* - 3). 
, (*-6)* (y-3)» 

-r~ ■ 

9 - 4)^ (y - 1)^ 

13. (X + 1)2 = 5(y - 2). 


„ _ (y±i)! _ j 

7 2 " ■ 

^ 10 

26. (y - 2)2 = -6(x + t^). 

90 (y - _ (2= + 2)^ , 

28 21 “ ■ 


Sec. 17-8 

» (* + D* . (y - 2)2 

7. (y + 4)2 =. -2(x - 5). 


11. 


-f)=* 

(x + 3)2 

« 1 . 


1 

16 

16. 

(?_ 

4 

(y + D* 
i 

- 1 . 

19. 

(* 

-6)2- 

-l(y + 

2). 

23. 


- 3)2 

-1)2 

« 1. 



8 

9 


27. 

(* 

II 

1 


-W). 

81. 

(* 

- 2)2 - 

y- 



Chapter 18 

Page 690. Sec. 18-3 

1. VSU- 3. V6T- 3. 3V2. 

7. 2V22. 9. VeS- 

Page 694. Sec. 18-6 

1. cos a = 0.4575, cos 8 - 0.4575, cos 7 = 0.7625, a - 62.8”, 8 - 62.8°, y - 40.8*. 

8 . cos a = 0.4472, cos 8 = 0, cos 7 = 0.8944, a = 63.4°, 8 = 90°, 7 = 26.6°. 


6. 

cos a = 

0.7563, cos ^ 

= 0.4196, 

cos 7 =s - 

-0.6035, a « 40.9°, 

P 

= 65.2°, 7 


120.2 

0 







7. 

cos a = 

0, cos /3 =2 0, 

cos 7 =* 1» 

a 

* 90°, iS 

= 90°, 7 - 0°. 



9. 

COS a = 

0.3663, cos /3 

=» -0.1421, 

cos 7 = 

0.9239, a =» 69.2°, 

/3 

=» 98.2% 7 


22.6°. 








11. 

COS a « 

0.7071, cos /3 

* 0 , cos 7 

= 

-0.7071 

, a « 45°, i3 = 90°, 

7 

» 136^ 

13. 

cos a =» 

0, cos jS = 0, 

1 

II 

I 

1, 

a * 90°, 

/3 » 90°, 7 « 180* 



16. 

COSa » 

0, cos =« 1, 

cos 7 « 0, 

a 

= 90°,i8 

a 0°, 7 « 90°. 



17. 

cos 7 =• 

±0.8660, 7 - 30°, 160° 


19. 

cos a » ±0.5000, a 

a 

60% 120% 

21. 

cos a =» 

0, a - 90°. 



23. 

cos 7 a 0 , 7 «• 90°. 



26. 

a -0°, 

^ - 90°, 7 - 

90°, cos a 

« 

1, cos/S 

«« 0 , cos 7 » 0 . 



27. 

a - 90* 

jS » 90°, 7 * 

■ 0°, cos a 

a 

0, cos j3 

» 0 , cos 7 «■ 1 . 
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Page 598. Sec. 18-7 


1. 

cos a 

«=* 0.3333) COS /3 =» 

0.6667, cos 

>y 33 — 

0.6667, a « 

70.5", ^ « 48.2", 7 « 


131 

. 8 ". 





3. 

cos a 

** 0.3846, COS = 

0 , cos 7 =s - 

0.9231, 

a - 67.4", /3 

0 * 

li 

0 

g 

II 

6. 

cos a 

~ 1, cos /3 ** 0, COS 7 ~ 0, a = 

0 , jS ~ 

90", 7 « 90" 


7. 

cos a 

« —0.3242, cos 

1 

0 

be 

cos 7 

= 0.4870, a = 

« 108.9", ^ « 144.2", 


y = 60.9". 





9. 

COSo; 

= -0.8889, cos /3 

=« 0 . 1111 , cos 7 = 

-0.4444, a 

= 152.7", <3 « 83.6", 


y « 116.4". 





11. 

90". 


13. 90". 


* 15. 

124.4". 


17. Liy Lzi Z /6 are parallel; L 2 , Li, L 5 are parallel. 

19. L 2 , Z /6 are parallel; Lz, Li, L^ arc parallel. 

21. Li and L 2 , Li and Li, Li and Lg; L 2 and Lz, L 2 and Li, L 2 and L 5 ; Lz and L 4 , 
Lz and L 5 . 

23. 15.1652, 36.3", 53.7". 


1. 2/* -* 22 „ 0. 

7. = 16. 

13. 2 = 4. 

17. 3a; — Oy — 42 = 0. 


Pages 699-600. Sec. 18-8 

3. 4 a ;2 _ ^2 ^ 0 5 ^ ^2 ^ 26 . 

9. a ;2 -h ^2 ^ ^2 le, 11. a;2 4 - 2/^ * 25. 

16. x 2 -f 2/^ -|- 22 — IO2 = 0 . 

19. The ?/ 2 -plane. 21. The xjz-plane. 


23. The plane containing the x-axis and whose trace in the ^ 2 -plane is y -f 2 = 0 . 

26. The plane perpendicular to the 2 -axis at 2 = 6 . 

27. The right circular cylinder whose axis is the 2 -axis and radius 5 units. 

29. Two planes perpendicular to the y-axis at y = —2 and y — + 2 . 


Pages 603-604. Sec. 18-11 

1. 2a; 4- 2/ — 22 — 6 = 0. 3. 4a; — 2y 4- 2 — 10 » 0. 

6. 3x - 22/ 4- 22 - 34 = 0. 7. y 4- 2 4- 1 * 0. 

9. (a) X * 6,2/ = 3, 2 « 2; (6) 1, 2, 3. 

11. (a) X - 2, j/ - 6, * - 3i; (6) 5, 2, 3. 

13. (o) X - 4, » = -6, a - -4^; (6) 6, -4, -6. 

16. (o) X = -6i y = 2i * = -13; (6) 2, -5.1. 

17. Parallel. 19. Perpendicular. 21. Parallel. 

23. Neither. 26. 2x 4- y + « — 3 « 0. 27. 17x — 42/ — I62 =« 0. 

29. 53x - 220y - 452 - 390 « 0. 31. 2 - 5 » 0. 

33. X — 62/ 4* 42 4“ 3 * 0. 36. x — 22/ 4- 22 — 15 =» 0. 

37. X 4“ 22/ 4" 32 4* 13 “» 0. 39. x — 2/ ^ “ 0. 

41. 5x 4- 7y 4- 2 — 22 a 0. 
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Chapter 19 

Pages 611*-612. Sec. 19-1 

1. 0.0872; 0.0468; 0.0096; 0.0048; 0.0010. 

3. 0.0669; 0.0347; 0.0071; 0.0036; 0.0007. 

6. 0.0326; 0.0164; 0.0082; 0.0017. 

7. 0.0363; 0.0181; 0.0090; 0.0018. 

9. 7.651; 2.871; 1.276; 0.234. 

11. At x * 20: 0.5279; 0.1104; 0.0112; at a; * 65: 0.3043; 0.0618; 0.0062; at a; « 80: 
0.2753; 0.0557; 0.0056. 

13. -2; 2; 1; 0.2. 16. -0.0048; 0.0031; -0.0010. 

17. -0.2691; -0.1328; -0.0272. 19. 1386. 

21. 7353. 23. 3000; 2500; 100. 

Pages 616-616. Sec. 19-2 

1. (a) 0.0396; (6) 0.1250; (c) 0.143; {d) 0.15; (c) 0.00969; (/) 0.00144. 

3. (a) 16; (6) 160; (c) 112; {d) 160; (c) 160; (/) 112. 

6. (a) 3.2 X 10-®; (b) 6.4 X 10“®; (c) 5.8 X lO^®. 

Page 619. Sec. 19-3 

1. (a) 0.215; (6) 0.06; (c) 1.45; (d) 0.105. 

3. (a) 0.878; (6) 0.697; (c) 0.070; (d) 1.000. 

6. (a) 0.795; (b) 0.422; (c) 0.031; (d) 0.169. 

7. (a) 0.040; (b) 0.092; (c) 0.010. 9. (a) -4.26; (b) -5.00; (c) -6.34. 

11. (a) 30,000; (b) 14,000; (c) 1685. 13. (a) 280; (b) -75; (c) -135. 
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13, 20(1 -f x)\ 15. - 

19. 4 sin B cos 6, 

23. 2t cos 2t — 2fi sin 2L 

27. 10(1 + i;)(31 -f 35t;)(5 + 7*0^. 

1 


1 


(3 + e)^ 


17. 41,470 cos 377t 


21. 30 sin 5^ cos 5t + 160 sin 10^ cos lOt 
(1 + 9a;)(l + x)^ 


25. 

29. 


2V5 


2x 


\/3 +2x2 


31. 

35. 


2(1 + x) VT + X 
19 


33. - 


41. - 
45. - 


(2x + 3)2 

(1 + x) sin X + cos X 


(1 + xy 

1 


3«3 




37. 


47. 


-4x 


(1 + x^y 


2(2 + 6x) V 2 +^ 

2u(u^ +2^2 — 1) 

39. 


43. 


sin t cos t 


Vi + «* sin* t 


(«* + D* 

4 sin 6 (sin 0 + 20 cos 0) 

Vl + 8 0 sin* 0 

49. Aw cos — Bw sin 


61. Iiw cos {oil + ai) + 2/2« cos (2ti)t + as) + ZIzw cos (3tot + os). 


Page 636. Sec. 19-10 

1. (a)2x-y - 3 = 0; (6) 6* + 2s/ + 11 - 0; (c) y + 1 = 0. 

5. (n) ® - y = 0; (5) 6^3* - 12y + 6 - iry^ = 0; (c) y - 1 - 0. 

6 . IK*; 30<. 

-2< 2(3<* - 1) 

(«* + D*' («* + D* ■ 

9. cos at + 2^1, 008 2wt); ~a^{Ai sin at + 4At sin 2(U), 

11. 200 volts. 

13. 400 sin (377« + 0.1) + 754 cos {3771 + 0.1) volts. 


Pages 642-643. Sec. 19-11 


1. Min.: (f, 6f). 3. Min. (-0.39, -1.24). 

6. Max.: (-3, 333); Min.: (2.6, 0.25). 7, Max.: (-1, -2); Min.: (1, 2). 


9. Max.: (0,1). 

11. Max.: (fcir, 2), fc » 0, ±2, db4 • • •. Max.: (^tt, 0), fc * d=l, =t=3, ±6 • • •. Min.: 
(kir zfc 1.32, -1.12), k - ±1, ±3, ±5 • • •. 


13. Side: 3. 

g 

17. Diameter « in.; height 
Vir 



15. Side: 


o + 6 — Va2 — -f 
6 


19. Side of base: 8 yd.; height: 4 yd. 


23. M 


"s/ R 1 R 2 j E 
" ’ 2VRiR2 


21 . 


A 

2E/ 
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Page 646. Sec. 19-12 

1. dy (21a;^ — 5) dx, 3. dy *= —4a; dx, 

7. dy 10 cos X dx. 9. % = 2 cos 2a; dx. 

13. (a) 1.57 ohms; (b) 126 ohms; (c) 62.2 ohms. 16. 

17. 0.868. 19. 


11. 6.25 cu. ft. 


dx. 


2.004. 

1 . 01 . 


Chapter 20 


Pages 662-663. Sec. 20-1 


1. 9.60. 

3. 14.6. 

6 . 0.987. 

7. 0.710. 

9. 1.75. 

11 . 22.0. 

13. 1.95. 

16. 2.01. 

17. 12.0. 

19. 1.16. 

21. If Ax = 1: 
23. 0.707. 

error = 0.83, 1.95%; if Ax 

= error, 0.20, 0.48%. 


Page 660. 

Sec. 20—2 

13. f. 

16. 35. 

17. f. 

19. f. 

“•i- 

23. |. 

26. 1. 

27. | . 

29. 0.707. 


Pages 663-664. Sec. 20-3 


1. l + c. 

6 . 


9. + 3 + C. 


13. —^ cos 6a; + C. 

17. §• sin {U + 3) + I sin (10^ - 7) + C. 

21 . \a\ 


3. -h C. 


7. i[4x - 3) V4a; - 3 -f C. 

11. +C. 

16. —2 cos X -f f cos 2x — cos 3x + C. 

19. 4. 

23. 


26. 2. 


27. 0. 


Pages 669-670. Sec. 20-4 


1. 6.25 


6 . (a) X 



3. 


Q 

n 


Q 

ra 


(b) 


minimum of 



nua 


— cos cat) is 0; maximum 


F 




INDEX 


A 

Abel, 507 
Abscissa, 95 
Absolute value, 5, 94 
of a complex number, 409 
Acceleration, 635, 668 
Accuracy, in angular measurement, 132, 
136 

in computations, 25-29 
with logarithms, 328 
in interpolation, 323 
in solution of oblique triangles, 376 
of slide rule, 32 
Addition, 3 
accuracy in, 25, 28 
law of signs in, 6 
in algebra, 42 

of algebraic fractions, 52-56, 246-250 

of arithmetic fractions, 11 

of complex numbers, 402-405 

of polynomials, 495 

of radicals, 281 

of vectors, 218-221, 225 

of zero, 8 

sign of, 6 

Algebra, basic generalization of, 6 
definition of, 41 
fundamental laws of, 8 
fundamental theorem of, 500 
nature of, 41, 74, 88 
of vectors, 216 

operations of, see Operations, alge¬ 
braic 

principle of permanence of formal laws 
of, 274 
signs of, 6 

Altitude, of cone, 678 
of cylinder, 678 
of frustum of a cone, 678 
of frustum of a pyramid, 677 
of parallelogram, 674 
of prism, 677 
of pyramid, 677 
of trapezoid, 674 
of triangle, 672 

Amplitude of complex number, 409 
Amplitude of sine and cosine, 192, 207 
Angle, 671 
acute, 158, 671 

associated with an angle in standard 
position, 158 

between two lines, in space, 590, 594, 
597 


Angle, between two lines, in the plane, 
527 

central, 674 

chan e of unit of measure of, 135 
determined from a trigonometric func¬ 
tion, 161 

direction, of a line in space, 590-594 
of a vector, 226 
generated by a line, 130 
horizontal, 675 
initial side of, 130 
inscribed, 674 
in standard position, 139 
measurement by degrees, 131-133 
measurement by radians, 133-139 
negative, 131 
oblique, 671 
obtuse, 671 

of a complex number, 409 
of depression, 170 
of elevation, 170 
of inclination, 298, 523 
phase, 208 
position of, 139 
positive, 131 
principal, 147-151, 177 
quadrantal, 139 

relative a(;curacy of degree and radian 
mcfiijurement of, 136 
right, 671 
straight, 671 
terminal side of, 131 
triangle of reference of, 140 
trigonometric functions of, see Func¬ 
tions, trigonometric 
vertex of, 671 

Angles, alternate exterior, 671 
alternate interior, 671 
complementary, 151-154, 671 
corresponding, 671 
measurement of, 131 
negative, 131 

trigonometric functions of, 164-166 
of triangle, 672 

principal, trigonometric functions of, 
147-151, 177 
quadrantal, 139, 149 
supplementary, 671 
vertical, 672 
Antilogarithms, 320 
Area, 671 

approximate computation of, 647-653 
01 circle, 674, 676 
of cone, 678 
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INDEX 


Area, of cube, 677 
of cylinder, 678 
of parallelogram, 676 
of polygon, 672 
of prism, 677 
of pyramid, 677 
of rectangle, 676 
of rectangular solid, 677 
of sector, 676 
of sphere, 678 
of square, 676 
of trapezoid, 676 
of triangle, 530, 676 
of zone, 678 
Argand diagram, 553 
Ar^ment of a complex number, 409 
Arithmetic, see also Integers, Numbers, 
Computations 
signs of, 6 

fundamental laws of, 8 
Asymptotes, 573, 574 
Axes, coordinate, see Coordinates 
translation of, 576-584 
Axis, conjugate, 573 
major, 568 
minor, 568 
of parabola, 563 
of right circular cylinder, 675 
polar, 552 
transverse, 573 

B 

Base of logarithms, 306, 338 
change of, 338 
Bases, of cylinder, 673 
of parallelogram, 673 
of trapezoid, 673 
Bearing, 170 
Binomial expansion, 242 
Binomials, 45 

multiplication of, 45, 48, 241 
squares of, 48, 241 
Braces, 6 
Brackets, 6 
Briggs, Henry, 314 
Briggsian logarithms, 314 

C 

Calculus, 608-670 
differential, 608-646 
integral, 647-670 
applications of, 664r-670 
denned, 660 
formulas of, 660 
Center, of circle, 644, 674 
of ellipse, 667 
of hyperbola, 671 

Characteristic of logarithm, 315-317 
Check sum, 430 
Chord of circle, 674 
Circle, 544-649, 674 


Circle, arc of, 134, 674 
area of, 674, 676 
center of, 544, 674 
chord of, 674 
circumference of, 674, 676 
defined, 674 
diameter of, 674 
radius of, 674 

reduction of general equation to stand- 
ard form, 646 
sector ol, 674 

standard form of equation of, 645-547 
tangent to, 674 
theorems about, 675 
through three points, 648 
Circumference, 674, 676 
Coefficient, 43, 469 
Cofactor, 451 
Cofunctions, 151 

Column of a determinant, 440, 450 
Complex numbers, 397-425 
addition of, 402-405 
amplitude of, 409 
angle of, 409 

applied to impedance triangle, 421-426 
argument of, 409 
conjugate, 402 
defin^, 400 

De Moivre^s theorem, 417 
division of, 403-405 
in polar form, 415 
equality of, 401 
exponential form of, 412-414 
graphical representation of, 405-408, 
417-419, 553 

i (imaginary unit), 398--399 
imaginary numbers, 397-400 
imaginai y part of, 400 
j operator, 398 
magnitude of, 409 
modulus of, 409 
multiplication of, 403-405 
in polar form, 414-416 
operations with, 402-406, 419 
polar form of, 400-412, 553 
powers of, 416 
powers of j, 398 
real part of, 400 
rectangular form of, 409 
roots of, 417 
subtraction of, 402-405 
trigonometric form of, 409-412 
Components, of a vector, 222-225, 385- 
388 

Computations, by logarithms, 313, 324- 
328, 330-334 
numerical, 1-40 
accuracy in, 25-29 
by slide rule, 29-40 
involving radicals, 290-292 
Cone, 678 
area of, 678 
volume of, 678 
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Conics, 662-684 
eUipse, 662, 666-671, 679-584 
hyperbola, 662, 571-676, 679-684 
parabola, 562, 671-576, 679-684 
Conjugate complex numbers, 402 
Constant, 86 
absolute, 85 
arbitra^, 85 
derivative of, 630 
of integration, 668 
of proportionality, 119 
Coordinatesj polar, 661-663 
graphs in, 653-558 
polar axis of, 662 
pole of, 662 

rectangular, in space, 686-689 
axes of, 586 

coordinate planes of, 686 
octants of, 587 
origin of, 586 
plotting a point on, 587 
rectan^lar, in the plane, 95-97 
abscissa of, 96 
axes of, 95 

graphs of functions on, 98-119 
in complex plane, 405 
in vector plane, 224-230 
ordinate of, 95 
origin of, 95 
plotting points on, 96 
quadrants of, 96 
rotation of, 576 
translation of, 576-679 
relations between rectangular and 
polar, 556-668 
Cosines, law of, 372 
Cramer's rule, 441, 460 
Cube, 677 
area of, 677 
volume of, 677 
Cube roots, 268 
by slide rule, 38 
Cubes by slide rule, 38 
Current, alternating, 207-211 
angular velocity of, 208 
frequency of, 208 
lag of, 208 
lead of, 208 
phase angle of, 208 
phase difference of, 208 
sine wave of, 208 
sinusoidal, 208 

vector representation of, 236-238 
Curve, in space, 606-607 
in the plane, see Graphs, Graphs of 
trigonometric functions 
standard, 299 
Cycle of pendulum, 206 
Cylinder, 675 
area of, 678 
bases of, 676 
lateral area of, 678 


Cylinder, right circular, 675 
axis of, 675 
volume of, 678 

D 

Decibel, 343-346 
gain, 343 
loss, 343 

Decimal point, position in slide rule com¬ 
putations, 34, 35, 36, 37, 39 
Degree, definition of, 131 
Degree measurement of angles, 131 
conversion to radian measure, 136 
notational conventioas in, 175 
relative accuracy of radian measure, 
136 

Degree of an algebraic expression, 125, 
469, 488 

Delta notation, 608-612 
Delta process, 625-628 
De Moivre's theorem, 417 
Denominator, 11 
least common, 14 
lowest common, 52 
rationalizing, 278 

Dependent linear equations, 438, 461 
Depression, angle of, 170 
Derivative, 618, 625-646 
applications of, 634-643 
defined, 618, 625 
first, 635 

inverse of, see Integration 
notations for, 626, 035 
of constant, 630 
of functions, 625-632 
rules for computing, 630-634 
second, 635 
Descartes, 96, 519 
Determinants, 439-466 
cofactors in, 451 
columns of, 440 
diagonals of, 440 

discussion of two linear equations by, 
442-446 

elements of, 440, 450 
of higher order, 465 
of second order, 439-442 
of third order, 450-460 
properties of, 454-458 
rows of, 440, 450 

solution of two linear equations by, 
439-442 
Diameter, 674 
Differential, 643-646 
Differential calculus, 608-646 
applications of, 634-643 
defined, 628 

Differentiation, 627; see also Derivative 
inverse operation of, 653-660 
Digits, 23 
accurate, 23 
inaccurate, 23 
significant, 23-26 
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Direction, negative, 3, 4 
of line, 217, 686, 686 
of vector, 217, 219, 686 
positive, 3, 4 

Direction angles, of line in space, 690- 
694 

of parallel lines, 691 
of vector, 217, 219 
Direction cosines, 690-694 
of parallel lines, 691, 693, 696 
of perpendicular lines, 696 
Direction numbers, 696-698 
of parallel lines, 697 
of perpendicular lines, 697 
of plane, 600 
Directrix, 663 
Discriminant, 478 

Displacement of graphs of trigonometric 
functions, 197 

Distance between two points, in space, 
689 

in plane, 619-621 
Dividend, 11, 496 
Division, accuracy in, 27, 28 
by slide rule, 35 
by zero, 8, 262 
in algebra, 46, 47 
law of exponents in, 17 
law of signs for, 7 

of algebraic fractions, 66-68, 246-260 
of complex numbers, 403-406, 414-416 
of fractions, 11 
of polynomials, 495-498 
of radicals, 284-287 
sign of, 6 
Divisor, 11, 496 
greatest common, 13 
Doolittle method, 430-435 
check sum for, 430 

E 

€ (base of natural logarithms), 298-300, 
314, 338 

Element, of a cylindrical surface, 676 
of a determinant, 440, 460 
cofactor of, 461 
even, 450 
odd, 460 

Ellipse, 662, 566-571 
axes of, 668 
center of, 667 
dehned, 662, 666 
foci of, 667 

reduction of equations to standard 
form, 682 

standard form of equation of, 668, 679 
vertices of, 668 
Engineering notation, 21 
Engineering problems, involving quad¬ 
ratic equations, 492-494 
linear in one unknown, 70-83 
Equality, of complex numbers, 401 


Equality, of vectors, 218 
signs of, 6 

Equations, algebraic, 472, 488, 500 
degree of, 469, 488 
fundamental theorem concerning, 
600 

graphical solution of, 507-611 
multiple roofs of, 502 
number of roots of, 501 
rational roots of, 504-507 
reduced, 502 

solution by linear interpolation, 611- 
618 

solution of, 488 
conditional, 254 
derived, 254 
equivalent, 254 
exponential, 339 
extraneous roots of, 265 
factorable quadratic, 63, 474 
fundamental theorem of algebra con¬ 
cerning, 500 

graphical solution of, 117, 507-511 
identical, 254 
in polynomial form, 472 
involving fra(;tions, 254-264 
involving radicals, 287-290 
linear, dependent, 438, 461 
homogeneous, 446-460, 462-466 
independent, 438, 460 
in one unknown, 68-63, 65-67, 74- 
83,259-264 

in three unknowns, 600-602 
in two unknowns, 124-126, 533-543 
of circle, 544-549 
of ellipse, 566-671, 679 
of hyperbola, 671-676, 679 
of locus, 549-561 
of parabola, 563-666, 679 
parametric, 668-661 
simultaneous, 426-468 
systems, 438, 461 
parametric, 668-561 
quadratic, 63, 472-494 
discriminant of, 478 
engineering problems involving, 492- 
494 

equations reducible to, 484-487 
factorable, 63, 474 
graphical solution of, 472-474 
pure, 474 

quadratic formula for roots of, 477- 
480 

roots of, 473, 478, 481 
simultaneous, 488-492 
reduced, 602 

reducible to quadratic equations, 485- 
487 

reduction to standard forms of the 
conics, 682 
roots of, 58, 264 

solution by linear interpolation, 611- 
618 
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Equations, trigonometric, 366-370, 486 
Exponents, 17-20,265-300; see also Ix)ga- 
rithms, Radicals 
fractional, 270-276 
laws of, 274-276 

used to change form of radicals, 276- 
281 

integral, applied to trigonometric func¬ 
tions, 145 

in scientific notation, 21 
laws of, 17-19, 44, 46, 265 
positive and negative, 17-20, 265- 
267 

irrational, 298 

used to simplify numerical computa¬ 
tions, 301-305 

Expressions, algebraic, 42-45, 469 
F 

Factor, 12 

greatest common, 13 
Factoring, 49-51, 243-246 
by factor theorem, 499 
of quiulratic polynomials, 482 
Factor of proportionality, 119 
Factor thwrem, 498-500 
Figures, significant, 23-25 
conventions concerning, 24 
definition of, 24 
Focus, of ellipse, 567 
of hyperbola, 571 
of parabola, 563 
Force, centrifugal, 233 
Formuhui, defined, 41 
engineering, linear, 05-67 
involving fractions, 261-264 
involving radicals, 292-294 
substitution of particular values in, 
67-71 

quadratic, 477^480 

simple algebraic operations applied to, 
65-67 

substitution of particular values in, 
67-71 

Fractions, algebraic, addition of, 52-56, 
246-250 

complex, 250-254 
division of, 56-58, 2^^250 
elimination from radicand, 278 
equations involving, 61, 254-264 
multiplication of, 56-58, 246-250 
subtraction of, 52-56, 246-250 
arithmetic, 11-16 
as exponents, 270-276 
elimination from radicand, 278 
in lowest terms, 12 
inverted, 12 
product of, 11 
quotient of, 12 
sum of, 11 

Frequency, of alternating currents and 
voltages, 208 


Frequency, of pendulum, 206 
of rotating spoke, 207 
Frustum, of cone, 677 
of pyramid, 677 
Function, 85-129 
circular, 190 
defined, 86 

derivative of, 625-632 
double-valued, 87 
exponential, 298-300 
inverse of, 306 
properties of, 302, 305 
graph of, 98-119, 175-215 
inverse, 92, 392 
of exponential function, 306 
of trigonometric function, 392-396 
linear, 124-126 
logarithmic, 305-309 
multi-valued, 87 
notation for, 87-92 
of several variables, 89 
power, 295-297 
quadratic, 470-472, 482 
Functions, trigonometric, 130-174 
amplitude of, 192-194 
angles determined by, 161-163 
applied to simple pendulum, 205 
as coordinates of points, 18^190 
as line lengths, 185-190 
cofunctions of, 151 
cycle of, 206 
defined, 139-142 

derivatives of, 629 ^ 

displacement of, 197-199 
evaluation by construction, 142 
evaluation when one function is 
known, 143-146 
for angle of right triangle, 166 
graphs of, see Graphs of trigonometric 
functions 

identities involving, see Identities, 
trigonometric 
initial phase of, 197-199 
inverses of, 392-396 
Lissajous figures from, 211-215 
of complementary angles, 151-154 
of negative angles, 164-166 
of quadrantal angles, 149 
of special angles, 147-151 
periods of, 194-197, 199 
phase of, 197-199 
powers of, 145 

projection of rotating spoke, 206 
signs of, 142 

sketching graphs of, 199-202, 203 
sums of sines and cosines, 203, 361- 
366 

tables of, see Tables, trigonometric 
triangles of reference for, 140-142 
used to solve oblique triangles, 375- 
385 

used to solve right triangles, 167-174 
variation of, 191 
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G 

Gauss, 430, 501 
Geometry, 671-675 
analytic, plane, 610-584 
solid, 585-607 
formulas from, 676-678 
plane, 671-675 
solid, 675 

Governor, engine speed, 233-236 
Graphs, of parametric equations, 668- 
661 

of trigonometric functions, 175-216 
alternating currents and voltages, 
207-211 

amplitude of, 192, 199 
composition of ordinates applied to, 
203 

curves, 176-184 
cycle of, 206 

displacement of, 197, 198, 199 
geometrical method of plotting, 190 
initial phase of, 197, 198, 199 
Lissajous figures plotted from, 211- 
215 

periods of, 194-197, 199 
phase of, 197, 198, 199 
projection of a rotating spoke, 206 
sketching, 199-202 
sums of two sine or cosine curves, 
361-366 

on polar coordinates, 551-568 
• on rectangular coordinates in space, 
685-607 

on rectangular coordinates in plane, 
intercepts on, 117, 534 
of ellipse, 666-671, 579-584 
of exponential function, 298-300, 
303 

of functions, 98-119 
of hyperbola, 671-676, 679-684 
of linear equations, 124-126 
of logarithmic function, 309 
of parabola, 563-566, 679-584 
of power function, 295-297 
of quadratic function, 470-472 
reading, 103-107 

suggestions for plotting, 102, 103, 
118 

to find roots of equations, 117, 507- 
611 

to solve simultaneous linear equa¬ 
tions, 125-129 
Greek alphabet, 713 
Grouping, insertion of signs of, 10 
law of, 2, 8 

removal of signs of, 10, 43 
signs of, 6, 10 

H 

Hairline, 29 

Harmonic motion, 206, 635 

Heat from direct current ^ 66. 68, 81, 85 


Hyperbola, 662, 671-676 
asymptotes of, 573, 674 
axes of, 573 
center of, 571 
defined, 662, 671 
foci of, 571 

reduction of equation to standard 
form, 682 

standard form of equation of, 673, 674, 
579 

vertices of, 573 
Hypotenuse, 673 

I 

i (imaginary unit), 398; see also Complex 
numbers 

Identities, trigonometric, 347-366 
addition formulas, 351 
applied to sums of sines and cosines, 
361-366 

double-angle formulas, 351 
fundamental, 347-351 
half-angle formulas, 352 
product formulas, 357 
sum formulas, 368 
Identity, 254 

Imaginary numbers, 6, 268, 270, 397-400 
Imaginary unit, 398 
Inclination, angle of, 298, 623 
Inclination of a line, 622-525 
Increments, 608-612, 624, 643-646 
corresponding, 609-612, 624, 643-646 
Index of root, 268 
reducing, 279 
Index on slide rule, 29 
Indicator of slide rule, 29 
Inequality, signs, 6, 94 
Infimty, 181-184 
Initial conditions, 669 
Initial phase, of rotating spoke, 207 
of trigonometric functions, 197 
Initial point of vector, 217, 686 
Initial side of angle, 130 
Integers, 1-4 
negative, 2-4 
order relations of, 1, 4 
positive, 1-3 
prime, 12 
properties of, 1 

Integral, definite, applications of, 664- 
670 

computation of, 647-660 
defined, 649 
formula for, 666 
limits of, 649 
indefinite, 668-664 
applications of, 664-670 
defined, 668 
particular, 667 
Integration, 663-664 
applications of, 664-670 
constant of, 668 
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Integration, defined, 656 
formulas for, 660 
Intercept form, 638-540 
Intercepts, 117, 534, 602, 604 
Interpolation, in logarithmic tables, 320- 
323 

in trigonometric tables, 166-157 
linear, 611-518 

rounding off final 5 in, 166, 322 
Intersection, 671 
of two lines, 540 

J 

j operator, 398; see also Complex num¬ 
bers 

K 

Kirchhoff’s law, 16, 467 
L 

Lag, 208 

Latus rectum, 564 
Laws, associative, 2, 8, 42, 44 
commutative, 2. 8, 42, 44 
distributive, 2, 8, 10, 42, 44, 45 
Kirchhoff’s, 16, 467 
of algebra, 1, 2, 8 
of arithmetic, 1, 2, 8 
of cosines, 372 

of exponents, 17-19, 44, 46, 265, 272 

of grouping, 2 

of mechanics, 230 

of radicals, 276-281 

of signs, 6 

of sines, 371 

principle of permanence of formal, 274 
Lead, 208 

Legs of right triangle, 673 
Limits, 620-623 
of integral, 649 
Lines, directed, 685 

angle between two, 690, 694-596, 
697 

direction angles of, 590-594 
direction cosines of, see Direction 
cosines 

direction numbers of, see Direction 
numbers 
direction of, 586 

in plane, angle between two, 527-630 
equations of, see Equations, linear 
inclination of, 522-525 
intersection of two, 126-129, 435- 
439, 540 

slope of, 522-525 

parallel' 126-129, 435-439, 625, 691, 
693^ 696, 597, 671 

periiendicular, 625-627, 696, 697,671 
straight, in space 

angle between two, 690, 694-596, 


Lines, straight, direction angles, see Di¬ 
rection angles 

direction cosines of, see Direction 
cosines 

direction numbers of, see Direction 
numbers 

directions of number lines, 586 
Line representation of trigonometric 
functions, 185-190 

Line segment, directed, 217, 585; see also 
Lines, directed 
initial point of, 217, 585 
terminal point of, 217, 585 
Lissajous figures, 211-216 
Locus, defined, 649, 674 
in plane, 54^551 
in space, see Surfaces 
Log log scales on slide rule, 338 
Logarithmic paper, 340-343 
semi-logarithmic paper, 341 
Logarithmic scales, 341 
Logarithms, 301-346 
accuracy of computations by, 328-330 
antilogarithms, 320 
base of, 2, 303, 306, 338 
Briggsian, 314 
change of base of, 338 
characteristic of, 315-317 
common, 314-319 

computations by, 313, 324-328, 330- 
334 

decibel, 343-346 
defined, 305-308 

grat)h of the logarithmic function, 309 
interpolation, 320-323 
mantissa of, 316, 317-319 
Napierian, 314 
natural, 314 

notational conventions, 314 

properties of, 310-313 

simple projierties of, 308 

solution of right triangles by, 334-337 

solution of vector problems by, 336 

systems of, 314 

tables of, 310-323 

M 

Mannheim slide rule, see Slide rule 
Mantissa, 316, 317-319 
Maximum, 636-643 
absolute, 639 
relative, 639 
Minimum, 636-643 
absolute, 639 
relative, 639 

Minute of angular measurement, 131 
Modulus, 409 
Moment, 80 
Monomials, 44 
division dv, 47 
division of, 46 
multiplication of, 44 
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Motion along line, 667-669 
Multinomials, 45 
division by monomial, 47 
multiplication of, 45 
Multiple, 12 
least common, 12 
lov^est common, 51, 52 
Multiplication, accuracy in. 26-28 
by slide rule, 32-34 
by zero, 8 
in algebra, 44-46 
law of exponents in, 17, 265 
of algebraic fractions, 56-58, 246-250 
of complex numbers, 403-405, 414-416 
of fractions, 11 
of polynomials, 495 
of radicals, 283 
signs of, 6 

special products, 48, 241-243 
N 

Napier, John, 314 

Napierian logarithms, 314; see also Loga¬ 
rithms 

Nappe of cone, 562 
nth root, 268 
Null vector, 219 
Number line, 4, 93 
direction of, 586 
Number system, 1-5, 270 
Numbers, absolute values of, 5, 94 
complex, see Complex numbers 
direction, 596^598 
imaginary, see Imaginary numbers 
irrational, 4, 5, 270, 290-292, 298 
natural, see Integers 
negative, 2-4 
as exponents, 18 
order relations of, 5, 94 
posi!ional notation of, 21 
positive, 1 

rational, 4, 5, 270; see also Iiixponents, 
fractional 
reciprocal, 7 

rounding off, 5, 27, 156, 321-323, 332 
scientific and engineering notation of, 
21 

system of real, 4, 270 
Numerator, 11 

O 

Octant, 587 
first, 587 

Operation, signs of, 3 
(^rations, algebraic, 41-84, 241-264 
addition, 42-44, 52-56, 246-250 
complex fractions, 250-254 
definition of, 42 
division, 46, 56-58, 246-250 
equations involving fractions, 254- 
264; see also Equations 


Operations, equations involving frac¬ 
tions, factoring, 49-51, 246-246 
lowest common multiple, 51 
multiplication, 44-46, 56-58, 246- 
250 

special products, 48, 241-243 
subtraction, 42-44, 52-56, 246-250 
arithmetic, accuracy in, 25-29 
addition, 1-5 
division, 5 

extraction of roots, 5 
multiplication, 2, 5 
subtraction, 1-5 

with complex numbers, 402-405, 
419; see also Complex numbers 
with fractions, 11-16 
with polynomials, 495-498 
with slide rule, 29-40 
with zero, 8 

Order relations, for positive and nega¬ 
tive integers, 4 
for positive integers, 1 
for real numbei’s, 5, 8, 94 
Ordinate, 95 

Ordinates, composition of, 203 
used to find sums of sine and cosine 
curves, 361-366 
Origin, 95, 586 
Oscilloscope, 208, 213 

P 

Parabola, 472, 562-566 
axis of, 563 
defined, 562, 563 
directrix of, 563 
focus of, 563 
latus rectum of, 564 
reduction of equations to standard 
form of, 582 

standard form of equation of, 564, 579 
vertex of, 472, 563 
Parallelogram, 673 
area of, 676 
bases of, 673 
Parameter, 559 

Parentheses, 6; see also Grouping, signs of 
Peak value, of sine and cosine, 192 
of voltage, 208 
Pendulum, 205 
cycle of, 205 
frequency of, 206 
period of, 205 
Perimeter, 672 
Period, fundamental, 194 
of pendulum, 205 
of rotating spoke, 207 
of trigonometric function, 194-197, 
199 

Permanence of formal laws of algebra, 
principle of, 274 
Phase, initial, 197 
of trigonometric functions, 197 
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Phase angle, 200 
Phase difference, 208 
Pi, 676 

Plane, 600-^4 
complex, 405 
coordinate, 586 

determined by three points, 601 
direction numbers of, 600 
equation of, 600-602 
inclined, 230-233 
intercepts of, 602 
normal to, 600 
parallel planes, 601 
perpendicular planes, 601 
sketching, 602 
traces of, 603 

Plane sections of surface, 604 
Plus or minus sign, 6 
Plus sign, 3, 4, 6 
Point, 671 
locus of, see Locus 
of tangency, 674 

Points, distance between two, 519-521, 
589 

Point-slope form, 533 
Pole, 552 
Polygon, 672 

Polynomial equations, see Equations, 
algebraic 

Polynomial form, 472 
Polynomials, 469^518 
absolute terms of, 469 
addition of, 495 
coefficients of, 469 
degree of, 469, 488 
division of, 495-498 
factor theorem about, 498-600 
factoring quadratic, 470-472 
in two unknowns, 488 
linear, 470 

multiplication of, 496 
of nth degUHJ, 488 
operations with, 495-498 
quadratic, 470-472 
remainder theorem sbout, 498-500 
subtraction of, 495 
I*ower function, 295-297 
derivative of, 629 
Powers, see also Exponents 
of complex numbers, 416 
of 2, 303 
Prefixes, 713 
Prism, 677 
area of, 677 
volume of, 677 
Products, see Multiplication 
Projection of rotating spoke, 206 
amplitude of, 207 
an^lar velocity of, 207 
frequency of, 207 
initial phase of, 207 
period of, 207 
Proportion, 120 


Proportionality, constant of, 119 
Pyramid, 677 
area of, 677 
frustum of, 677 
volume of, 677 

Pythagorean theorem, 168, 673 

Q 

Quadrants, 96 
in factoring, 482 
simultaneous, 488-492 
sum of roots of, 481 
Quadratic function, 470-472 
Quadrilaterals, 673 
theorems about, 674 
Quality, signs of, 3 

R 

Radian mefisurement, 131, 133-139 
conversion to degree measurement, 
135 

definition of radian, 133 
notational conventions about, 175 
relative accuracy of degree measure¬ 
ment, 136 
Radicals, 265-300 
addition of, 281-283 
as fractional exponents. 270-273 
change of form of, 276-281 
definitions about, 268-270 
division of, 284-287 
eliminating fractions from radicands 
of, 278 

equations involving, 287 -290 
in engin(*ering formulas, 292-294 
introducing quantities under, 278 
laws of, 277 
multiplication of, 283 
numerical computations involving, 
290-292 

rationalizing denominator of, 278 
reducing index of, 279 
removing factors from radicand of, 
277 

same, 281 

simplest form of, 279 
subtraction of, 281-283 
Radicand, 268; see also Radicals 
Radius, 674 

Rate of change, average, 612-616 
instantaneous, 616^19, 623-625; see 
also Derivative 
Ratio, 119 
Ray, 671 

Reading graphs, 103-107 
Real number system, see Numbers 
Reciprocal, 7, 12, 251 
of a fraction, 251 
Rectangle, 674 
area of, 676 
Rectangular solid, 677 
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Rectangular solid, area of, 677 
volume of, 677 
Remainder, 496 
Remainder theorem, 498-500 
Root factor, 601 

Roots, 268-270; see also Radicals 
cube, 268 
by slide rule, 38 
double, 473 

extraneous, 255, 287-290 
found bv graphs, 117, 472-474, 507- 
618 

index of, 268 
multiple, 502 
nth, 268 

of algebraic equations, 472, 488, 600, 
601, 604-507 
of complex numbers, 417 
of equation, 58, 254 
of quadratic equations, 473, 478, 481 
of radical equations, 287-2M 
principal, 268 
rational, 504-507 
square, 268 
Rotation of axes, 576 

S 

Scalar quantities, 216 
Scalars, 216 
Secant, of circle, 674 
of curve, 615 
slope of, 615 

Second of angular measurement, 131 
^ctor, 674 
area of, 676 
Segment, 671 
directed, 217, 685 
le^th of, 519-521, 689 
midpoint of, 521 
Sides, 672 

Signs, absolute value, 5 
indicating direction, 3 
laws of, 6 
of algebra, 1-6 
of arithmetic, 1-6 
of grouping, see Grouping 
of inequality, 1, 4, 6, 8, 94 
of operation, 3 
of quality, 3 

of trigonometric functions, 142 
table of, 6 

Sine wave, of current, 208 
of voltage, 179, 208 
vector representation of, 236-238 
Sines, law of, 371 

Sketching, see also Conics, Equations, 
linear 

curves in space, 605-607 
graphs of trigonometric functions, 199- 
202 

planes, 602 
surfaces, 604 


Slant height, of cone, 678 
of frustum of cone, 678 
of frustum of pyramid, 677 
Slide of slide rule, 29 
Slide rule, 29-40 
accuracy of, 32 
body of, 29 

construction of, 340-343 
cube roots by, 38 
cubes by, 38 
cut of, 30 

description of, 29-31 
division bv, 35 
hairline of, 29 

in extended computations, 38 
index of, 29 

locating numbers on, 31 
log log scales on, 338 
marks on, 30 
multiplication by, 32-34 
opposite scales on, 29 
position of decimal point in computa* 
tions by, 34, 35, 36, 37, 39 
square roots by, 37 
squares by, 36 
Slope, 522-627 
of secant to curve, 615 
of tangent to curve, 624 
Slope-intercept form, 534 
Speed, 79 

instantaneous, 636, 668 
uniform, 79 
Sphere, 678 
area, 678 
volume of, 678 
zone of, 678 

Spoke, projection of a rotating, 206- 
207 

Square, 674 
area of, 676 
Sqiiare roots, 268 
by slide rule, 37 
principal, 268 
Squares by slide rule, 36 
Subscripts, 42 

Substitution of particular values in for¬ 
mulas, 67-71 
Subtraction, 3 
accuracy in, 25, 28 
in algebra, 42-44 
laws of signs for, 6 

of algebraic fractions, 62-66, 246- 
250 

of arithmetic fractions, 11 
of complex numbers, 402-405 
of polynomials, 495 
of radicals, 281-283 
of vectors, 218-221, 226 
of zero, 8 
sign of, 6 
Sum, check, 430 
Surface, cylindrical, 675 
element of, 676 



Surfaces, 699-607 
as loci, 699 
intercepts of, 604 
intersections of, 606-607 
plane sections of, 604 
sketching, 604-607 
traces of, 604 

T 

Tables, 679-714 
powers of 2, 303 
trigonometric, 690-711 
construction of, 143 
use of natural function tables, 154- 
166 

use of, 154-166 
Tangency, point of, 674 
Tangent, slope of, 624 
to circle, 674 
to curve, 624 
Terms, 10 
absolute, 469 
degree of, 469, 488 
linear, 470 
lowest, 12, 53 
q^uadratic, 470 
similar, 43 
transposition of, 60 
Torque, 80 

Trace, of a plane, 603 
of a surface, 604 
Trapezoid, 649-653, 673 
area of, 676 
bases of, 673 

Triangles, altitudes of, 672 
area of, 530-532, 676 
congruent, 672 
defined, 672 
equilateral, 672 
exterior angles of, 672 
impedance, 421-425 
isosceles 672 

oblique, 371-393, 672; see also Oblique 
triangles 

of reference, 140-142 
right, 166-174, 334r-337, 672, 673 
similar, 672 
theorems about, 672 
Trinomials, 45 
factoring of, 49-51 
multiplication of, 45 
Two-pomt form, 537 

V 

Variable, 85 
dependent, 86 
inaependent, '86 
range of values of, 86 
Variation, 119-124 
constant of proportionality of, 119 


INDEX 776 

Variation, factor of proportionality of, 
119 

inverse, 120 
joint, 120 

Vector algebra, 216 
Vector quantities, 216 
Vectors, 216-240, 585 
addition of, 218-221, 225 
applied to alternating currents and 
voltages, 236-238, 421-42o 
applied to centrifugal force, 233 
applied to engine speed governor, 233- 
236 

applied to inclined plane, 230-233 
components of, 222 
computations with logarithms, 335, 
385-388 

defined, 217, 585 
direction angle of, 226 
directions given by angles, 219 
directions of, 217 
distinguished from scalars, 216 
equality of, 218 
initial point of, 217, 585 
multiplied by scalars, 219 
notational conventions concerning, 
217 
null, 219 

on rectangular coordinates, 224-230 
opposite in sense, 218, 585 
resolution into components, 222-224, 
385-388 

resultant of two, 219 
subtraction of, 218-221, 225 
terminal point of, 217, 585 
with same direction, 217 
Velocity, see also Speed 
angular, 135 

of alternating current and voltage, 
208 

of rotating spoke, 207 
distinguished from speed, 216 
Vertex, of parabola, 472, 563 
of angle, 671 
of ellipse, 568 
of hyperbola, 573 
Volt^e, alternating, 207-211 
instantaneous, 207 
value of, 208 
angular velocity of, 208 
drop, 236-238 
instantaneous, 207 
maximum, 208 
peak, 208 

sinusoidal, 175, 207-211, 236-238; see 
also Sine wave 
Volume, of cone, 678 
of cube, 677 
of cylinder, 678 
of frustum of cone, 678 
of frustum of pyramid, 677 
of prism, 677 
of pyramid, 677 
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Volume, of sphere, 678 
of zone, 678 


Wave, sine, 208 
sinusoidal, 208 
Work, 665-667 


Z 

^ero, 3-5 

as significant digit, 24 
as exponent, 18 
division by, 8, 262 
in operations, 8 
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